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ABSTRACT

Gabor matrices are important in many different areas of time-
frequency analysis like radar or communications. For applications
with sparse data, the question arises whether these matrices satisfy
some recovery guarantees for compressive sampling, and which gen-
erating windows yield a matrix with restricted isometric property.
This paper proves the uniqueness-guaranteed statistical restricted
isometric property for Gabor matrices generated by an Alltop win-
dow. In that way, we present a recovery guarantee for this determin-
istic measurement matrix where the number of measurements scales
linearly with the sparsity of the signals.

Index Terms— deterministic compressive sampling, Gabor ma-
trices, statistical RIP

1. INTRODUCTION

The idea of compressive sampling (CS) is to reconstruct k-sparse
vectors f ∈ CN from only a few number m << N of measure-
ments. If one focuses on linear measurements, the measurement data
is a vector g = Af ∈ Cm wherein A ∈ Cm×N = [a1, . . . , aN ] is
the sensing matrix with m rows and N columns.

A major challenge in CS is to find good sensing matrices A.
The coherence µ(A) is a simple (easy to compute) tool for measur-
ing the quality of measurement matrices A. However, due to the
Welch bound, the best recovery guarantee one can possibly get from
coherence methods is m ≥ c k2, which is known as the quadratic
bottleneck. This obviously limits the performance analysis of recov-
ery algorithms to rather small sparsity levels [5]. For this reason,
the concept of the restricted isometric property (RIP) for measure-
ment matrices was developed [1]. Based on RIP and for probabilistic
constructions of the measurement matrix [2–4], recovery guarantees
(with high probability) were proven for m ≥ c k log(...) measure-
ments. This is essentially the backbone of compressed sensing [5,6].

However, random constructions have some major drawback in
terms of reconstruction complexity and efficiency (see, e.g., [7]).
Moreover, in applications, the measurement matrix is often not
random but has a certain structure, predefined by the measurement
setup. For these reasons, there are several attempts to find deter-
ministic constructions for sensing matrices [7, 8] satisfying RIP.
However, it is generally difficult to verify RIP for a given (determin-
istic) matrix. Therefore [7] introduced the notion of statistical RIP
(StRIP) to investigate deterministic sensing matrices systematically.
In this framework, a deterministic matrix is a good sensing matrix
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if a sparse vector f can be recovered with high probability (with
respect to random vectors f ).

This paper considers the construction of Gabor matrices which
have StRIP. Gabor matrices Gφ are obtained by translations and
modulations of a fixed generating vector φ. These matrices are of
fundamental importance in time-frequency analysis and they appear
in many applications such as radar and communications [9–13]. Ma-
trices Gφ generated by a random vector φ where investigated in
[14,15] and it was shown that such matrices satisfy with high proba-
bility (with respect to choice of φ) a k-th order RIP if the number of
measurements is of the order m ≥ c k (log k)2(logm)2. Moreover,
it is known that there exist vectors φ such that the coherence of Gφ
is close to the optimal Welch bound [5]. Nevertheless, to the best of
our knowledge, there are no results verifying StRIP or RIP for deter-
ministic Gabor matrices. So up to now, we do not know any recovery
guarantee where the number of measurementsm scales linearly with
the sparsity level k. This paper will show that Gabor matrices Gα
generated by a so-called Alltop window α have StRIP if the number
of measurements m satisfy m ≥ c k log(N) with a certain constant
c > 0. This recovery guarantee is illustrated by some numerical
simulations at the end of the paper.

2. NOTATIONS AND STATISTICAL RIP

General notations We write Zm = Z/mZ for the m-element
cyclic group and we identify the Hilbert space H(Zm) of all func-
tions over Zm with the m-dimensional Euclidean vector space Cm
with inner product 〈·, ·〉 and norm ‖ · ‖. Throughout this paper, ΣNk
stand for the set of all k-sparse vectors in CN . Given a matrix Φ ∈
Cm×N , its column vectors are φ1, φ2, . . . , φN ∈ Cm and φn(x)
stands for the x-th entry of φn. If the columns of Φ are normalized
as ‖φn‖ = 1 for all n = 1, . . . , N , then µ(Φ) = maxi 6=j |〈φi, φj〉|
is the coherence of Φ. If S is a subset of {1, 2 . . . , N}, then ΦS is
the matrix containing the columns of Φ indexed by S. Finally, δx,y
is the usual Kronecker-delta with δx,y = 1 if x = y and δx,y = 0 if
x 6= y.

StRIP The statistical restricted isometry property (StRIP) was in-
troduced in [7]. The main idea is to analyze a statistical version of
the RIP for deterministic sensing matrices. Since the matrices are
deterministic the probability enters in the signal model. For the sake
of completeness we give a short overview of StRIP [7].
Definition 1: A matrix A ∈ Cm×N with `2-normalized columns is
said to have (k, δ, ε)-StRIP if

(1− δ)‖f‖22 ≤ ‖Af‖22 ≤ (1 + δ)‖f‖22

holds with probability exceeding 1 − ε for f ∈ ΣNk having the uni-
form distribution over the set SN−1 = {f ∈ ΣNk : ‖f‖2 = 1}.



Moreover, we say that A has (k, δ, ε)-Uniqueness-guaranteed StRIP
(abbr. (k, δ, ε)-UStRIP) if additionally{

h ∈ ΣNk : Ah = Af
}

= {f}

is satisfied with probability exceeding 1− ε.
By this definition, unique recovery of signal x ∈ ΣNk is guaranteed
(with high probability) for UStRIP-matrices but not in general for
StRIP-matrices. The following conditions were introduced in [7] to
characterize matrices which have StRIP or even UStRIP.
Definition 2: Let Φ = [φ1, . . . , φN ] ∈ Cm×N be a matrix with all
entries having absolute value 1. Then the matrix A := 1√

m
Φ is said

to be η-StRIP-able if Φ satisfies the following conditions

(St1) The rows of Φ are mutually orthogonal, and the sum of all
entries in each row is zero, i.e.,∑N

j=1 φj(x)φj(y) = 0 if x 6= y,∑N
j=1 φj(x) = 0 for all x.

(St2) The columns of Φ form a group under ‘pointwise multipli-
cation’, i.e., for all j, j′ ∈ {1, . . . , N} there exists j′′ ∈
1, . . . , N such that φj(x)φj′(x) = φj′′ (x) for all x. In par-
ticular, there is an identity column consisting of ones. Without
loss of generality, we assume that φ1(x) = 1 for all x.

(St3) There exists η > 0 such that for all j ∈ {2, ..., N},∣∣∑m−1
x=0 φj(x)

∣∣2 ≤ m2−η.

The importance of (ST1)–(ST3) stems from the fact that these
three properties are easy to verify, whereas RIP is usually hard to
check. Several classes of matrices which are StRIP-able were given
in [7]. The next theorem shows that under some mild conditions on
η and the number of rows m, any η-StRIP-able matrix has StRIP or
even UStRIP.
Theorem 1 ( [7] ): Let A = 1√

m
Φ ∈ Cm×N be an η-StRIP-able

matrix with η > 1/2, and assume that k < 1 + (N − 1)δ. Then

(a) A has (k, δ, ε)-StRIP with ε = 2 exp
(
−
(
δ − k−1

N−1

)2mη
8k

)
.

(b) if additionally m ≥ c k δ−2 logN for some c > 0, then A
has (k, δ, 2ε)-UStRIP with ε = 2 exp

(
−
(
δ − k−1

N−1

)2mη
8k

)
.

It is important to notice that an η-StRIP-able matrix has UStRIP if
the number of measurements satisfy m ≥ c k logN . Thus the nec-
essary number of measurements m grows linearly with the sparsity
k. This is basically the same behavior as for random matrices [1, 5].

3. STRIP OF GABOR SYSTEMS WITH ALLTOP WINDOW

Gabor systems generated by an Alltop window On the Hilbert
space H(Zm) = Cm, the translation operator T and modulation
operator M are the unitary operators defined by(

Tf
)
(x) = f(x− 1) and

(
Mf
)
(x) = f(x) ei 2π

m
x ,

respectively. Moreover, for any λ = (τ, ν) ∈ Zm × Zm, the time-
frequency shift operator πλ : Cm → Cm is defined by(

πλf
)
(x) =

(
MνTτf

)
(x) = f(x− τ) ei 2π

m
νx, x ∈ Zm.

For any subset Λ ⊆ Zm × Zm and φ ∈ Cm, the collection
{πλφ}λ∈Λ is said to be a Gabor system generated by the window φ,

and we write Gφ ∈ Cm×m
2

for the Gabor matrix whose columns
form the full Gabor system {πλφ}λ∈ZN×ZN .

Here, we consider Gabor systems Gα generated by the Alltop
window α ∈ Cm, where m ≥ 5 is a prime, which is defined [16] by

α(x) = 1√
m

exp
(
i 2π
m
x3
)
, x ∈ Zm . (1)

Note that the columns of the corresponding Gabor matrix Gα all
have unit length, i.e. ‖πλα‖2 = 1 for all λ ∈ Zm × Zm. Moreover,
it is known that the coherence of Gα is µ (Gα) = 1/

√
m, which is

close to the optimal lower (Welch) bound 1/
√
m+ 1 [17].

Properties of Gabor matrices We want to prove that the Gabor
matrix Gα has StRIP. Nevertheless, it is not hard to see that a Gabor
matrix Gφ cannot be StRIP-able for any window φ. Therefore, the
theory developed in [7] (cf. Sec. 2) cannot be applied directly but has
to be adapted slightly. The next lemma shows thatGα satisfies some
properties which are very similar to (St1)-(St3). These properties
are needed later to prove StRIP. The simple proof of this lemma is
omitted, because of space constraints.
Lemma 2: Let m ≥ 5 be a prime of the form m = 3n+ 2, n ∈ N,
let α ∈ Cm be the Alltop window (1) and let Gα be the associated
Gabor matrix. With α we associate the m×m diagonal matrix

Sα = mdiag
(
α(0), α(1), . . . , α(m− 1)

)
.

Then Φ := SαGα ∈ Cm×m
2

has the following properties.
(P1) For any x, y ∈ Zm,∑

λ∈Zm×Zm φλ(x)φλ(y) = m2δx,y.

(P2) For any λ1, λ2 ∈ Zm × Zm, there exist unique γ ∈ Zm and
λ3 ∈ Zm × Zm such that

φλ1(x)φλ2(x) = ωγφλ3(x) for all x ∈ Zm,

where ω = ei2π/m. For later use, we introduce the notation
γ = γ[λ1, λ2] and λ3 = σ[λ1, λ2].

(P3) For any λ ∈ (Zm × Zm)\(0, 0), we have∣∣∑m−1
x=0 φλ(x)

∣∣ ≤ mµ
(

1√
m

Φ
)

=
√
m.

(P4) For all x ∈ Zm, we have∑
λ1,λ2∈Zm×Zm φλ1(x)φλ2(x) = 0, (2)

Remark 1: Note that (P3) shows that Φ satisfies (St3) with η = 1.
Moreover, (2) holds for x 6= 0 without any restriction on m ≥ 2.
However, it does not necessarily hold for x = 0 if m is not of the
form m = 3n+ 2, n ∈ N.

Statistical RIP After these preparations, we are ready to show that
Gα, generated by the Alltop window (1) has StRIP.
Theorem 3: Letm ≥ 5 be a prime of the formm = 3n+2, n ∈ N,
and let Gα be the Gabor matrix generated by the Alltop window
α ∈ Cm. If k < 1 + (m2 − 1)δ then Gα has (k, δ, ε)-StRIP, i.e.

(1− δ) ‖f‖22 ≤ ‖Gαf‖
2
2 ≤ (1 + δ) ‖f‖22 (3)

holds with probability exceeding 1 − ε for all random f ∈ Σm
2

k

uniform distributed over the set SN−1 = {h ∈ Σm
2

k : ‖h‖2 = 1},
and where

ε = 2 exp

(
−
(
δ − k − 1

m2 − 1

)2 m

8k

)
. (4)

Remark 2: It is known that there exists infinity many primes of the
form m = 3n+ 2 (the so-called Eisenstein primes).



Fig. 1. Simulation results for m = 29 measurements.

4. USTRIP OF GABOR SYSTEMS

Theorem 3 shows that a Gabor matrix Gα generated by the Alltop
window α has StRIP. However, as mentioned earlier, StRIP does not
imply unique recovery of the signals, even not with high probability.
In fact, while it is known that a Gabor matrices Gφ has full spark
for almost every φ ∈ Cm [18, 19], the matrix Gα does not have this
property because its m ×m submatrix [T0α,T1α, . . . ,Tm−1α] is
singular, in fact there exists a vector f ∈ Cm

2

\{0} with Gαf =
f(0,0)T

0α + f(1,0)T
1α + . . . + f(m−1,0)T

m−1α = 0. Neverthe-
less, UStRIP requires the uniqueness only up to high probability with
respect to the uniform distribution of f over all k-sparse signals in
SN−1. Therefore, even though Gα does not have full spark, it may
still have UStRIP. Indeed, this is the case as shown next.
Theorem 4: Letm ≥ 5 be a prime of the formm = 3n+2, n ∈ N,
and let Gα be the Gabor matrix generated by the Alltop window
α ∈ Cm. If k < 1 + (m2 − 1) δ and m ≥ c k δ−2 logm for some
constant c > 0, then Gα has (k, δ, 2ε)-UStRIP with ε given in (4).

Remark 3: We would like to stress again the difference between
some known results on RIP of Gabor matrices generated by random
windows [14, 15]. The main difference between those results and
ours is that we consider deterministic matrices and random signals,
whereas they consider randomness in both the matrices and signals.

5. NUMERICAL EXPERIMENTS & DISCUSSION

This section presents some numerical experiments which should il-
lustrate our findings from the previous sections. Fig. 1 and 2 show
simulation results where we recovered k-sparse vectors f from mea-
surements g = Af using basis pursuit, i.e.

f̂ = arg min
f∈Cm2 ‖f‖1 subject to Af = g .

As measurement matrix A, we compared: 1. A Gabor matrix Gα
generated by the Alltop window (1). 2. A random Gaussian matrix
whose entries are independent, identically distributed normal ran-
dom variables. 3. A Gabor matrix Gφ with a random Gaussian
vector φ. All matrices are of size m ×m2. In our experiments, we

Fig. 2. Simulation results for m = 101 measurements.

varied the sparsity k of the data vector f and evaluated the normal-
ized quadratic reconstruction error

∥∥f − f̂∥∥2
/ ‖f‖2, shown on the

vertical axis. For each point, shown in the diagrams, the recovery re-
sults where averaged over 10 experiments with random data vectors
f .

We observe in our simulations that the deterministic Gabor ma-
trix with Alltop window (dimensionm = 29, 101 were chosen) per-
forms similarly good as random Gaussian matrices and Gabor ma-
trices with random window. The last two classes of random matrices
are known to have RIP with high probability for m ≥ c k log(...).
Clearly, our simulations show that the deterministic Gabor matrices
Gα (generated with the Alltop window) have the same behavior as
those random matrices. In this way, the linear-scale recovery guar-
antee for Gα proved in Theorem 4 is supported numerically.

6. APPENDIX – PROOF SKETCHES

We shortly sketch the proof of our main results. In general, these
proofs follow the same steps as in [7] but working with the proper-
ties (P1)–(P4) of Lemma 2 instead of the (ST1)–(ST3) from Def. 2.
It is assumed that random vectors f ∈ Σm

2

k with ‖f‖2 = 1 are
generated as follows. First, the support set of f is chossen as
S = {π1, . . . , πk}, where {πj}m

2

j=1 is a random permutation of
{1, . . . ,m2}. Then one chooses the k entry values of f randomly
so that ‖f‖2 = 1 (with no distribution specified).
Sketch of proof (Theorem 3): We establish (3) for the matrix Φ =
SαGα given in Lemma 2, and then use that ‖Φf‖22 = m ‖Gαf‖22
for all f ∈ Cm to obtain (3).
1) Let f ∈ Σm

2

k be a random vector supported on S = {π1, . . . , πk}
with k nonzero entries denoted as f1, . . . , fk. Set g = 1√

m
Φf . Then(

1− k−1
m2−1

)
‖f‖22 ≤ Eπ

[
‖g‖22

]
≤
(

1 + 1
m2−1

)
‖f‖22 , (5)

wherein Eπ stands for the expectation over all possible choices π.
To see this, one writes the k-sparse vector f as f =

∑k
j=1 fjeπj .

This yields g = 1√
m

∑k
j=1 fj φπj and

‖g‖22 =
∑m−1
x=0 |g(x)|2 = ‖f‖22 + 1

m

∑
i6=j fi fj

〈
φπi , φπj

〉
(6)



using that ‖φk‖2 = 1 for all k. By Property (P3), we have for i 6= j

Eπ
[〈
φπi , φφj

〉]
=

1

m2(m2 − 1)

∑
λ1, λ2∈Zm×Zm

λ1 6=λ2

〈φλ1 , φλ2〉

=
1

m2(m2 − 1)

∑m−1
x=0 (−m2) = − m

m2−1

and therefore

Eπ
[
‖g‖22

]
= ‖f‖22 −

1
m2−1

∑
i 6=j fifj . (7)

Then (5) follows by applying the Cauchy-Schwarz inequality.
2) Next, we are going to show that the random variable ‖g‖2 is
concentrated around its mean. The main idea is to upper bound
Prπ

[∣∣‖g‖22 − ‖f‖22∣∣ ≥ δ ‖f‖22], and we already know from (5)
that Eπ

[
‖g‖22

]
is close to ‖f‖22. Recalling the dependence of g

on π1, . . . , πk as shown in (6), we write h (π1, . . . , πk) = ‖g‖22.
For β > 0 we consider Prπ

(∣∣‖g‖22 − Eπ
[
‖g‖22

]∣∣ ≥ β ‖f‖22) =

Prπ
(
|h− Eπ [h]| ≥ β ‖f‖22

)
. Together with Property (P2) and

(P3) of Φ, one obtains, after some manipulations, the estimate∣∣h(π1, . . . , π`, . . . , πk)− h(π1, . . . , π
′
`, . . . , πk)

∣∣
≤ 4

m
|f`|

∑
1≤j≤k
j 6=`

|fj |
√
m =

4√
m
|f`|

∑
1≤j≤k
j 6=`

|fj | =: c`,

Applying the Self-Avoiding McDiarmid inequality [7], one obtains

Prπ
(
|h− E [h]| ≥ β ‖f‖22

)
≤ 2 exp

(
− β2m ‖f‖42 /

[
8
∑k
`=1 |f`|

2
(∑

j 6=` |fj |
)2])

.

Together with the estimate∑k
`=1 |f`|

2
(∑

j 6=` |fj |
)2

≤ k ‖f‖42 ,

which follows from Cauchy–Schwarz inequality, it follows that
Prπ
(
|h− E [h]| ≥ β ‖f‖22

)
≤ 2 exp

(
−β

2m
8k

)
. Substituting ‖g‖22

for h and using (5), we obtain finally

Prπ
[∣∣‖g‖22 − ‖f‖22∣∣ ≥ (β + k−1

m2−1

)
‖f‖22

]
≤ 2 exp

(
−β

2m
8k

)
.

3) For δ > k−1
m2−1

, we set β = δ− k−1
m2−1

and ε as in (4). Then, using
that ‖g‖22 = 1

m
‖Φf‖22 = ‖Gαf‖22, one obtains

Prπ
(∣∣‖Gαf‖22 − ‖f‖22∣∣ ≥ δ ‖f‖22) ≤ ε.

This shows that Gα is a near-isometry for k-sparse vectors with
probability at least 1− ε and proves the statement of the theorem.

Sketch of proof (Theorem 4): From Theorem 3, Gα has (k, δ, ε)-
StRIP and therefore it has also (k, δ, 2ε)-StRIP. To prove thatGα has
(k, δ, 2ε)-UStRIP, it suffices to show that the probability of having
Gαf = Gαf

′ with distinct k-sparse vectors f 6= f ′ is less than ε.
Note that Gαf = Gαf

′ is equivalent to Φf = Φf ′, where Φ =
SαGα as in the proof of Theorem 3. Again, we only sketch the main
steps, leaving some longer calculations to the reader.

1) Fix any r ∈ {1, . . . ,m2} and let S = {π1, . . . , πk} be the
set of the first k elements in a random permutation of the m2 − 1
elements {1, . . . ,m2}\{r}. First we show that

ES
[
‖Φ∗Sφr‖

2
]

=
km2

m+ 1
, (8)

where the expectation is taken with respect to the choice of S. This
equations follows from

ES
[
‖Φ∗S φr‖

2
]

=
∑k
i=1 ES

[
|〈φr, φπi〉|2

]
k ES

[
|〈φr, φπ1〉|2

]
and by using Properties (P2) and (P3) of Φ.
2) Next, we show that with probability exceeding 1− ε, any random
subset S ⊂ {1, . . . ,m2} of size k and any r ∈ Sc satisfy

‖Φ∗Sφr‖
2 ≤ km+m

√
2k log (m2/ε). (9)

To see this, let y(t1, . . . , tk) =
∑k
i=1

∣∣φ∗tiφr∣∣2 where t1, . . . , tk are
k distinct elements chosen randomly from {1, . . . ,m2} \ {r}, with
r fixed. For ti 6= t′i, we have

E [y(t1, . . . , ti, . . . , tk)]− E
[
y(t1, . . . , t

′
i, . . . , tk)

]
=
∣∣∣|φ∗i φr|2 − |φ∗t′iφr|2∣∣∣

=

∣∣∣∣∣∣∑m−1
x=0 φγ(r,ti)(x)

∣∣2 − ∣∣∣∑m−1
x=0 φγ(r,t′i)

(x)
∣∣∣2∣∣∣∣ ≤ 2m,

using (P1) and (P2) together with the fact that γ(ti, r) 6= 0 and
γ(t′i, r) 6= 0, since ti, t′i are distinct from r. Similarly as in the proof
of Theorem 3, we apply the McDiarmid inequality which yields

Pr
[
‖Φ∗Sφr‖

2 ≥ km+ ξ
]
≤ Pr

[
‖Φ∗Sφr‖

2 ≥ km2

m+1
+ ξ
]

≤ exp
(
− ξ2

2km2

)
.

Taking the union bound over all m2 choices of r yields (9).
3) When m = O(kδ−2 logm), (9) becomes∥∥∥ 1√
m

Φ∗S
1√
m
φw

∥∥∥2

≤ k

m
+

1

m

√
2k logm2/ε

= O

(
δ2

logm

)
+ O

(
δ2

(
1 +
| log δ|
logm

)1/2

(k logm)−1/2

)
,

which indicates a small coherence between the columns of ΦS and
the remaining columns.

4) SinceGα has (k, δ, ε)-StRIP (see Theorem 3), one can deduce
the following statement, as in [7, Lemma 19]:

Let S = {π1, . . . , πk} be the set of the first k elements in a
random permutation of {1, . . . ,m2}. With probability exceeding
1− ε, any subset λ ⊂ {1, . . . ,m2} of size k with λ 6= S satisfies

dim (range (Gα)λ ∩ range (Gα)S) < k. (10)

5) We consider f ∈ Cm
2

as a random vector supported on
S = {π1, . . . , πk}. The k nonzero entries are chosen randomly
from a k-dimensional vectors space equipped with a measure which
is absolutely continuous with respect to the Lebesgue measure.

6) Using Theorems B and D in [20] and the fact that Gα has
(k, δ, ε)-StRIP, it follows that with probability exceeding 1 − ε,
(Gα)S is injective, i.e, dim (range(ΦS)) = k. This means that
with probability exceeding 1− ε, no two signals supported on S can
have the same measurement.

7) If there exists f ′ supported on λ 6= S with Gαf ′ = Gαf ,
then (10) implies that with probability exceeding 1− ε, the vector f
restricted to S lies in at most (k − 1)-dimensional subspace of Ck,
which is of zero measure with respect to any absolutely continuous
measure on Ck. That is, with probability larger 1 − ε, the set of
vectors f satisfying Gαf ′ = Gαf for some f ′ supported on λ 6= S
is a measure zero set.

8) Combining the above two statements, we conclude that with
probability exceeding 1 − 2ε (with respect to random choice of f ),
f is the only k-sparse vector satisfying the equation y = Gαf .
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