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cooperatling ewith The recewer (B), and the
other sender (J) acting adversarially.




I. Jarimer charnnel/s

7he classical jarmer s basically a mulliple
access channel, but cwith one sender (A)
cooperatling ewith The recewer (B), and the
other sender (J) acting adversarially.

0 channel Uses = product; jammer: s, 5, .3,



Feanium jammer channels

Generalise 17 2o a ?adnz‘am channe! N, r.e. cplp
(completely positive, Trace preserving) /linear
map;, maps states on A®J o states on B:




Feanium jammer channels

Generalise 17 2o a ?adnz‘am channe! N, r.e. cplp
(completely positive, Trace preserving) /linear
map;, maps states on A®J o states on B:

0 channe/ wuUses = Zensor P/‘OC/“CZ( N ®g).



Feanium jammer channels

Generalise 17 2o a ?adnz‘am channe! N, r.e. cplp
(completely positive, Trace preserving) /linear
map;, maps states on A®J o states on B:

0 channel uses = Zensor product N®°; hocoever
Jammer 1s not restricted Zo product states!



Fuantunr 1hfo primer:

K Sustems described by (complex) ¥ilber? spaces
Ay By, T, ., tswally of £finite dimension IAl, etc;
K States are density matrices p = O, 7r p = |
(#or a’iagona/ MAlrIces recover proéaé///z‘y
distributions); stale space S(A), etc;

Kvon Newrniann enz(ropy §(p> = — 7F P /03 P, /.e.
Zhe Shannon entropy of The spectlrinr;

A Stale Cransformations are completely positive,
Zrace preserving linear (cpip) maps acting on
density matlrices — guantum channels,

K Composition of systerts by Censor product.



0 channel uses = Zensor product N®C; hocoever
Jarmmer is not restricted Zo product states!
Aréitrary jammer states o: §AVC

— correlated noise

Tensor power states o®L. compound channe/
— efFective channels all 1.1.d.



. Juanium jammer channels

Previously considered models cwoere /7y5r/a’5 :
link From A is modelled ouantumly, but

Jammer Aas a discrete stale set (s).
[4/7/5a)ea’e/3//n0\/5@/, ZEECE-TT 200%,
AAhlscwede et al., CMP 201371
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2. Capacities: C & ¢
Classical Cransm. code C=§(p D Vime[LM 18,
ohere p_ € ST are signal states and The

D, = 0 form a POVM: D Doy =

ZACO) = PrimeAE =1 - L3 T (W, 0002,

e call C an (0)—compowund code i £or
all 0 € S(Ty, 2. (C,c%°) <

C is an (L)—code (or JAC code) if for
a// 0 € S(T®, 2.,(C,0) < £ (more 5¢ri1ngent)



2. Capacities: C & &
We regard these codes as deterninistic,
but note that Zhe encoder in a cerdain

sense Is slochastic; rno analogue of The
classical distinctron det.—vis—-stoch. encoder.

In contrast, a randor code 1s a farly of
codes (C,), where N 1s a randonr variable,
shared belween sender and receiver.
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but note that Zhe encoder in a cerdain
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classical distinctron det.—vis—-stoch. encoder.

In contrast, a randor code 1s a farly of
codes (C,), where N 1s a randonr variable,
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all 0 € S(T®, E, 2,(C,,0) < &



2. Capacities: C & &

Leads Zo Three polentially different
capacities (maximum rale Ffor 000, while

£~ 0): Cpoe M) = G (VS = CUEN,3)

oL
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2. Capacities: C & &

Leads Zo Three polentially different
capacities (maximum rale Ffor 000, while

e 0): O (N < C (MY < C(EN,2)

oL

deterrinistic randonm & AC

GAC capacity — Capacity capacity (egual

det./ randor)

tWhat is The stalus of Zhe /ne?aa//z‘y 5/5/75.7



2. Capacities: C & ¢

7The compound capacity C(5N_2) 1s The
easiest To c/’ldracz‘er/&e :
C(EN,8) = Saﬁ —~ Max rIA I(X:BQ),
iﬂwpx} J
where the max is over all ensembles of
InpUl stales P, € S(AYY, and 2he min is
over all jammer states 0 € S(J);

[%'e/a(’ov/é et al., CMP 2009,
Mosonyi, TEECE-T7 20157]



2. Capacities: C & ¢

7The compound capacity C(5N_2) 1s The
easiest Co c/’laracz‘er/&e :

C(£/\/ g) = Saﬁ —~ mMax A I(X:BQ),
5./9>«>p>«3 J

where the max is over all ensembles of
InpUl stales P, € S(A®Y, and Zhe »1in is
over all jammer states 0 € S(J);

Z(X:B%Y = SO pAw.) - 2 2.S(W) is The
Yoleve information of 5/78 ensemé/e of
states w, = Np oY = (N Y0.) e 5B

[ Bjelagovié et al., CMP 2009;
Mosonyr, TEECE-T7 201571
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Ca’ei(m rana’( M) = & £A/U 5)



Marn res«/Zs (SPO/'/C‘BFS -/)-‘

Cleg(M) =

Crand M) =

C(EN$)

Kesull |: always =
(OK, 2hat was £nowon
before, but e shoew
hoeo From any decent
Compoana/ code Zo

beerld a rarndor Coa’e)



Main reswu/ls (sporlers )

Ca’ez‘(/\/5 = Cran

/

Kesull 2: always =,
wunless C, i N =
(7Ais is a ouantun
version of Ahlscoede's
capacity dichotory)

= C(EN %)

\/\

Kesuwull |: always =
(OK, 2hat was £nowon
before, but e shoew
hoeo From any decent
Compoé{na/ code Zo

A&(//a’ a randor CZoa/e>



Works the same +or guantum capacity ¢
(high—Fidelity Zransm. of 9ubits):

%’ez‘(/‘/B = Qrana’(/\/} - q(if‘/cr;>

Kesull |: aleoays =

Kesultl 2: always =, (OK, 2Ahat was knoeon
wunless C, i My = O before, but e shoew
(7THis is a ?aanZ‘am hoeo FForm any decent
version of Ahlscoede's compound code ?o

capacity dicholonrry) build a randorr code)



3. Compoana’ Zo @W C codes

7o prove C . (N) = C(iN, %), we use any
(0,e)~compound code C, and as shared
randomness a randor permuZation N of
[0, wused o permute Che input reqisters
and o wun-permute The oulputs.
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3. Compoana’ Zo QW C codes

7o prove Crana,(/\/} = C($N, %), we uUse any
(0,e)~compound code C, and as shared
randomness a rarndonrs permaZ‘aZ‘/on AN of
[0, wused o permute Che input reqisters
and o wun-permute The oulputs.

Keduces jammer strateqies o permuialion

symmelric ones, which can be polynorially

bounded by a comex combinalion of g®?
CChristand]/Koeniq) Renner, PRL 20091

Frnally, observe that £ ,(C,0) is linear in O.



3. Compoana’ Zo @4\/ C codes

7o prove C . (N) = C(iN, %), we use any
(0,e)~compound code C, and as shared
randomness a randorr permutation N of
[0, wused o permute Che input reqisters
and o wun-permute The oulputs.

Proposition |: I C Aas error proéaéf//z‘y £,
Zhen the above randorr code ( Cy\) Aas

error £ = poly(0)E.

Noeww, only need compound codes it/

saper—-po/ynomfa//y f’dSZ( error czon\/ergencze J



Y Elrmiinalion of correlalion
7; P/‘O\/e Ca/ezt(/\/S = CI‘Q/?O/(M’ /'r”Z‘/’le fO/‘Mef
s positive, we shoew That neg/fsfé/e (2o be

precise, O(/og 0)) randomness is reguired
Zo actneve The /atler



Y Elimiinalrion of correl/alron

72 P/‘O\/e Ca/ezt(/\/S = c/‘dhal(m’ /'r”Z‘/’le fO/‘M@/‘
s positive, we shoew That neg/fsfé/e (2o be
precise, O(/og 0)) randomness is reguired
Zo actneve The /alZer.

Ldea: |, 2 (C,,0), for every jammer stale O,
Is average of va/ues in LOjI, so we can
exponentially approximate 1€ USING 7 1. ).d.
samples Ny, Aoy woy N, ( %/oefr/’a’/ng bowund);

Z‘/’}en UNION Aoana/ ove,r O.



Y Elimiinalrion of correl/alron

75?/‘0\/8 Ca/et(/\/S = c/‘dhal(m’ /'r”Z‘/’le fO/‘M@/‘
s positive, we shoew That neg//5/°5/e (2o be

precise, O(/og 0)) randomness is reguired
Zo actneve The /atler

Tdea:

_}\ ’Z\r(ck,()'), fO/‘ 8\/8/‘yk/.d/)7/)78r SZ(QZ‘CZ o,

Is average of values 1n LOjI, so we can

exponenz‘/a//y approximate 1T as/'ng »n 1.1.4d.
samples Ny, N,y ey A, ( >//oef”r”a’in3 bowund);

Zhen wnion Ao&(na’ ove,r O. fa//s, Aecaé(&s

discretisation regetires exp( INJ g> states ¥



Y Elimiinalrion of correl/alron

Betler idea: 7, (C,,0) 1s a linear #uUnction
of’ O, with values in LO;I], so iZ can be
eritten £ (C,,0) = 7r 0&,, with some

operaZ‘or O < é}\ < 7



Y Elimiinalrion of correl/alron

BetZer i1dea: Z
of O, eilh values 1» I:O 11, so 17 can be
eriten £ (C,,0) = 0‘5 torth some

Op@/‘az(O/‘ O < 5}\ = .Z:-

Yence, E, 2 (C,,0) = E\7r 0& = 7r o(E, &),
and 17 1s eno&(g/’/ Zo Aoana/ ZAe /argesf

2, (C,0) 1s a linear function

e/gen\/a/ae of The average of &y ...



Y Elimiinalrion of correl/alron

BetZer i1dea: Z
of O, eilh values 1» I:O 11, so 17 can be
eriten £ (C,,0) = (If oIt some

operafor O < £>\ = .Z-

Yence, E, 2 (C,,0) = E\7r 0& = 7r o(E, &),
and 17 1s eno&(g/’/ Zo Aoana/ ZAe /drgesz(

2, (C,0) 1s a linear function

e/:gen\/a/ae of The average of &y ...

Noeo wse Tthe »atrix #oe/’/’a/fng Aoana’ Zo
shoew Cthal average of &y . (1=ly.nn) 15 small!

CAAlscoede/ Aw), ZTEECE-TT7 200271



Y Elimiinalrion of correl/alron

Mat'rix %oe/’r/’a’/ng bowund: et X be 1.7.d
randonrr Yermidian dxd-matrices (i=ly..,n),
with O = X. = L I EX. < eZ, Zhen

PrizdX. ¢ (e48)I3 < dexp(-c.8°n)

CAAlscoede/Aw), TEECE-TT 2002,
see also Tropp, User—Friendly Matrix Tai!/ Bownds’]



Y Elimiinalrion of correl/alron

7; P/‘O\/e Ca/ezt(/\/S = c/‘dhal(m’ /'r”Z‘/’le fO/‘M@/‘
s positive, we shoew That neg/fsfé/e (2o be

precise, O(/og 0)) randomness is reguired
Zo actneve The /atler

Proposition 2: IF Chere 1s a randor code
torth error = &, Then TAere exists one tirlh

error < €40, where Che randor variable
Zakes only »n = O(Q/Sz) va/ues.




Y Elimiinalrion of correl/alron

75?/‘0\/8 Ca/et(/\/S = c/‘dhal(m’ /'r”Z‘/’le fO/‘M@/‘
s positive, we shoew That neg//5/°5/e (2o be

precise, O(/og 0)) randomness is reguired
Zo actneve The /atler

Proposition 2: I There 1s a randorr code
torth error = &, Then TAere exists one tirlh

error < €40, where Che randor variable
Zakes only »n = O(Q/S‘?) va/ues.

Z# C . M0, 2his can be 3eneraz‘ea’
hefficiently, not /05//73 any rate.



5. (eﬂecf/'ons / Concl/usionr

) (ana’om permaz(af/'ons prow'a/e Z
systematic /ink betioeen compound and
aréfz‘rar//y \/ary/ng Jarmer, eXp/d/n/ng O 1y
Zhe capacity formulas are The same

QY MaZrix Zail bowunds establish Tthe Fully
ouantum analogue of the Ahlscoede
a’/c/’/oZ‘omy, 5/7040//73 ZAhal The re?a/rea’
randomness 1s aleays /ogariihmic 1n The
block /engz‘/’z.



5. (e//eczlfons / Concl/usionr

3) Both results rely on Che linearity of Zhe
error 1tn O, and more specifically Chat 1T
1S 5[\/8/7 Ay an observable O < € < T,
which coorks for both C and . This Is
non-trivial and may not be the case For
other channe/ capacities.



5. Feflections/Conclusion

1N Don't Zake i £or 3ranz‘ea’.’ Consider ChHe
private capacity P(N), /nz‘roa’ac/nﬁ ar

eavesdropper 1nformed Ay ZAe Jantmer:

7 Ae proé/em 1s Chal ZAhe pr/'vdcy r/z‘er/on

(Zrace nors) 1sn't linear 1n o..



5. Feflections/Conclusion

S\ e also wsed Finiteness of IAl, |Bl and
most 1mportantly 1Jl. I£ we (/eep 1hp
and oulput Ffinite, can we also allocw
Infinite dimensiona/ J?7 7his presents a
problem both for the de Finedds
reduction Co compound, as well as for

Zhe elimincadriorn of correladion
CCK Ahlscoede, Z. tahirsch. Vereo. Geb. 197371



7T hanks £or waz‘c/’//ns !




