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Introduction

e Hans Feichtinger’s questions on convolution sum representations of
stable systems for Paley—Wiener spaces

o Signal space structure of signals/systems with “exceptional behavior”
e Standard phase retrieval problem in infinite dimensions
e Connections to Anders Hansen’s talk on solvability complexity index and
Curt McMullen’s solution of Smale’s conjecture

@ Curt McMullen, Families of rational maps and iterative root-finding
algorithms, Annals of Mathematics, 125, pp. 467—-493, 1987.
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Approximation

General task: Approximate a bounded linear operator T by a sequence of
operators {Tn Jnen-

We consider the following setting:
e B4, B,: Banach spaces
e T: By — B,: bounded linear operator
e {TnInen: sequence of bounded linear operators mapping from By into B,

Question: Does Tnf converges to Tf in the norm of B, for all f € B1?
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Banach-Steinhaus Theorem

Question: Does Tn f converges to Tf in the norm of B, for all f € B1?

The Banach—Steinhaus theorem gives the answer.
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Banach-Steinhaus Theorem

Question: Does Tn f converges to Tf in the norm of B, for all f € B1?
The Banach—Steinhaus theorem gives the answer.

Answer is “yes” if and only if
@ there exists a constant C, such that || Tn||g, B, < Cz forall N € N, and
® Tnf — Tffor all f from a dense subspace of By.

Further important fact:
If @ does not hold then we have have divergence for all functions from a
residual subset of B (condensation of singularities).

Dus = {f € By: limsup|[Tnflls, = 00}
N—o0
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Set of Divergence Creating Functions

Dup = {f € Bq: limsup|Tnflls, = 00}
N—oo

e Does the set Dyg have further interesting structural properties?
e Does it have a linear structure?
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Lineability

Difficult to show linear structure for Dp.

The set of convergence has always a linear structure, i.e., is a linear subspace:
e fy, f2 such that Ty fy and Ty f2 converge
e Tn(f1 + f2) converges
Dyg has no linear structure:
e g any functions such that Tn g diverges
*g1=Ffi+g902=F—g
e Tngi and Ty go diverge
e But Tn(gy + g2) = Tn(2f4) converges
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Basic Definition: Lineability and Spaceability

The zero function plays a special role.

Lineability:
A subset S of a Banach space X is said to be lineable if S U {0} contains an
infinite dimensional subspace.

Spaceability:

A subset S of a Banach space X is said to be spaceable if S U {0} contains a
closed infinite dimensional subspace of X.
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Lineability for Approximation Processes

Extension of the Banach—Steinhaus theorem.

Theorem 1

Let By and B, be two Banach spaces and T: By — Bs a bounded linear
operator. Further, let{Tn }nen be a sequence of bounded linear operators,
mapping from By into By, with:

© limsupy o[ TnlB,—B, = 00, and

@® there exists a dense subset X of By such that limn || Tf — Tnfljg, =0

for all f € X.
Then the set DUB = {f € Bq: Iim SUpHTNf||32 = OO}
N—oo
is lineable. J
Remarks:

e The zero function is not in Dg.
e There exists an infinite dimensional subspace Uyg C Dyg U {0} such that
lim supyn 00 | T || B, = 00 for all f € Uyg, f # 0.
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Key Lemma

Lemma

Let By and B, be two Banach spaces and T: B; — By a bounded linear
operator. Further, let{Tn }nen be a sequence of bounded linear operators,
mapping from By into B,, with:

@ lim SUpN—moHTN ||B1—>Bz = oo, and

@® there exists a dense subset X of By such that limy || Tf — Tnfl[s, =0
for all f € X.

Then there exist a sequence of finitely linearly independent functions
{(pn}nEN C By with

® |onllg, =1foralin €N,

and a constant Cz > 0, such that for alln € N there exists a sequence of
natural numbers {Ny (n) hen with:

O lim Supk—>oo||TNk(n)(pT1||Bz = 00, and

(5] SUpkeN”TNk(m)(pn”Bz < Cg forallm 7& n.
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Sketch of Proof (Theorem 1)

Intuition of the proof:

Under the assumptions of the theorem, every Banach space is decomposable
into two subspaces.
B=V+U

V: functions with convergence
U: functions with divergence

The axiom of choice is used to show the decomposition.
In the decomposition U is not unique.

Using a Hamel basis for UL, we can show that for all elements from U, except 0,
we have unbounded divergence.
Employing the key lemma we show that U is infinite dimensional.

In general, V and U are not closed.
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Spaceability for Approximation Processes

Theorem 2

Let B1 and B, be two Banach spaces and T: B1 — By a bounded linear
operator. Further, let{Tn}nen be a sequence of bounded linear operators,
mapping from By into B,, with:
© Iim SupN—>oo||TN ||B1H32 = 09,
@ there exists a dense subset X of By such that limn || Tf — Tnfl[s, =0
for all f € X, and
@ there exists an infinite dimensional closed subspace B, of B4 such that
supnenl| TnfllB, < Callf[|B, forallf € B;.
Then, the set

Dyg = {f € By: limsupl|[Tnfl[s, = 00}
N—o0

is spaceable.
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Motivation from a Mathematical Point of View

e The Banach—Mazur theorem shows that every Banach space is
isometrically embeddable in CI[0, 1].

e In general: For a given infinite dimensional Banach space B, all
isometrically isomorphic subspaces of C[0, 1] contain non-smooth
functions.

e Let Np be the set of nowhere differentiable functions in C[0, 1]. It is not
difficult to see that every Banach space B is isometrically embeddable in
Np U {0}.
= Np U{0} is spaceable and has a very rich structure.

General question:
Tn: C[0,1] — CI0, 1] with the above properties according to the key lemma.
Can we have the same behavior for Dyg U{0}?
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Sketch of Proof |

We use the basic fact that every infinite dimensional Banach space contains an
infinite dimensional closed subspace with a Schauder basis.

= There exists an infinite dimensional closed subspace B, of By, and functions
{bntnen C B, as well as continuous linear functionals {d)n}neN C B , such

that .
= Z q)n(f)q)n

n=1

forall f € §1, where the series converges in the B{-norm.

The coefficient functionals {®,, },,cy can be extended to continuous linear
functionals {® 7w defined on By which satisfy |[@n [|p- = [|OF([s;, n € N.
Let qn = max{1, || ;

hn:d)n+ (Pn! neNy

1
on+1 qn
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Sketch of Proof Il

where {@ }nen are the functions from the key lemma. We have

D llo%] —hnlls, = ZH(DeXIIB
n=1

= ZH m s 2n+1 = Z 2n+1 =5 <1

n=1

B dn 2n+1

1

= {hnlnen is a basic sequence in B4 that is equivalent to {¢n Jnen-

N
Let Dy =< feBi: Honhnen C Cwith lim [f— Y anhy
N—oo = B
- 1

D; is a closed subspace of By.
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Sketch of Proof Il

For f € D1 we have

00 0 o0 1
f:Zocnhn:Z(Xnd)n'f'Z“nZnT(pn- (1)
n=1 n=1 n=1 dn
P —
=g =V

Note that g € 21. Using (1) we obtain for N € N that
Tnf=Tng+ Ty

and
[Tnf = Tnvlle, = [Tnglls, < Callgllg, (2

where the last inequality follows from assumption 3 and B, C By. Let ng be the
smallest index such that «,,, # 0. Then we have

2n+1q omrig IN®Pno F Z 2n+1 P 3)
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Sketch of Proof IV

We have
o0
0.8 C3
> ﬁTNEO@n < 5 llglle,
n=np+1 n B»
for all k € N. From (3) and (4) we see that
g Cs
‘ TNEOV - MTNED Pn, - < 3”9”21

for all k € N. Combining (2) and (5), it follows that

[0t

Cs
HTN;‘l)f”Bz Z QnTHT no @, [, — Callgllg, — >

for all k € N.
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General Remarks on Spaceability

e |t is not clear whether the spaceability extension of the Banach—Steinhaus
theory is also valid in a general setting, i.e., without assumption 3.

e The key lemma seems to be to weak to prove spaceability in the general
setting.

o A better understanding of the geometry of the spaces is necessary. Most
constructions according to the proof of Theorem 2 result in a Banach
space which is decomposable into two infinite dimensional complemented
subspaces B = W; & Wa.

e However, according to Gowers’ dichotomy theorem, every Banach space B
has a subspace which either has an unconditional basis or is hereditarily
indecomposable.

@ T. W. Gowers, An Infinite Ramsey Theorem and Some Banach-Space
Dichotomies, Annals of Mathematics, 156, pp. 797-833, 2002.
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@ Lineability and Spaceability of Approximation Processes

Some Further Extensions
Finite Energy Approximation
System Approximation
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Signal Spaces

Definition (Paley—Wiener Space)

For 1 < p < oo we denote by PW the Paley-Wiener space of functions f with
a representation f(z) = ;—ﬁ fa g(w) e*** dw, z € C, for some g € LP[—o, o].

) . A 1/p
The norm for PWY is given by ||f||pywr = (2‘—7[ I Flw)P dw)

Properties:
o PWP O PWS for1 <p<s<oo
* [Ifllco < Ifllpyer,

o PW2 is the space of bandlimited functions with finite L?(R)-norm
(finite energy).

Without loss of generality, we can restrict to o = 7.
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Stable Linear Time Invariant Systems

Alinear system T : PWP — PWP is called stable linear time invariant (LTI)
system if:
e Tis bounded, i.e., [|T|| = supyg, . <1 [ TFllpwy < oo and

e Tis time invariant, i.e., (Tf(- — a))(t) = (Tf)(t — a) for all f € PWE, and
t,a e R.

By T we denote the space of all stable LTI systems.

The Hilbert transform H and the low-pass filter are stable LTI systems.

Example (Hilbert transform)
The Hilbert transform Hf of a signal f € PW. is defined by

(HF)(t) = %{E —isgn(w)f(w) et dw,

where sgn denotes the signum function.
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Finite Energy and Mixed Signal Representation

Approximate the system output Tf from the samples of f:

(T = Y fkJhr(t—k).

k=—00

Mixed signal representation:

(T = Y ft—Ihr(k).

k=—o0
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Finite Energy and Mixed Signal Representation

Forall f € PW2
> fhr(t—k)

k=—00

converges in L2(IR) and consequently globally uniformly,

and we have

T\IIZnOOrP&é( (Tf)(t)—k; f(t—k)hr (k)| = 0.

for the mixed signal representation.
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Finite Energy and Mixed Signal Representation

Theorem 3

There exist an infinite dimensional closed subspace D g,zg) C PW2 and an
infinite dimensional closed subspace D éﬁg C T such that for all f € D ;29) f#£0,
andallT € Dgg T #£ 0, we have

2
dt = 0.

N
D flt—Khr(k)

k=—N

lim supJ

N—oo J—co

AllT e Dgf,g are such that ﬁT is continuous.
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Representation of Stable LTI Systems for PW_

o Eor every stable LTl system T : PW! — PW! there is exactly one function
ht € L*°[—m, 7] such that

~,

(Tf)(t) = %{[ hr(w)flw) et dw

forall f € fPW}t, and the integral is absolutely convergent.
e Every hy € L[—m, ] defines a stable LTI system T : PW! — PW! .
e hr =Tsinc

The operator norm || T|| := SUP|[£]],1 <1 [Tf[pypr_is given by [|T|| = [[hr |-
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System Approximation

Convergence of Z f(k)hr(t—k) is problematic.
k=—00

Theorem 4

For all t € R there exist a stable LTI system T € T and a signal f € ‘PW}I such
that

N
D fhr(t—k)

k=—N

limsup
N—o0

= OQ.

Even true for oversampling and arbitrary choice of the reconstruction kernel.

Banach-Steinhaus Theory Revisited Holger Boche



System Approximation

We know:
There exist a stable LTI system T € T and a signal f € ﬂ’W;I such that

N
> fhr(t—k)
k=—N

lim sup = 00. )

N—o0

Questions:

o What can we say about the structure of the set of systems T € T and the
set of signals f € ‘PW; such that (*) is true.

e Do both sets contain an infinite dimensional closed linear subspace?
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Joint Spaceability for System Approximation

Theorem 5

Lett € R be arbitrary but fixed. There exist an infinite dimensional closed
subspace Dgjg C CPW}T and an infinite dimensional closed subspace Dgys C T
such that for all f € Dgjg, f # 0, and all T € Dgys, T # 0, we have

N

D fhr(t—k)

k=—N

lim sup = 00.

N—o0

All'T € Dgys are such that ﬁT is continuous.

Joint spaceability: For any pair of signal and system (f, T) € Dgjg x Dgys, f # 0,
T # 0, we have divergence.
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Joint Spaceability for Mixed-Signal Representation

The previous result implies joint spaceability for the mixed signal representation.

Corollary

Lett € R be arbitrary but fixed. There exist an infinite dimensional closed
subspace Dgjg C fPWJT and an infinite dimensional closed subspace Dgys C T
such that for all f € Dgjg, f # 0, and all T € Dgys, T # 0, we have

N
> flt—khr(k)
k=—N

lim sup
N—o00

= OQ.

All'T € Dgys are such that ﬁT is continuous.
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@ Application to Classical Phase Retrieval via Hilbert Transform
Phase Retrieval and Hilbert Transform
Finite Energy Signals — Dirichlet’s Principle
Axiomatic Definition of our Approximation Sequences
Divergence of Sampling Based Hilbert Transform Approximations
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Hilbert Transformation and Causality

Let {an}°_, be a causal sequence in {?(Z..) then
Z 2)+iviz), <1

belongs to the Hardy space H2(ID) of analytic functions inD ={z € C: |z| < 1}
with
1 7T ) 5 1/2
Iile= (sup o | Iftre ) d0) <o
<r< 12

e u,v are real and harmonic in D
the boundary functions f,u,v € 12(3D) exist

f(e'?) = lim f(re®) , w(Ee®) = limu(re®) , v(Ee?) = limv(re®)

r—1 r—1 r—1

v is the harmonic conjugate of w: v = u (Kramers-Kronig-Relation)
e 1 is given as the Hilbert transform of u.:

1 J fe) o

ti(e") = (Hu)(e"”) = Iy on e<lt<n tan(t/2)
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Phase Retrieval using Hilbert Transform

Problem
Let f € H2(D) with f(z) # 0 for all z € D.

Assume that only magnitude measurements }f (e®)

, 0 € [—m, ) are known.

Goal: Recover the phase information of f.

o wiite f(€'9) = |f(e”®)|e'¢(®)
e then logf(e®) =log |f(e'?)| +i¢(6) is analyticin D
e recover the phase ¢ as the Hilbert transform of log |f]:

i(0—1)
(0) = (Hllog Ifl}) () = lim — logf(e"®|

e—0 27 Lghgw tan(t/2)

In principle, the phase retrieval can be solved using the Hilbert transform!
Is this approach also practically realizable?
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Hilbert Transform — Basic Properties

e [P-Theory
> H:L'(0D) — weak L' (D)

>
> H:L*(0OD) - BMO
> H:H'— H'

> H'-BMO Duality

e Hilbert transform on C(0D)

(Kolmogoroff)

H:LP(dD) — LP(dD), 1 < p < 0o

(Ch. Fefferman & E. M. Stein)
(L. Carleson & E. M. Stein)
(Ch. Fefferman)

> H:C(0D)—LPOD), 1<p<oo

> H:C(dD) - C(dD)
> H:e(dD) — VMO

(Ch. Fefferman)

@ J.B. Garnett Bounded analytic functions Academic Press, New York, 1981.
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Signal Space for Hilbert Transform Approximations

We consider the Hilbert transform on the Banach space B of all continuous
functions on the unit circle 0D := {z € C : |z| = 1} with continuous conjugate

B = {f € C(AD) : f = Hf € (dD)}
equipped with the norm

(1[4 == max {[[flloo, [Hflloo }  with Hf||00:eer~[n_a7§n)|f(eie)|_
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Dirichlet Spaces

e Let f be an analytic function in D with finite Dirichlet integral
~ H 1#(2)]° dZ_Z Ful® < 00
|Z|<1 n=1i
e Write f = u + iu with the real harmonic function u and & = Hu. Then
1 2 — 2
D(u) = o fj |(grad u)(z)||. dz =2 Zn|un| < 00.
|z|<1 n=1
o We define the analytic and harmonic Dirichlet spaces by
Dy = {f : fanalyticinD, with D(f) < oo}
= {u : uharmonicinD, with D(u) < oo}
with the Sobolev-H (0D) norms

1
2

1
Iflsc2 = (F+D(A2)" and Jullse = (3 +Dw?)
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Functions with Finite Dirichlet Energy

Problem (Dirichlet problem)

For1 < p < oo, assume thatuy € LP(0D) is given. Find a potential w such that
(Au)(z) =0 forallzeD
u(C) =wo(¢) foralmostall ¢ € 0D

SUPg <1 (o |7, [u(ret®)|” d9)1/p < 00.

Dirichlet’s Principle — Solution minimizes the field energy

minD(u) s.t. wis harmonicin D
u(¢) =up(Q) forall ¢ € oD

The Dirichlet Problem has a solution only if ||uo]|4¢1/2 < co.
Dy, is the set of all finite energy solutions of a Dirichlet problem.
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Approximation Problem

Continuous functions of finite energy

BY2=BNDy with [[f]lz12 =max (||f]ls, ||fllsc2)

The set of all functions f which are harmonic in D and such that
e fis continuous on 0D
¢ f has a continuous conjugate f
o the Dirichlet energy D(f) is finite

Find a (realizable) sequence {Hn }nen of bounded linear operators
Hx : B — B such that

Jim [[Hnf—f], = lim [[Hnf—Hfl| =0 forallfe B2,
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Example: Approximation from Frequency Samples

Given f € B be arbitrary, and let {?n}neZ be its Fourier coefficients
7T

. 1 o
f J f(e®)em™® do, nez.

-7 3

Consider the Nth-order Fejér mean

N 7T
(Faf)e®) = Y (1-5)fe™ == Lnf(eie) Fn(t—0) do

n=—

and define EN = HF .

Theorem 6

lim |Fnf—f]| =0 foral feB.

N—o0

Proof:

[Pl = [HEns — 7, =[xt — 7, = [Fnf -1
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Practical Constraints on Approximation Sequences

> Previously constructed operators {IEN }N oy are based on the exact
knowledge of the Fourier coefficients {?n}ﬁsz.

> Equivalently, these operators are based on the knowledge of f € B on the
whole unit circle oD.

= Analog computers/devices are needed for implementation.

4 Practical applications = digital signal processing.
4 Signals f are only known on finite number of sampling points {f(Cm )}N._,.
4 Previous approximation sequence {?N}N eN can not be implemented.

= Consider approximation sequences {Hn }nen Which are based on sampled
data.
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Axiomatic Properties of Approximation Sequences

The properties of the investigated approximation sequences {Hn }nen Of
bounded linear operators are described by two axioms:

(A) Concentration on a finite sampling set: For every N € N there exists a
finite sampling set Zn ={(n :n=1,..., My} C 0D such that

f(Cn) =9g(Gn)  forall n € Zn

implies
(Hn)(Q) = (Hng)(Q)  forall e dD .

(B) Weak convergence on B: For every f € B, the sequence {Hnflnen
converges weakly to Hf, i.e.

Jim (Hnt, @), = (Hf, @),  forall ¢ € €*(dD) .
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Consequences & Properties

Lemma

A sequence {Hn Inen satisfies Axiom (A) if and only if to every N € N there
exists a finite sampling set

ZNZ{CLN,}\ZN,...,}\MN,N}Ca]D) with Mn € N

and functions {h,n : n=1,...,Mn} C B such that

Mn
(HNF) (@) = Y f(Can)han(C)  foralifeB.

n=1

Let {Hn Inen be a sequence which satisfies Axioms (A) and (B). Then every
f € Co(oD) ={f € C(0D) : fy = O} satisfies

lim (Hnt, @), = (Hf, @), forallp € €*(3D).

Banach-Steinhaus Theory Revisited Holger Boche 42



Example — Sampled (Conjugate) Fejér Mean

e Consider again the N-th order Fejér mean of f € B

(Fnf)(e') = % LT f(e®)Fn(0 — 1) drt

with the so-called Fejér kernel

[ sin(Nt/2) 2
Inlr) = (N Sin(T/Z))

e Approximate the integral in (A) by its Riemann sum based on the
rectangular integration rule yields the sampled Fejér mean

(Snf)( Z ("2 N) Fn (0 —nEF) ~ (Fnf)(e™

n=0

It show the same approximation behavior as (A):

Jim [[Snf—f]| = lim [[Fnf—f][ =0 forallfee(D).

Banach-Steinhaus Theory Revisited Holger Boche
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Example — Sampled Conjugate Fejér Mean

 Now we define the approximation operators HJ; := HSy. This yields

N—1
(HF)(e') = (HSnf)(e'®) = ) (e N) TN (0 —n &)

n=0

with the conjugate Fejér kernel Fny = HF N given by

~ _ Nsint —sin(NT) _ 1 ( 1 sin(NT) >
a Z[NSiH(T/QHZ N \ tan(

:}' —
n(T 1/2)  2Nsin?(t/2)
> {H{ }nen is an approximation sequence satisfying Axioms (A) and (B).

> Replace the rectangular integration rule by any other integration method
gives similar operators but with other kernels.
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Divergence of Hilbert Transform Approximations

Theorem 7

To every sequence {Hn }nen Which satisfies Axioms (A) and (B) there exists a
residual set D yg C B'/2 such that

limsup |[Hnfl| =oc0  forallf € Dys,
N —o00

and such that D yg is spaceable.

e Since B'/2 ¢ B, the same results holds for B.
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Sketch of Proof — Interpolation Lemmas

A(ID) is the disk algebra of functions analytic in D and continuous in D U oD.

AP =AD)NDs  with  [[f]| 4172 = max ([|f]loo, || ]l5¢1/2)

Lemma (Interpolation by functions from A'/?)

There exists a universal constant C, > 1 such that for every finite sampling set
Zn ={C4,..., N} C OD the following statement is true:
To every complex-valued f € C(dD) there exists a g € A'/? such that

9(Cn) =1f(Cn) forall G € Zn and lIgllarve < Callflloo -

Corollary (Interpolation by functions from B'/2)

There exists a universal constant C, > 1 such that for every finite sampling set
Zn ={C4, ..., (N} C 0D the following statement is true:
To every real-valued f € C(0ID) there exists au € B'/? such that

w(ln) =f(Cn) forall i, € ZN and [ul|gi2 < Ca[floo -
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Sketch of Proof — Divergence Theorem

(1) Using
e Corollary — Interpolation of continuous functions by functions from B'/2
e Axiom (A) — Operators {Hn }nen, are concentrated on sampling sets

H f
IFnlleon)—eom) = sup IHn Flloo
ree(op)  [flloo

H
cc. sup IHnule
went/z |z

(2) Show that

sup [|Hnle(om)—e(om) = +00
NEN

Main technical challenge: Interpolation Lemma

Banach-Steinhaus Theory Revisited Holger Boche
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Proof Interpolation Lemma — Previous Approach

o Interpolation with triangle function (B-spline of order 1)
3 i
g(t) =) f(Cn)hs(t—Cn)  with  hy(t) =max (1— 5 0)
n=1
Vsl =1, [Rsllo<1-5, st <eforlt 2 3.

4 Difficulty:
1
Behavior of ||hs||scs foralls > > and 6 small .

Therefore ||g||s¢s cannot be controlled for N large and s > 1/2.
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Mapping Theorem of Riemann & Carathéodory

sampling set: TP .
Zy={Gn o | Ty e O:Dp— Cyp
C+
o
On
N /
Ynik(tn) =0 Ynk(Ck) = +oo
D+ Q 7
,._.Yn k N

e Qn:openregionin C, 9Qy: Jordan curve,

A(ON) =7tD(ynx) ff Wi (z)P dz = ff Wi (x +iy)l? dx dy

[x+iyl|<1

Riemann mapping theorem: Conformal mappings vy : D — Qp
e Carathéodory: vy has an extension y : 0D — 0Qy
Uniqueness of y: Fix the value of y at two points on 0D: = v,
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Proof of the Interpolation Lemma — Continued

e Based on the the conformal mappings yn x and @, one defines the
interpolating function g as follows

N
1
qn(z) == Ynx(z)+ —+——, mn=1,...,N
k§¢n T 0(f(Cn))

N
g(z) = O (Z 1/qn(z))
n=1

e By the above construction, g has the desired properties:
e gis analyticin D
e Interpolation property: g((n) = f(ln) foralln=1,...,N.
e Norm and energy bounded: ||g/oo < 2||f]jcc @and D(g) < ||f]lco
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Further Questions, Extensions

> The previous theorem showed the weak divergence of sampling based
Hilbert transform approximations {Hn }nen satisfying Axioms (A) and (B):

limsup ||Hnf|| =oco  forallf € Dyg C B2
N—o00

where Dyg U {0} is a linear subspace of B'/? (spaceability).

> For H®, s > 1/2, itis a simple exercise to construct a convergent
approximation process for the Hilbert transform, satisfying Axioms
(A) and (B).

? Do these approximation methods also diverge strongly on B'/2?

lim ||Huf]|, =00  forsomefe B2,
N—=oo o0

? Has the corresponding divergence set any (linear) structure?
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Remarks

¢ In general, it is extremely easy to approximate continuous functions by
sampling series which satisfy the two Axioms (A) and (B).

e Our connection with the Hilbert transform, implies a relation to causality.

e Causality = we have to work in the framework of analytic functions to
satisfy the causality restriction.

e In Curt McMullen’s solution of Smale’s conjecture, he was restricted to
analytic rational functions.

¢ If one allows general rational functions, then there are always convergent
algorithms.

Banach-Steinhaus Theory Revisited Holger Boche



Conclusions

e Lineability of divergence set in the Banach—Steinhaus theorem without any
further assumptions.

e Spaceability of divergence set in the Banach—Steinhaus theorem under the
condition that the boundedness set is spaceable.

¢ Joint spaceability of divergence set for mixed signal representation and
sampling type representation in different Paley—Wiener spaces.

e Convergence behavior of a classical phase retrieval problem for Sobolev
spaces.
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Banach:

Thank you!
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