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Abstract

This survey reviews fundamental concepts of multi-user information
theory. Starting with typical sequences, the survey builds up knowl-
edge on random coding, binning, superposition coding, and capacity
converses by introducing progressively more sophisticated tools for
a selection of source and channel models. The problems addressed
include: Source Coding; Rate-Distortion and Multiple Descriptions;
Capacity-Cost; The Slepian—Wolf Problem; The Wyner-Ziv Problem;
The Gelfand-Pinsker Problem; The Broadcast Channel; The Multiac-
cess Channel; The Relay Channel; The Multiple Relay Channel; and
The Multiaccess Channel with Generalized Feedback. The survey also
includes a review of basic probability and information theory.



Notations and Acronyms

We use standard notation for probabilities, random variables,
entropy, mutual information, and so forth. Table 1 lists notation devel-
oped in the appendices of this survey, and we use this without further
explanation in the main body of the survey. We introduce the remain-
ing notation as we go along. The reader is referred to the appendices for
a review of the relevant probability and information theory concepts.

Table 1 Probability and information theory notation.

Sequences, Vectors, Matrices

" the finite sequence z1,xo,...,2,

z"y™ sequence concatenation: £1,Ta,...,Tn,Y1,Y2;---sYm
x the vector [x1,22,...,2p]

H a matrix

Q] determinant of the matrix Q

(Continued)
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Notations and Acronyms
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Probability
Pr[A]
Pr[A|B]
Px (")
Pxy(+)
supp(Px)
px(*)
pX\Y(')
E[X]
E1X|A]
Var[X]
Qx

probability of the event A

probability of event A conditioned on event B
probability distribution of the random variable X
probability distribution of X conditioned on Y
support of Px

probability density of the random variable X
probability density of X conditioned on Y
expectation of the real-valued X

expectation of X conditioned on event A
variance of X

covariance matrix of X

Information Theory

H(X)
H(X|Y)
I(X;Y)
1(X;Y]|2)
D(Px||Py)
h(X)
h(X|Y)

Hy ()

entropy of the discrete random variable X
entropy of X conditioned on Y
mutual information between X and Y

mutual information between X and Y conditioned on Z

informational divergence between Px and Py
differential entropy of X

differential entropy of X conditioned on Y
binary entropy function
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Typical Sequences and Source Coding

1.1 Typical Sequences

Shannon introduced the notion of a “typical sequence” in his 1948 paper
“A Mathematical Theory of Communication” [55]. To illustrate the
idea, consider a discrete memoryless source (DMS), which is a device
that emits symbols from a discrete and finite alphabet X" in an inde-
pendent and identically distributed (i.i.d.) manner (see Figure 1.1).
Suppose the source probability distribution is Px(-) where

Px(0)=2/3 and Px(1)=1/3. (1.1)

Consider the following experiment: we generated a sequence of
length 18 by using a random number generator with the distribution
(1.1). We write this sequence below along with three other sequences
that we generated artificially.

(a) 0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0, 0
(b) 1,0,1,1,0,1,0,1,1,1,0,0,0,0,1,0, 1,0
(¢) 0,0,0,1,1,0,0,1,0,0,1,1,0,0,0,1, 1,0
(d) 1,1,1,1,1,1,1,1,1,1,1,1,1,1,1, 1, 1, 1
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1.2 Entropy-Typical Sequences 269

Px(+)

DMS

s, X, X, X

Fig. 1.1 A discrete memoryless source with distribution Px (-).

If we compute the probabilities that these sequences were emitted by
the source (1.1), we have

(2/3)18 . (1/3)° ~6.77 - 1074
(2/3)?-(1/3)Y ~1.32- 107

(2/3)1 - (1/3)7 ~5.29 - 1076
(d) (2/3)°-(1/3)18 ~2.58 - 1077.

Thus, the first sequence is the most probable one by a large margin.
However, the reader will likely not be surprised to find out that it is
sequence (c) that was actually put out by the random number genera-
tor. Why is this intuition correct? To explain this, we must define more
precisely what one might mean by a “typical” sequence.

1.2 Entropy-Typical Sequences

Let 2™ be a finite sequence whose ith entry z; takes on values in X.
We write X™ for the Cartesian product of the set X with itself n times,
i.e., we have 2™ € X". Let N(a|z™) be the number of positions of z"
having the letter a, where a € X.

There are several natural definitions for typical sequences. Shannon
in [55, Sec. 7] chose a definition based on the entropy of a random
variable X. Suppose that X" is a sequence put out by the DMS Px(-),
which means that Pxn(z") =[]\ Px(z;) is the probability that 2"
was put out by the DMS Py (-). More generally, we will use the notation

Pg(a") = [ [ Px (). (1.2)
i=1

We further have

i n [acsupp(ps) Px (a)N(@lz") if N(a|z™) = 0 whenever Py (a) =0
Pr(”) = 0 else

(1.3)
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and intuitively one might expect that the letter a occurs about
N(alz™) =~ nPx(a) times, so that P¥(2") ~ HGESupp(PX)PX(a)”PX(a) or

1 n n
—ElogQPX(az )~ Z —Px(a)log, Px (a).
acsupp(Px)

Shannon therefore defined a sequence z™ to be typical with respect to
e and Px(-) if

—logy P¥(z™)
n

“H(X)| < e (1.4)

for some small positive e. The sequences satisfying (1.4) are sometimes
called weakly typical sequences or entropy-typical sequences [19, p. 40].
We can equivalently write (1.4) as

2—n[H(X)+e] <P)1’£_(l,n) <2—n[H(X)—e]‘ (15)

Example 1.1. If Px(-) is uniform then for any 2™ we have
P)@(ZE”) — ’X|—n _ 2—n10g2 [xX] 2—nH(X) (1.6)

and all sequences in X™ are entropy-typical.

Example 1.2. The source (1.1) has H(X) ~ 0.9183 and the above four
sequences are entropy-typical with respect to Px(-) if

Note that sequence (c) requires the smallest e.

We remark that entropy typicality applies to continuous random
variables with a density if we replace the probability P¥(2") in (1.4)
with the density value p% (z"). In contrast, the next definition can be
used only for discrete random variables.
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1.3 Letter-Typical Sequences

A perhaps more natural definition for discrete random variables than
(1.4) is the following. For € > 0, we say a sequence z" is e-letter typical
with respect to Px(-) if

1
EN(a|a:”) — Px(a)| <e-Px(a) forallae X (1.7)

The set of z™ satisfying (1.7) is called the e-letter-typical set T'(Px)
with respect to Px(-). The letter typical 2™ are thus sequences whose
empirical probability distribution is close to Px(-).

Example 1.3. If Px(-) is uniform then e-letter typical =™ satisfy

(1 —e)n (1+¢€n

< N(a|z") < ~——"—
||

(1.8)
and if € < |X|— 1, as is usually the case, then not all 2™ are letter-
typical. The definition (1.7) is then more restrictive than (1.4) (see
Example 1.1).

We will generally rely on letter typicality, since for discrete random
variables it is just as easy to use as entropy typicality, but can give
stronger results.

We remark that one often finds small variations of the conditions
(1.7). For example, for strongly typical sequences one replaces the
ePx (a) on the right-hand side of (1.7) with € or €/|X| (see [19, p. 33],
and [18, pp. 288, 358]). One further often adds the condition that
N(a|z™) =0 if Px(a) =0 so that typical sequences cannot have zero-
probability letters. Observe, however, that this condition is included in
(1.7). We also remark that the letter-typical sequences are simply called
“typical sequences” in [44] and “robustly typical sequences” in [46]. In
general, by the label “letter-typical” we mean any choice of typicality
where one performs a per-alphabet-letter test on the empirical proba-
bilities. We will focus on the definition (1.7).

We next develop the following theorem that describes some of
the most important properties of letter-typical sequences and sets.
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Let px = mingegpp(py) Px () and define
S(n) =2|X| - e px (1.9)

Observe that d.(n) — 0 for fixed €, € > 0, and n — co.

Theorem 1.1. Suppose 0 < e < ux, 2" € T (Px), and X" is emitted
by a DMS Px(-). We have

2—n(1+e)H(X) < ng—(l‘n) < 2—n(1—e)H(X) (110)
(1 = 8 () 20-HE) < 7o(py)] < 97000 (11
1 — 6.(n) < Pr[X™ e T"(Px)] < 1. (1.12)

Proof. Consider (1.10). For 2™ € T"(Px), we have
Pian = JI  Px(@™e

a€supp(Px)

< H Px(a )an( a)(1—e)

a€supp(Px)
_ 2Za68upp(Px) nPx (a)(1—e)log, Px (a)

= g n(1-—9HX), (1.13)

where the inequality follows because, by the definition (1.7), typical
x™ satisfy N(a|z™)/n > Px(a)(1 — €). One can similarly prove the left-
hand side of (1.10).

Next, consider (1.12). In the appendix of this section, we prove the
following result using the Chernoff bound:

pr [ e

n
where 0 < € < px. We thus have

U

— Px(a)

> ¢ PX(a)] <2.e "X (1.14)

> € PX(a)}]

> € Px(a)]

Pr[X" ¢ T"(Px)] = Pr — Px(a)

aceX

<Y pr HN“‘XTL) Px(a)

aceX

< 2| X| . e nEnx (1.15)
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where we have used the union bound (see (A.5)) for the second step.
This proves the left-hand side of (1.12).
Finally, for (1.11) observe that

P e TP = S PR@)
z €T (Px)

< |T7(Py)| 270, (1.16)

where the inequality follows by (1.13). Using (1.15) and (1.16), we thus
have

|T™(Px)| > (1 — 6.(n))2n(1—9HE), (1.17)

We similarly derive the right-hand side of (1.11). O

1.4 Source Coding

The source coding problem is depicted in Figure 1.2. A DMS Px(-)
emits a sequence " of symbols that are passed to an encoder. The
source encoder “compresses” x" into an index w and sends w to the
decoder. The decoder reconstructs z" from w as " (w), and is said to
be successful if 2" (w) = x™.

The source encoding can be done in several ways:

e Fixed-length to fixed-length coding (or block-to-block
coding).

e Fixed-length to variable-length coding (block-to-variable-
length coding).

e Variable-length to fixed-length coding (variable-length-to-
block coding).

® Variable-length to variable-length coding.

PO 1% Xn(w
Source Decod (W) .
Source Encoder ecoder Sink

Fig. 1.2 The source coding problem.
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We will here consider only the first two approaches. For a block-to-
variable-length scheme, the number of bits transmitted by the encoder
depends on z". We will consider the case where every source sequence
is assigned a unique index w. Hence, one can reconstruct z" perfectly.
Let L(z™) be the number of bits transmitted for z™. The goal is to
minimize the average rate R = E [L(X™)] /n.

For a block-to-block encoding scheme, the index w takes on one of
2" indexes w, w = 1,2,...,2""%, and we assume that 2" is a positive
integer. The encoder sends exactly nR bits for every source sequence
™, and the goal is to make R as small as possible. Observe that block-
to-block encoding might require the encoder to send the same w for
two different source sequences.

Suppose first that we permit no error in the reconstruction. We use
the block-to-variable-length encoder, choose an n and an ¢, and assign
each sequence in T7"(Px) a unique positive integer w. According to
(1.11), these indexes w can be represented by at most n(1 + ¢)H(X) +
1 bits. Next, the encoder collects a sequence z". If 2™ € T*(Px ), then
the encoder sends a “0” followed by the n(1 + €)H(X) + 1 bits that
represent this sequence. If 2" ¢ T*(Px), then the encoder sends a “1”
followed by nlogs |X| 4+ 1 bits that represent z™. The average number
of bits per source symbol is the compression rate R, and it is upper
bounded by

R<Pr[X" e T7(Px)|[(1 + e)H(X) + 2/n]
+ Pr[X" ¢ T} (Px)] (logs |X| + 2/n)
<14 e)H(X)+2/n+ dc(n)(logy | X| + 2/n). (1.18)

But since d¢(n) — 0 as n — oo, we can transmit at any rate above
H(X) bits per source symbol. For example, if the DMS is binary with
Px(0) =1— Px(1) =2/3, then we can transmit the source outputs
in a lossless fashion at any rate above H(X) ~ 0.9183 bits per source
symbol.

Suppose next that we must use a block-to-block encoder, but that
we permit a small error probability in the reconstruction. Based on the
above discussion, we can transmit at any rate above (1 + €¢)H(X) bits
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per source symbol with an error probability d.(n). By making n large,
we can make d.(n) as close to zero as desired.

But what about a converse result? Can one compress with a small
error probability, or even zero error probability, at rates below H(X)?
We will prove a converse for block-to-block encoders only, since the
block-to-variable-length case requires somewhat more work.

Consider Fano’s inequality (see Section A.10) which ensures us that

Hy(P.) + P.log,(|X|" — 1) > H(X"|X™), (1.19)

where P, = Pr[X™ # X"]. Recall that there are at most 2" different
sequences ', and that " is a function of ™. We thus have
nR> H(X"™)
= H(X") — H(X"|X")
= I(X™X")
= H(X") — H(X"[X")
=nH(X) - H(X"|X")

>n [H(X) - HZfLPe)

_Pelog2|X’ ) (120)

where the last step follows by (1.19). Since we require that P, be zero,
or approach zero with n, we find that R > H(X) for block-to-block
encoders with arbitrarily small positive P,. This is the desired converse.

1.5 Jointly and Conditionally Typical Sequences

Let N(a,b|z",y™) be the number of times the pair (a,b) occurs in the
sequence of pairs (z1,y1),(z2,¥2),---,(Tn,yn). The jointly typical set
with respect to Pxy(+) is simply

1
T!'(Pxy) = {(mn,yn) : ’nN(a,b\x",y”) — Pxy(a,b)
< e- Pxy(a,b) forall (a,b) € X x V}. (1.21)

The reader can easily check that (z",y") € T"(Pxy) implies both
x" € TI"(Px) and y" € T'(Py).
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Consider the conditional distribution Py|x(-) and define

Py (") = [ Prix (vilz:) (1.22)
i1
T¢ (Pxyla™) ={y" : («",y") € T (Pxy)}. (1.23)

Observe that T)"(Pxy|z™) = () if 2™ is not in T*(Pyx). We shall further
need the following counterpart of d¢(n) in (1.9):

B (e2 — €e1)?
Sepea(m) = 2| Vexp (—n- 22 0)
+ €1
where pxy = min(g p)esupp(Pyy) FXxv(a;0) and 0 < e <ey < 1. Note
that d, ,(n) — 0 as n — oo. In the Appendix, we prove the following
theorem that generalizes Theorem 1.1 to include conditioning.

Theorem 1.2. Suppose 0 <€ < e < pxy, (2",y") € T/ (Pxy), and
(X™Y"™) was emitted by the DMS Pxy (-). We have

9—nH(Y|X)(1+e1) < P$|X(yn|$n) < 9—nH(Y|X)(1—e1) (1.25)

(1 = ey e (n)) 27U =e2) < T2 (Pyey o) | < 2nH (1O0F 2 1.26)
1= 0eep(n) <Pr[Y™ e T2(Pxyla")| X" =2a"] <1.  (1.27)

The following result follows easily from Theorem 1.2 and will be
extremely useful to us.

Theorem 1.3. Consider a joint distribution Pxy(-) and suppose
0<e <e <pxy, Y" is emitted by a DMS Py (-), and z" € T] (Px).
We have

(1 _ 551 o (n)) 2fn[I(X;Y)+252H(Y)]

< Pr[Y" e I (Pxy|z™)] < 27l (XV)=2HM] (1 28)
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Proof. The upper bound follows by (1.25) and (1.26):

Pr[Y"eTh(Pxyla™)] = > PHy")
yneTez(nykt”)
< onH(Y[X)(1+€2) 9—nH (Y)(1—€2)

S 2—n[[(X;Y)—262H(Y)] . (129)
The lower bound also follows from (1.25) and (1.26). |

For small €; and e, large n, typical (z",y"), and (X", Y™") emitted
by a DMS Pxy(-), we thus have

Py ix (y"a") ~ 270 (1.30)

— onH(Y|X
T8 (Pxyla™)| = 20T (1.31)
Pr[Y" € T (Pxy|z")| X" = 2" ~ 1 (1.32)
Pr[Y" € T (Pxy|z™)] ~ 27/ (X5Y), (1.33)

We remark that the probabilities in (1.27) and (1.28) (or (1.32) and
(1.33)) differ only in whether or not one conditions on X" = z".

Example 1.4. Suppose X and Y are independent, in which case the
approximations (1.32) and (1.33) both give

Pr[Y" e T7 (Pxy|z™)] =~ 1. (1.34)

Note, however, that the precise version (1.28) of (1.33) is trivial for large
n. This example shows that one must exercise caution when working
with the approximations (1.30)—(1.33).

Example 1.5. Suppose that X =Y so that (1.33) gives
Pr[Y" € T2 (Pxy|z")] ~ 27 "), (1.35)

This result should not be surprising because |T7" (Px)| ~ 2"#(*) and
we are computing the probability of the event X" = z” for some z" €
T (Pxy) (the fact that ez is larger than €; does not play a role for
large n).
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1.6 Appendix: Proofs
Proof of Inequality (1.14)
We prove the bound (1.14). Consider first Px(a) = 0 for which we have

e e

- > Px(a)(1 + e)} =0. (1.36)

Next, suppose that Px(a) > 0. Using the Chernoff bound, we have

e[ YO) o] <

<E [61/N(a|X”)/n] e—l/PX (a)(14€)

N(alX™)

> pe+ o)

Z Pr [N(G|Xn) = m] el/m/n] e_VPX(a)(1+€)
m=0

[Zn: <n>PX(a)m(1 - Px(a))nme”m/"] e~vPx(a)(1+¢)

m
m=0
=[(1 = Px(a)) + PX(a,)e”/”]ne_”PX(“)(HE). (1.37)
1.38)
Optimizing (1.38) with respect to v, we find that
v =00 if Px(a)(14+¢)>1 (1.39)

evin — —%iiiﬁiiiﬁi? if Px(a)(1+¢€) <1,

In fact, the Chernoff bound correctly identifies the probabilities to be
0 and Px(a)™ for the cases Px(a)(1+¢€)>1 and Px(a)(1+¢€) =1,
respectively. More interestingly, for Px(a)(1 + €) < 1 we insert (1.39)
into (1.38) and obtain

N(alX™)

Pr > Px(a)(1+ ¢)| < 27nPEBlIPa) (1.40)

where A and B are binary random variables with

P4(0)
Pg(0)

P4(1) = Px(a)

1
1-— PB(l) Px(a)(l + 6). (1.41)
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We can write Pg(0) = P4(0)(1 + €) and hence

D (Pp|[Pa) = Pa(0)(1 + €)logy(1 + )

+ 1= Pa(0)(1 + o)]log, (1 ‘ff(]?,l((loj 6)> . (1.42)

We wish to further simplify (1.42). The first two derivatives of (1.42)
with respect to € are

dD (Pg||Pa)

_ (1= P4(0)(1 +¢)
o (= aGrg) 049
ED(PsIP)  Pa0)log(o)
i S AT I0 - P 0ITol (1.44)

We find that (1.43) is zero for € = 0 and we can lower bound (1.44) by
Px (a)logy(e) for 0 < e < pux. The second derivative of D(Pg||P4) with
respect to € is thus larger than Px(a)logy(e) and so we have

D(Pp||Pa) = € - Pa(0)logy(e) (1.45)

for 0 < e < px. Combining (1.40) and (1.45) we arrive at

o {N(JLX) > Py(a)(1+ a} <@ (146)

One can similarly bound

pr M < b - o] s e

Note that (1.46) and (1.47) are valid for all a € X including a with
Px (a) = 0. However, the event in (1.14) has a strict inequality so we
can improve the above bounds for the case Px(a) = 0 (see (1.36)). This
observation lets us replace Px(a) in (1.46) and (1.47) with px and the
result is (1.14).
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Proof of Theorem 1.2

Suppose that (z",y") € T (Pxy). We prove (1.25) by bounding

Py x(y"|z") = 11 Py|x (bla) N (@b y)
(a,b)esupp(Pxy )
< 1 Py enoo
(a,b)€supp(Pxy)

— 2”(1761)Z(a,b)ésupp(}’xy) PXY(a7b) 10g2 PY|X(b‘a)

= 2 - HYIX), (1.48)

This gives the lower bound in (1.25) and the upper bound is proved
similarly.

Next, suppose that (z",y") € T)'(Pxy) and (X™,Y") was emitted
by the DMS Pxy (-). We prove (1.27) as follows.

Consider first Pxy (a,b) = 0 for which we have

N xmyn
Pl" |: (a7b| Y )

" > ny(a,b)(l + 6):| =0. (1.49)

Now consider Pxy(a,b) > 0. If N(a|z")=0, then N(a,b|z",y") =0
and

N(a,b| X", Y"
Pr[(a”’) > Pxy(a,b)(1 + ¢)

n

X" :x”} =0.  (1.50)

More interestingly, if N(a|z™) > 0 then the Chernoff bound gives

N xryn
Pr [(a,b|,) > Pyy(a,b)(1 + €)| X" = x"]
n
N xmyn
< Pr [(a’b") > ny(a,b)(l 4 6) X" — ;Un:|
n

:Pr[N(a,b\X Y™ S Pxy(a,b)

Nalen) = N/ " e)lxn =
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_,Pxy(ab)(1te)

S B |:eyN(a,b|X"7Y")/N(a\m”) Xn — xni| e v N(alz™)/n

N(a|z™)

S (M) i - Prx(ola) ¥

m=0

P (a,b)(14¢€)
el/m/N(a\z")] e—y )§V}Ea|z")/n

= [(1 — Py x(bla)) + Py x (bla)e”/N(al=") N(a‘xn)e‘”ngzvﬁ?;%/l:e).
(1.51)

Minimizing (1.51) with respect to v, we find that
V=00 if Pxy(a,b)(1 + €) > N(alz™)/n
ov/Nlalem) _ 52;?‘;%;6 ‘gif’('jfg)((lﬁg) if Pyy(a,b)(1 + €) < N(alz")/n.
(1.52)

Again, the Chernoff bound correctly identifies the probabilities to
be 0 and Py|x(bla)" for the cases Pxy(a,b)(1+ €) > N(alz")/n
and Pxy (a,b)(1 4+ €) = N(a|z™)/n, respectively. More interestingly, for
Pxy(a,b)(1 4 €¢) < N(a|z™)/n we insert (1.52) into (1.51) and obtain

Pr N(a,b|X™) > Pxy(a,b)(1 +€)| X" = mn] < 2~ Nlalz") D(Pg[[Pa)
n
(1.53)
where A and B are binary random variables with
Pa(0) =1 — Pa(1) = Pyx(bla)
Pxy(a,b)
P, =1—-Pp(l)=—"—"-—(1 . 1.54
5(0) = 1= Po(1) = 250 (14 (154
We would like to have the form Pg(0) = P4(0)(1 + €) and compute
. Px(a)
=——"7"(1 — 1. 1.55
€ N(aymn)/n( +e) (1.55)
We can now use (1.41)—(1.46) to arrive at
N(a,b| X", Y™)

Pr > Pxy(a,b)(1 +¢)

n

X" = :L“”]

< e—N(a\x")€2py\X(b|a) (156)
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as long as € < miny,(q p)esupp(Pyy) Py|x (bla). Now to guarantee that &
is positive, we must require that ™ is “more than” e-letter typical, i.e.,
we must choose 2" € T, (Px ), where 0 < ¢ < €. Inserting N (a|z™)/n >
(1 + €1)Px(a) into (1.56), we have

N(a,b| X", Y™
Pr M > ny(a,b)(l + 6) X" :mn:|
n
_ (6_51)2P b
< e ira Pxv(ed) (1.57)
for 0 < e < e < pxy (we could allow € to be up to ming.(q,5)csupp(Pxy )

Py x (bla) but we ignore this subtlety). One can similarly bound

N(a,b| X", V™)
n

Pr < Pxy(a,b)(1 — €)

X" = :):”]

D P (a
xv\a, )

<e "Mita . (1.58)

As for the unconditioned case, note that (1.57) and (1.58) are valid for
all (a,b) including (a,b) with Pxy (a,b) = 0. However, the event we are
interested in has a strict inequality so that we can improve the above
bounds for the case Pxy(a,b) =0 (see (1.49)). We can thus replace
Pxy(a,b) in (1.57) and (1.58) with pxy and the result is

N(a,b| X", Y™
Pr{ N{a, X", V") _ PXy(a,b)‘ > ePXy(a,b)‘X” = 1‘"]
n

2
_n<5*51)

<2.e TR MXY (1.59)

for 0<e <e<puxy (we could allow € to be up to Py|x =
Min, p)esupp(Pxy) Py|x (bla) but, again, we ignore this subtlety). We
thus have

Pr(Y" ¢ T'(Pxyl|z"™)| X" = "]

N(a,b| X™
=Pr U{‘W) - PXy(a,b)‘ > ePXy(a,b)} X" =2z"
n
a,b



1.6 Appendix: Proofs 283
N bl xXm™ym™
< ZP Ha’) — PXy(a,b)’ > € PXy(a,b)‘X" = m"}

- (e—e )2
<2AX[Y[- " T Y (1.60)

where we have used the union bound for the last inequality. The result
is the left-hand side of (1.27).
Finally, for 2™ € T[' (Px) and 0 < €; < € < uxy we have

Pr[Y" € T (Pyyla")| X" =a"]= Y Pyy(yla")
yneTH (Pxyla™)

< |T€n(PXy’IDn) ’ 277L(176)H(Y|X)’
(1.61)

where the inequality follows by (1.48). We thus have
T2 (Pxy|a™)] > (1 = 8¢y e(n)) 2" OHOX), (1.62)
We similarly have

TP (Pxy |a™)| < 2n(HOHI), (1.63)
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Rate-Distortion and Multiple Descriptions

2.1 Problem Description

Rate distortion theory is concerned with quantization or lossy com-
pression. Consider the problem shown in Figure 2.1. A DMS Px(+)
with alphabet X emits a sequence x" that is passed to a source
encoder. The encoder “quantizes” " into one of 2% sequences "(w),
w=1,2,...2"% and sends the index w to the decoder (we assume that
2"R is a positive integer in the remainder of this survey). Finally, the
decoder puts out z"(w) that is called a reconstruction of z™. The let-
ters Z; take on values in the alphabet X , which is often the same as
X but could be different. The goal is to ensure that a non-negative
and real-valued distortion d"(z™,%") is within some specified value D.
A less restrictive version of the problem requires only that the average
distortion E[d”(X”,X”)} is at most D.

The choice of distortion function d"(-) depends on the application.
For example, for a DMS a natural distortion function is the normalized
Hamming distance, i.e., we set

&) = 3 d(wi,35), (2.1)
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PX ( . ) e R
Source Decod .
Source Encoder ecoder Sink

Fig. 2.1 The rate distortion problem.

where d(z,2) =0 if £ =z, and d(z,%) = 1 if & # x. For real sources, a
natural choice might be the mean squared error

(2" i) = lzn:(g; . (2.2)

[t

Note that for binary (0,1) sources both (2.1) and (2.2) are the same.
Note further that both (2.1) and (2.2) are averages of per-letter distor-
tion functions. Such a choice is not appropriate for many applications,
but we will consider only such distortion functions. We do this for
simplicity, tractability, and to gain insight into what can be accom-
plished in general. We further assume that d(-) is upper-bounded by
some number dpax.

The rate distortion (RD) problem is the following: find the set of
pairs (R, D) that one can approach with source encoders for sufficiently
large n (see [55, Part V], [57]). Note that we ignore the practical difficul-
ties associated with large block lengths. However, the theory developed
below provides useful bounds on the distortion achieved by finite length
codes as well. The smallest rate R as a function of the distortion D is
called the rate distortion function. The smallest D as a function of R
is called the distortion rate function.

2.2 An Achievable RD Region

We present a random code construction in this section, and analyze
the set of (R, D) that it can achieve. Suppose we choose a “channel”
PX\X(') and compute Py (-) as the marginal distribution of Py ¢(-).

Code Construction: Generate 2" codewords #"(w), w = 1,2,...,2"%,
by choosing each of the n - 2" symbols #;(w) in the code book inde-
pendently at random using Py (-) (see Figure 2.2).
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Fig. 2.2 A code book for the RD problem.

Encoder: Given z", try to find a codeword z"(w) such that
(2", 2" (w)) € T'(Py ¢)- If one is successful, send the corresponding
index w. If one is unsuccessful, send w = 1.

(Note: the design of the code book has so far ignored the distortion
function d(-). The design will include d(-) once we optimize over the
choice of PX|X(')'>

Decoder: Put out the reconstruction 2" (w).

Analysis: We bound F [d”(X n X ")] as follows: we partition the sample
space into three disjoint events

& = {X" ¢ T/ (Px)} (2.3)
2nR

&= N {x" X" W) ¢ T(Pyx) | (2.4)
w=1

E3 = (51 U 52)0, (2.5)

where &£ is the complement of &£;. Next, we apply the Theorem on
Total Expectation (see Section A.3)
3
E[d"(X™,X™)] =) Pr[&|E[d"(X", X")|&]. (2.6)
i=1
Let 0 <€ <e < pyg, where we recall from Section 1.5 that p, ¢ =

min (g p)esupp(Py 1) Fxx (@:)-

(1) Suppose that X" ¢T7(Px), in which case we upper
bound the average distortion by dpax. But recall that
Pr[X™ ¢ T (Px)] <dc,(n), and 6. (n) approaches zero
exponentially in n if €; > 0.
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(2) Suppose that X" =a" and z" € T (Px) but none of the
X" (w) satisfies

(2", X™(w)) € T"(Py ¢)- (2.7)

We again upper bound the average distortion by dpax. The
events (2.7), w=1,2,...,2"% are independent since each
#"(w) was generated without considering =™ or the other
codewords. The probability P.(x™) that none of the code-
words are satisfactory is thus

onR

Pu(a") =Pr | () {" X" (w)) ¢ T.(Py ) |

w=1
A nR
= [1 = Pr[(a", X™) € T (Py¢)]]?
< [1 o (1 o 561 e(n))Q—n[I(X;X)+26H(X)]]
< exp( _ (1 _ 561’6(71))2n[R—I(X;X)—26H(X)])’ (2.8)

onR

where the first inequality follows by Theorem 1.3, and
the second inequality by (1 — )™ < e~ ™*. Inequality (2.8)
implies that we can choose large n and

R>I(X;X) + 2¢H(X) (2.9)

to drive the error probability to zero. In addition, observe
that the bound is valid for any 2™ in T} (Px), and the error
probability decreases doubly exponentially in n. Denote the
resulting error probability as d¢, ¢(n, R).

(3) Suppose X" =", 2" € T} (Px), and we find a 2" (w) with
(2",2"(w)) € T(Py ). The distortion is

&, " () = S d(as, d:(w)
=1

_1 S N(a,bla™,i" (w)) d(a,b)
a,b

n
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<3 Peglab)(1 + o) d(ab)
a,b
< E[d(X,X)] + € dmax, (2.10)

where the first inequality follows by the definition (1.21).
Combining the above results using (2.6), we have

E[d"(X",X™")] < E[d(X,X)] + (3¢,(n) + 0, ,c(n, R) + €) dmax-
(2.11)

As a final step, we choose small €, large n, R satisfying (2.9), and Py ¢
for which E[d(X,X)] < D. A random code thus achieves the rates R
satisfying

R> min I(X; X). (2.12)

Py x: Bld(X,X)]<D

Alternatively, we say that a random code approaches the rate

R(D) = min  I(X;X). (2.13)
Py xt E[d(X,X)]<D

x|
The words achieves and approaches are often used interchangeably both
here and in the literature.

We remark that there is a subtlety in the above argument: the
expectation F [d”(X n X ”)} is performed over both the source sequence
and the code book. The reader might therefore wonder whether there
is one particular code book for which the average distortion is D if the
average distortion over all code books is D. A simple argument shows
that this is the case: partition the sample space into the set of possible
code books, and the Theorem on Total Expectation tells us that at
least one of the codebooks must have a distortion at most the average.

2.3 Discrete Alphabet Examples

As an example, consider the binary symmetric source (BSS) with the
Hamming distortion function and desired average distortion D, where
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D < 1/2. We then require Pr [X #+ X] < D, and can bound

I(X;X)=H(X) - HX|X)
=1-HX o X|X)
>1-H(X & X)
> 1 — Hy(D), (2.14)

where the last step follows because E = X @& X is binary with Pg(1) <
D, and we recall that Ha(x) = —zlogy(z) — (1 — x)logy(1l — z) is the
binary entropy function. Furthermore, we can “achieve” R(D)=1 —
Hy(D) by choosing PX\X(') to be the binary symmetric channel (BSC)
with crossover probability D.

As a second example, consider again the BSS but with X' = {0,1,A},
where A represents an erasure, and where we use the erasure distortion
function

0, ifz=2
dlz,z)=11, ifz=A (2.15)
o, ifz=xz&l.

(Note that we are permitting an unbounded distortion; this causes
no difficulties here.) To achieve finite distortion D, we must choose

PX\X(”O) = ijX(O]l) =0 and Pr[X = A] < D. We thus have

I(X;X)=1- H(X|X)

=1->Y Py(b)H(X|X =)
beX
>1-D. (2.16)

We can achieve R(D) =1 — D by simply sending w = z(!=?)"_ The
decoder puts out as its reconstruction 2" = [z =P)" AP?] whereA ™
is a string of m successiveAs.

2.4 Gaussian Source and Mean Squared Error Distortion

Suppose that we can approach the rate (2.13) for the memoryless Gaus-
sian source with mean squared error distortion (we will not prove this
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here, see [18, Sec. 9]). We require E[(X - X)Q] < D, and bound

~

I(X;X) = h(X) — h(X|X)

1 A
= 510g(27reo'2) - h(X — X|X)

~

1

> 510g(277602) — h(X — X)
1 1 .

> 510g(27r602) - ilog (2re E[(X — X)?])

1 1
> §log(27rea2) — ilog(QﬂeD)

_ %10g(g2/p), (2.17)

where o2 is the source variance, and where the second inequality fol-
lows by the maximum entropy theorem (see Section B.5.3 and [18,
p. 234]). We can achieve R(D) = $log(c?/D) by choosing Pyx()
(note that this is not Py () to be the additive white Gaussian
noise (AWGN) channel with noise variance D. Alternatively, we can
achieve the distortion D(R) = o2exp(—2R), i.e., we can gain 6dB per
quantization bit.

2.5 Two Properties of R(D)

We develop two properties of the function R(D) in (2.13). First, it is
clear that R(D) is a non-increasing function with D because the set of
Py «(+) does not shrink by increasing D. Second, we prove that R(D)
is convezr in D [57], [18, Lemma 13.4.1 on p. 349].

Consider two distinct points (Ry, D1) and (R, D2) on the boundary
of R(D), and suppose the channels Pg +(+) and Py, +(+) achieve these
respective points. Consider also the distribution defined by

PX3|X(a|b) = )\PXl‘X(a|b) +(1- )\)PX2|X(a|b) (2.18)

for all a,b, where 0 < A <1. The distortion with Pf@\  1s simply
D3 =AD; + (1 — X)D;y. The new mutual information, however, is less
than the convex combination of mutual informations, i.e., we have (see
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Section A.11)
I(X;X3) S M(X;X1) + (1= M) I(X;X,) (2.19)

as follows by the convexity of I(X;Y) in Py|x(-) when Px(-) is held
fixed [18, p. 31]. We thus have

R(AD1 + (1 = ) D2) = R(Ds)

< I(X;X;)
<M(X;X1) 4+ (1= N I(X;Xo)
= AR(D1) + (1 — \)R(Dy). (2.20)

Thus, R(D) is a convex function of D.

2.6 A Lower Bound on the Rate given the Distortion

We show that R(D) in (2.13) is the rate distortion function. Thus, the
random coding scheme described in Section 2.2 is rate-optimal given D.

Suppose we are using some encoder and decoder for which
E [d”(X”,)A(")} < D. Recall that the code book has 2" sequences ",

and that £" is a function of ™. We thus have

nR > H(X")
= H(X") — HX"|X")
=I(X™X")
= H(X") - H(X"|X")

_ZH H(X;| XX
>ZH H(X;|X;)

= ZI(Xi;Xi). (2.21)
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We use (2.13) and the convexity (2.20) to continue the chain of inequal-
ities (2.21):

nR > Zn:R (E[d(Xi,Xi)]>
i=1

>nR (:L zn:E[d(Xi,f(i)O
=1
—nR(E[d"(X", X))
>nR(D). (2.22)

Thus, the rate must be larger than R(D), and this is called a converse
result. But we can also achieve R(D) by (2.13), so the rate distortion
function is R(D).

2.7 The Multiple Description Problem

A generalization of the RD problem is depicted in Figure 2.3, and is
known as the multiple-description (MD) problem. A DMS again puts
out a sequence of symbols ", but now the source encoder has two
or more channels through which to send indexes Wy, Wa,..., W, (also
called “descriptions” of z™). We will concentrate on two channels only,
since the following discussion can be extended in a straightforward
way to more than two channels. For two channels, the encoder might
quantize 2" to one of 2" sequences 27 (wq), wy = 1,2,...,2"% and to
one of 272 sequences 25 (ws), we = 1,2,...,2". The indexes w; and
wy are sent over the respective channels 1 and 2. As another possibility,
the encoder might quantize " to one of on(F1+R2) gequences Ty (w1, w2)

Wy
Px(-) .
X" Source WZ i N X .
Source Encoder 5 Decoder Sink
Wi

Fig. 2.3 The multiple description problem.
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and send wy and wy over the respective channels 1 and 2. There are,
in fact, many other strategies that one can employ.

Suppose both w; and wsy are always received by the decoder. We
then simply have the RD problem. The MD problem becomes differ-
ent than the RD problem by modeling the individual channels through
which Wy and Wy pass as being either noise-free or completely noisy,
i.e., the decoder either receives W; (or W3) over channel 1 (or chan-
nel 2), or it does not. This scenario models the case where a source
sequence, e.g., an audio or video file, is sent across a network in several
packets. These packets may or may not be received, or may be received
with errors, in which case the decoder discards the packet.

The decoder encounters one of three interesting situations: either
W1 or Wy is received, or both are received. There are, therefore, three
interesting average distortions:

Dy = %ZE[dl(Xi,X'M(Wl))] (2.23)
=1

Dy = %ZE[dz(Xi,XQ,-(WQ))] (2.24)
=1

D1 = %ZE[d12(XiaX(12)i(WI,W2)]7 (2.25)
=1

where X,?, k=1,2,12, is the reconstruction of X™ when only Wj is
received (k = 1), only W is received (k = 2), and both W; and Wy are
received (k = 12). Observe that the distortion functions might depend
on k.

The source encoder usually does not know ahead of time which W,
will be received. The MD problem is, therefore, determining the set
of 5-tuples (R1, Ry, D1, D2,D12) that can be approached with source
encoders for any length n (see [22]).

2.8 A Random Code for the MD Problem

We present a random code construction that generalizes the scheme of
Section 2.2. We choose a Py, %ol X() and compute Pyg (), Pg (*),
and Py ¢ %, (-) as marginal distributions of Py ¢ ¢ ¢ ().
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Code Construction: Generate 27" codewords 27 (w;), wi=
1,2,...,2"% by choosing each of the n-2"% symbols &1;(w1)
at random according to PX1(~). Similarly, generate 2" codewords
2 (we), we =1,2,...,2"F2 by using Pf(z(')‘ Finally, for each pair
(w1, ws), generate one codeword &7y (wy,wsz) by choosing its ith symbol
at random according to PX12|X1X2(-|§317;,£22‘).

Encoder: Given z", try to find a triple (27 (w1),2%5(w2), 21, (w1,w2))
such that

(2", 27 (w1), 23 (wa), #1a (w1, w2)) € T (Py ¢, %, %,,)-

If one finds such a codeword, send w; across the first channel and wo
across the second channel. If one is unsuccessful, send w; = wy = 1.

Decoder: Put out 27 (wy) if only wy is received. Put out &5 (w2) if only
wy is received. Put out 7, (w1, we) if both w; and wq are received.

Analysis: One can again partition the sample space as in Section 2.2.
There is one new difficulty: one cannot claim that the triples
(27 (wy), 25 (wy), &5 (wi, wh)) and (2] (w1), 25 (w2), &1 (w1, w2))  are
independent if (w},w}) # (wi,w2). The reason is that one might
encounter wj =wj, wyF wy or whH=wz, wjF#w;. We refer to
Section 7.10 and [64] for one approach for dealing with this problem.
The resulting MD region is the set of (Ry, Ra, D1, D2, D12) satisfying

Ry > I(X; X))
Ry > I(X; X3)
Ry + Ry > I(X; X1 X2 X12) + I(X1; Xa)
Dy > Bldi(X; Xy)] for k=1,2,12, (2.26)

where Py ¢ ¢ +(+) is arbitrary. This region was shown to be achiev-
able by El Gamal and Cover in [22]. The current best region for two
channels is due to Zhang and Berger [75].
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As an example, consider again the BSS and the erasure distortion
function (2.15). An outer bound on the MD region is

Ry > I(X;X1)>1— Dy
Ry > I(X;X5) > 1 - Dy
Ry + Ry > [(X;XngXm) >1— Dqo, (227)

which can be derived from the RD function, and the same steps as
in (2.16). But for any D;, Dy, and Dj2, we can achieve all rates and
distortions in (2.27) as follows. If 1 — D13 < (1 — D;) + (1 — D3), send
wy = 21=PI" and wy = xz = [zj,2i41,...,2;], where i = (1 — D1)n +
1 andj:(l—Dl)n—i—(l—Dg)n. Ifl—D12>(1—D1)+(1—D2),
choose one of two strategies to achieve the two corner points of (2.27).
The first strategy is to send w; = z(1=PVU" and wy = xg, where ¢ =
(1= D1)n+ 1 and j = (1 — Dy2)n. For the second strategy, swap the
indexes 1 and 2 of the first strategy. One can achieve any point inside
(2.27) by time-sharing these two strategies.

Finally, we remark that the MD problem is still open, even for
only two channels! Fortunately, the entire MD region is known for the
Gaussian source and squared error distortion [47]. But even for this
important source and distortion function the problem is still open for
more than two channels [50, 51, 64, 65].
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Capacity—Cost

3.1 Problem Description

The discrete memoryless channel (DMC) is the basic model for channel
coding, and it is depicted in Figure 3.1. A source sends a message w,
we{l,2,..., 2”R}, to a receiver by mapping it into a sequence ™ in X".
We assume that the messages are equiprobable for now. The channel
Py|X(-) puts out ¢", y" € V", and the decoder maps y™ to its estimate
w of w. The goal is to find the maximum rate R for which one can make
P, = Pr[W # W] arbitrarily close to zero (but not necessarily exactly
zero). This maximum rate is called the capacity C.

We refine the problem by adding a cost constraint. Suppose that
transmitting the sequence x™ and receiving the sequence y™ incurs a
cost of s"(x™,y™) units. In a way reminiscent of the rate-distortion
problem, we require the average cost E[s"(X™,Y™)] to be at most some
specified value S. We further consider only real-valued cost functions
s™(+) that are averages of a per-letter cost function s(-):

Sy = S s, (3.1)
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W X" yn w

Message
Source

Encoder Pyix(-) Decoder Sink

Channel

Fig. 3.1 The capacity—cost problem.

We further assume that s(-) is upper-bounded by some number spax.
The largest rate C as a function of the cost S is called the capacity cost
function, and is denoted C(S5).

As an example, suppose we are transmitting data over an optical
channel with binary (0,1) inputs and outputs, and where the transmis-
sion of a 1 costs s(1,y) = E units of energy for any y, while transmitting
a 0 costs s(0,y) = 0 units of energy for any y. A cost constraint with
0 < S < E will bias the best transmission scheme toward sending the
symbol 1 less often.

3.2 Data Processing Inequalities

Suppose X — Y — Z forms a Markov chain, i.e., we have I(X;Z|Y) = 0.
Then the following data processing inequalities are valid and are proved
in the appendix of this section:

I[(X;2)<I(X;Y) and I(X;Z)<I(Y;Z). (3.2)

Second, suppose Y7 and Ys are the respective outputs of a channel
Py x(-) with inputs X7 and X». In the appendix of this section, we
show that

D(Pyl”PYQ) SD(PX1HPX2)' (3'3)

3.3 Applications of Fano’s Inequality

Suppose that we have a message W with H(W) = nR so that we can
represent W by a string of nR bits V1, Va,...,V,r (as usual, for sim-
plicity we assume that nR is an integer). Consider any channel coding
problem where W (or V") is to be transmitted to a sink, and is esti-
mated as W (or V"R). We wish to determine properties of, and relations
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between, the block error probability
P, = Pr[W # W] (3.4)

and the average bit error probability

1 nR .
P, = nR;Pr[Vi # V. (3.5)

We begin with P.. Using Fano’s inequality (see Section A.10) we
have

Hy(P.) + P.logy([W|— 1) > H(W|W), (3.6)

where the alphabet size |WW| can be assumed to be at most 2% because
VB represents W. We thus have

Hy(P,) + P.nR > H(W) — I(W;W) (3.7)
and, using H(W) = nR, we have

I(W:W Ho(P,
nR < (W,Vf):rp 2( )_

(3.8)

This simple bound shows that we require nR < I(W; W) if P, is to be
made small. Of course, (3.8) is valid for any choice of P..
Consider next Py, for which we bound

nR
Hy(Py) = Hy <an > PV # VA)
1 nRkR = A
> M;Hz(Pr[Vi # Vi)

nR
1 N
> — H(V;|V;), 3.9
> g o HT) (3.9
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where the second step follows by the concavity of H(-), and the third
step by Fano’s inequality. We continue the chain of inequalities as

nR
1 i—1ynR
Hy(B) 2 EIH(Viﬂ/ V)

1 ~
:7HVnRVnR
S H (V)
1

— — (H VnR -7 VnR,V’nR
L vy - v )
_Iwsw)
nR
Alternatively, we have the following counterpart to (3.8):
I(W:W)
nR < ————
T 1 - Hy(B)
We thus require nR < I(W;W) if P, is to be made small. We further

have the following relation between P, and the average block error
probability Pke:

=1 (3.10)

. (3.11)

Pb < Pe < nPb. (3.12)

Thus, if P, is lower bounded, so is P.. Similarly, if P, is small, so is F,.
This is why achievable coding theorems should upper bound P., while
converse theorems should lower bound F,. For example, a code that
has large P. might have very small P,

3.4 An Achievable Rate

We construct a random code book for the DMC with cost constraint
S. We begin by choosing a distribution Px ().

Code Construction: Generate 2" codewords z™(w), w = 1,2,...,2"E,

by choosing the n - 2" symbols z;(w), i = 1,2,...,n, independently
using Px(+).
Encoder: Given w, transmit 2" (w).

Decoder: Given y™, try to find a @ such that (z"(w),y") € T'(Pxy). If
there is one or more such @, then choose one as w. If there is no such
w, then put out w = 1.
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Analysis: We split the analysis into several parts and use the Theorem
on Total Expectation as in Section 2.2. Let 0 < €1 < €3 <€ < puxy.

(1) Suppose that X"(w) ¢ T (Px), in which case we upper
bound the average cost by smax. Recall from Theorem 1.1
that Pr[X"(w) ¢ T (Px)] < 6, (n), and &, (n) approaches
zero exponentially in n if €1 > 0.

(2) Suppose that X"(w)=2"(w) and z"(w)e€ T2 (Px) but
(2™ (w),Y™) & T2 (Pxy). We again upper bound the average
cost by smax. Using Theorem 1.2, the probability of this event
is upper bounded by d¢, ,(n), and 6, ,(n) approaches zero
exponentially in n if e; > 0 and €3 > 0.

(3) Suppose (z"(w),y") € T2 (Pxy), but that we also find a @ #
w such that (z™(w),y") € T?*(Pxy). Using Theorem 1.3, the
probability of this event is

P.(w) =Pr | |J {(X"(@),9") € T.(Pxy)}
WHEW
< 3 Pr{(X"(@),y") € Tu(Pxy)]
nE=m

< (QnR _ 1)2*”[I(X§Y)*2€H(X)]7 (313)

where the first inequality follows by the union bound
(see (A.5)) and the second inequality follows by Theo-
rem 1.3. Inequality (3.13) implies that we can choose large
n and

R<I(X;Y) — 2eH(X) (3.14)

to drive P.(w) to zero.
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(4) Finally, we compute the average cost of transmission if
(@"(w),y") € Te(Pxy):

(" w), ") = S (i) )
=1

_ %ZN(a,bmn(w),y") s(a,b)
a,b

< Pxy(a,b)(1+ €) s(a,b)
a,b

< E[s(X,Y)] 4 €Smaxs (3.15)

where the first inequality follows by the definition (1.21).

Combining the above results, there is a code in the random ensemble
of codes that approaches the rate

c(S) = ma I1(X;Y). 3.16
(5) PX(~):E[5(.)>((,Y)}§S ( ) (3.16)

We will later show that (3.16) is the capacity—cost function. If there is

no cost constraint, we achieve

C =max I(X;Y). 3.17
ma 1(X:Y) (3.17)

3.5 Discrete Alphabet Examples

As an example, consider the binary symmetric channel (BSC) with
X =Y ={0,1} and Pr[Y # X] = p. Suppose the costs s(X) depend on
X only and are s(0) =0 and s(1) = E. We compute

I(X:;Y)=H(Y) - H(Y|X)
Hy(Px (1) = p) — Ha(p) (3.18)
Px(1)- B, (3.19)

Efs(X)]

where ¢ x p = q(1 — p) + (1 — ¢)p. The capacity cost function is thus
C(S) = Ha(min(S/E,1/2) x p) — Ha(p) (3.20)

and for S > E/2 we have C =1 — Ha(p).



302 Capacity—Cost

As a second example, consider the binary erasure channel (BEC)
with X = {0,1} and Y = {0,1,A}, and where Pr[Y = X] =1 — p and
Pr[Y =A] = p. For no cost constraint, we compute

C =max H(X) - H(XI|Y)
Px (")

ZgﬁfﬂXﬂl—m

=1-p. (3.21)

3.6 Gaussian Examples

Consider the additive white Gaussian noise (AWGN) channel with
Y =X +2, (3.22)

where Z is a zero-mean, variance N, Gaussian random variable that
is statistically independent of X. We further choose the cost function
s(z) = 2% and S = P for some P.

One can generalize the information theory for discrete alphabets
to continuous channels in several ways. First, we could quantize the
input and output alphabets into fine discrete alphabets and compute
the resulting capacity. We could repeat this procedure using progres-
sively finer and finer quantizations, and the capacity will increase and
converge if it is bounded. Alternatively, we could use the theory of
entropy-typical sequences (see Sections 1.2 and B.6) to develop a capac-
ity theorem directly from the channel model.

Either way, the resulting capacity turns out to be precisely (3.16).
We thus compute

C(P) = h(Y) — h(Y|X
()=, max,  h(Y) = h(Y|X)

1
B PX(')%%((Q]SP h(Y) — ilog(Qﬂ'eN)

VAN
N~ DN~

1
log(2me(P 4+ N)) — 510g(27reN)

log(1 + P/N), (3.23)
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where the inequality follows by the maximum entropy theorem. We
achieve the C'(P) in (3.23) by choosing X to be a zero-mean, variance
P, Gaussian random variable.

Next, consider the following channel with a vector output:

Y =[HX + Z, H], (3.24)

where Z is Gaussian as before, and H is a random variable with density
pr(+) that is independent of X and Z. This problem models a fading
channel where the receiver, but not the transmitter, knows the fading
coefficient H. We choose the cost function s(x) = 2% with S = P, and
compute
C(P)= max I(X;[HX + Z, HJ)
Px(-): E[X?]<P

= max I(X;H)+ I(X;HX + Z|H)
Px () E[X?]<P

= max I(X;HX + Z|H)
Px(-): E[X?|<P

1
= X + Z) da — =log(2reN
L S /apH(a)h(a + Z) da — ;log(2meN)

1
< /pH(a) 5 log(1 + a’P/N) da, (3.25)
a
where the last step follows by the maximum entropy theorem (see
Appendix B.5.3). One can similarly compute C(P) if H is discrete. For

example, suppose H takes on one of the three values: Py (1/2) = 1/4,
Py (1) =1/2, and Py (2) = 1/4. The capacity is then

1 P 1 P 1 4P
P)=-1 14— -1 14+ — -1 1+ —.
C(P) 80g<+4N>+40g<+N>+80g<+N>
Finally, consider the channel with n; x 1 input X, n, x n; fading
matrix H, n, x 1 output Y, and

Y=HX+ Z, (3.26)

where Z is an n, x 1 Gaussian vector with i.i.d. entries of unit vari-
ance, and H is a fixed matrix. This problem is known as a vector
(or multi-antenna, or multi-input, multi-output, or MIMO) AWGN
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channel. We choose the cost function s(z) = ||z||> with S = P, and
compute

C(P)= max I(X;HX + 2)
Px (): E[IIX|?]<P

Ny
max h(HX + Z) — —log(2me
Py (): B[|X|2]<P ( Z) — 5 log(2me)

= max llogyf +HQxH"|, (3.27)
tr[Qx]<P 2

where the last step follows by the maximum entropy theorem (see

Appendix B.5.3). But note that one can write H=UDV”, where U

and V are unitary matrices (with UU? =T and VVT =1) and where

D is a diagonal n, x n; matrix with the singular values of H on the

diagonal. We can rewrite (3.27) as

1
C(P)= max —log|I+DQxD"]
tr[Qx]<P 2 =

min(ng,nr)

=  max Z “log (1 +diN), (3.28)

smntenn) ycp o 2
where the d;, i = 1,2,...,min(n,n,), are the singular values of H, and
where we have used Hadamard’s inequality (see [18, p. 233]) for the
second step. The remaining optimization problem is the same as that
of parallel Gaussian channels with different gains. One can solve for

the A; by using waterfilling [18, Sec. 10.4], and the result is (see [62,

Sec. 3.1])
A\ = (u - d112>+, (3.29)

where ()" = max(0,z) and pu is chosen so that
min(n¢,ny,) 1\T
> < - d2) =P (3.30)
i=1 i
3.7 Two Properties of C(S)

We develop two properties of C'(S) in (3.16). First, C(S) is a non-
decreasing function with S because the set of permissible Px (-) does not
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shrink by increasing S. Second, we show that C'(.S) is a concave function
of S. Consider two distinct points (C1,S1) and (Cs,S2) on the boundary
of C(9), and suppose the distributions Py, (-) and Px,(-) achieve these
respective points. Consider also the distribution defined by

Pxy(a) = APx,(a) + (1 = A) Px,(a), (3.31)

for all a, where 0 < A < 1. The cost with Px,(-) is simply S5 = A.S1 +
(I — X)S2. The new mutual information, however, is larger than the
convex combination of mutual informations, i.e., we have

I(X3:Y) > M(X1;Y) + (1 = N I(X2:Y) (3.32)

as follows by the concavity of I(X;Y) in Px(-) when Py x(-) is fixed
(see Section A.11 and [18, p. 31]). We thus have

C(AS1+ (1= A)52) =C(S3)

> 1(X3Y)
>AI(X;Y) + (1= AN I[(XY)
= AC(S1) + (1 — A)C(S,). (3.33)

3.8 Converse

We show that C(S) in (3.16) is the capacity—cost function. We bound

I(W; W) < I(X™Y™)

:iHmMﬂ—mmm
=1

gimm—mwm
=1

- iI(Xi;Yi). (3.34)
=1
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We use (3.16) and the concavity (3.33) to continue the chain of
inequalities (3.34):

I(W;W) <> C(E[s(X:,Y3)])

=1

<nC (iiE[s(Xi,m)])

=nC(E[s"(X",Y")])
<nC(9), (3.35)
where the last step follows because we require E[s"(X™,Y™)] < .S and

because C(S) is non-decreasing. Inserting (3.35) into (3.8) and (3.11)
we have

C(S) + Ha(Fe)/n

< .
R< 1D , (3.36)
and
C(S)
R< —~72 | 3.37
~ 1 - Hy(B) (3:37)

Thus, we find that R can be at most C'(.S) for reliable communication
and E[s"(X",Y™)] < S.

3.9 Feedback

Suppose we have a DMC with feedback in the sense that X; can be a
function of the message W and some noisy function of the past chan-
nel outputs Y*~!'. One might expect that feedback can increase the
capacity of the channel. To check this, we study the best type of feed-
back: suppose Y1 is passed through a noise-free channel as shown in
Figure 3.2. We slightly modify (3.34) and bound

I(W;W) < I(W;Y™)

Y HYY) — HY; Wy )
=1
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Delay
|
Nl
Message w X" Yy w
Sourcge Encoder Pyix(+) Decoder Sink
Channel

Fig. 3.2 The capacity—cost problem with feedback.

n
=Y H|Y"™) - HY WYX
=1
=Y HY|Y"™) - Hy [y ' X
=1
n . .
= (XYY, (3.38)
=1

where the third step follows because X* is a function of W and Y1,
and the fourth step because the channel is memoryless. The last quan-
tity in (3.38) is known as the directed information flowing from X™ to
Y™ and is written as I(X™ — Y™) (see [45]). The directed information
is the “right” quantity to study for many types of channels including
multi-user channels (see [37]).

Continuing with (3.38), we have

I(X"—Y") = Zn:H(in—l) — H(Y;|Y" XY
=1
= fjH(Y;\YH) — H(Y;|X;)
=1
< SO HY) - HYIX)
=1

Y 1Y), (3.39)
=1
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where the second step follows because the channel is memoryless. We
have thus arrived at (3.34) and find the surprising result that feedback
does not improve the capacity—cost function of a discrete memoryless
channel [20, 56].

3.10 Appendix: Data Processing Inequalities

Proof. We prove the data processing inequalities. We have

I(X;2)=H(X) - H(X|Z)
H(X) — H(X|ZY)
= H(X) — H(X|Y)
= I(X;Y). (3.40)

One can prove [(X;Z) < I(Y; Z) in the same way. Next, by the log-sum
inequality (A.78) we have

Py, (y)
PY2 (y)

D(Py,||Py,) ZPYI )log

> 2 Px, (2) Py x (y|z)
- Z (Z Px, (7) Py x y!x)> log > e Px, (2) Py x (y|7)

Px,(z) Py x (y|x)
< ZZle @) Py|x (ylz)log P;(:r:)Pii(zlx)

_ zm: Px, (z) (Zy: Py|x(y!w)> log JIZZ Ei;

= D(Px, || Px,)- (3.41)




4

The Slepian—Wolf Problem, or Distributed
Source Coding

4.1 Problem Description

The distributed source coding problem is the first multi-terminal
problem we consider, in the sense that there is more than one encoder
or decoder. Suppose a DMS Pxy(-) with alphabet X x ) emits two
sequences z" and y", where x; € X and y; € Y for all i (see Figure 4.1).
There are two encoders: one encoder maps z” into one of 2% indexes
w1, and the other encoder maps y” into one of 27%2 indexes ws. A decoder
receives both w; and wy and produces the sequences " (w;,ws) and
9" (w1, wz), where &; € X and g; € ) for all i. The problem is to find
the set of rate pairs (R1, Rz2) for which one can, for sufficiently large n,
design encoders and a decoder so that the error probability

P, =Pr[(X",Y") # (X", Y")] (4.1)

can be made an arbitrarily small positive number.

This type of problem might be a simple model for a scenario involv-
ing two sensors that observe dependent measurement streams X" and
Y™ and that must send these to a “fusion center.” The sensors usu-
ally have limited energy to transmit their data, so they are inter-
ested in communicating both efficiently and reliably. For example, an

309



310  The Slepian-Wolf Problem, or Distributed Source Coding

PXY(') X" Wl Xn
Encoder 1

Source yn W, Decoder v Sink

Encoder 2

Fig. 4.1 A distributed source coding problem.

obvious strategy is for both encoders to compress their streams to
entropy so that one achieves (Ri, R2) ~ (H(X),H(Y)). On the other
hand, an obvious outer bound on the set of achievable rate-pairs is
R1 + Ry > H(XY), since this is the smallest possible sum-rate if both
encoders cooperate.

The problem of Figure 4.1 was solved by Slepian and Wolf in an
important paper in 1973 [60]. They found the rather surprising result
that the sum-rate R; + Rp = H(XY) is, in fact, approachable! More-
over, their encoding technique involves a simple and effective trick sim-
ilar to hashing, and this trick has since been applied to many other
communication problems. The Slepian—-Wolf encoding scheme can be
generalized to ergodic sources [14], and is now widely known as parti-
tioning or binning.

4.2 Preliminaries

Recall (see Theorem 1.3) that for 0 <€) <€ < pxy, 2" € T (Px), and
Y™ emitted from a DMS Py (-), we have

Pr[(z",Y") € T"(Pxy)] < 2 "H(XY)=2eHX)], (4.2)

It is somewhat easier to prove a random version of (4.2) rather than
a conditional one. That is, if X™ and Y™ are output by the respective
Px(-) and Py (-), then we can use Theorem 1.1 to bound

Pr((X™,Y") € T (Pxy)] = > Py («") Py (y")
(zmy")€TE (Pxy)
< 2nH(XY)(1+e) 2—nH(X)(1—e) 2—nH(Y)(1—e)

< 9 nlI(X:Y)=3¢H(XY)] (4.3)
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We similarly use Theorem 1.1 to compute
Pr[(X",Y™) € T"(Pxy)] > (1 — 6¢(n)2 ") F3HXYI] - (4 4)
where

Se(n) = 2|X[|Y| - e pxy (4.5)

4.3 An Achievable Region

We present a random code construction that makes use of binning.
We will consider only block-to-block encoders, although one could also
use variable-length encoders. The code book construction is depicted
in Figures 4.2 and 4.3 (see also [18, p. 412]).

Code Construction: Generate 2MF1+E1) codewords " (wy,v1), wy =

1,2,...,2"0 y =1,2,...,281 by choosing the n - 2"(F1+E1) gymbols
x;(wy,v1) independently at random using Px(-). Similarly, generate
o2t i) codewords i (wa,v2), wo = 1,2,...,2M2 vy =1,2,... 20

(R2+ Ry

by choosing the n - 2" ) symbols yi(w2,v2) independently at ran-

dom using Py (-).
Encoders: Encoder 1 tries to find a pair (wi,v;) such that z" =
x"(wy,v1). If successful, Encoder 1 transmits the bin index w;. If

2"(1,1) AN
=(1,2) bin 1
z"(1,2"h)

z"(2,1)

: bin 2
l’”(?, 271R’1) /
ZE’”(2“R17 1) \

: bin 2"
xn(277,1?17 271]?/1) /

Fig. 4.2 Binning for the 2™ sequences.
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on(th) - codewords
N LWy 2nhe
12 3¢ 12 3 12 3¢
' i S 0
R B I S o e S
codewords
B S T RS S
Uy 2N e T
T Y o
S 2

\' (@"(wy,2), y"(ws, 1)) € T (Pxy)

Fig. 4.3 Binning for the ™ and y™ sequences. A dot indicates a pair (z™,y™) in T"*(Pxy ).
There should be at most one dot for every bin pair (w1, w2).

unsuccessful, encoder 1 transmits w; = 1. Encoder 2 proceeds in the
same way with y" and transmits ws.

Decoder: Given (wi,ws), try to find a pair (01,02) such that
(x"(w1,01),y"(w2,02)) € T/*(Pxy). If successful, put out the corre-
sponding sequences. If unsuccessful, put out (2" (w1,1),y"(ws,1)).

Analysis: We consider five events. Let 0 < €1 < e < uxy.

(1) Suppose that (2",y") ¢ 17 (Pxy). The probability of this
event is at most d,, (n) where

0ey (n) = 2| X|[Y)] - e ebrxy (4.6)

since we are considering X and Y together. As usual,
de, (n) — 0 for n — oo and € > 0.

(2) Suppose for the remaining steps that (z",y") € T% (Pxy).
Encoder 1 makes an error if 2" is not a codeword. Using
(1 — x) <e™*, the probability that this happens is upper
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bounded by

on(Ry +R))

[1— PR(a") < exp (—2" B+ L pr ()

< exp (—2IRHR—HEOA+)],

(4.7)

A similar bound can be derived for the probability of the
event that y™ is not a codeword. We thus choose

Ry =H(X) — Ry +2eH(XY)
Ry=H(Y)— Ry + 261 H(XY). (4.8)

(3) Suppose that z" =z"(wi,v1) and y" =y"(we,v2). Con-
sider the event that there is a (01,02) # (v1,v2) with
(2" (w1,01),y"(we,02)) € T*(Pxy ). Since the x"(w1,v1) were
chosen independently via Px(-), the probability of this
event is

Pr U X" (w1, 51), Y™ (ws, 52)) € T (Pxy)}
(91,02)#(v1,02)

< Y Pr((X",y" (w2, ) € T (Pxy)]

1701

+ ) Pr[(a"(wi,0),Y") € T (Pxy))

DaFv2

Y S P e T (Pay)
U1 7#v1 D2 #v2
< Ry 9 nlI(X;Y)=2eH(X)] | gnR o-nlI(X;Y)~2H(Y)]

| on(Ry+R)g—nlI(X;Y)—3eH(XY)]
< onlH(X|Y)~Ri+4eH(XY)] | gn[H(Y|X)~Ra+4eH(XY)]

4 onlH(XY)—Ri—Ra+TeH(XY)] (4.9)

where we have used the union bound for the first step, (4.2)
and (4.3) for the second step, and (4.8) for the third step.
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The bound (4.9) implies that we can choose large n and

Ry > H(X|Y) + 4cH(XY) (4.10)
Ry > H(Y|X) + 4cH(XY) (4.11)
Ry + Ry > H(XY) + TeH(XY) (4.12)

to drive the probability of this event to zero.

Combining the above results, for large n we can approach the rate
pairs (R1, R2) satisfying
Ry > H(X|Y)
Ry > H(Y|X)
The form of this region is depicted in Figure 4.4. We remark again
that separate encoding of the sources achieves the point (Rp,Rg) =
(H(X),H(Y)), and the resulting achievable region is shown as the
shaded region in Figure 4.4. Note also, the remarkable fact that one can

approach Ry + Ry = H(XY), which is the minimum sum-rate even if
both encoders could cooperate!

4.4 Example

As an example, suppose Pxy (+) is defined via

Y=X&Z, (4.14)

H(X|Y) HX) R

Fig. 4.4 The Slepian—Wolf source coding region.
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where Px(0) = Px(1) =1/2, and Z is independent of X with Pz(0) =
1 — p and Pz(1) = p. The region of achievable (R, R2) is therefore

R1 > Hs(p)
Ry > Hy(p)
Ry + Ry > 1+ Hy(p). (4.15)

For example, if p =~ 0.11 we have Ha(p) = 0.5. The equal rate boundary
point is R; = Ro = 0.75, which is substantially better than the R; =
Ry =1 achieved with separate encoding.

Continuing with this example, suppose we wish to approach the cor-
ner point (Ry, Rg) = (1,0.5). We can use the following encoding proce-
dure: transmit ™ without compression to the decoder, and compress "
by multiplying y™ on the right by a n x (n/2) sparse binary matrix H
(we use matrix operations over the Galois field GF(2)). The matrix H
can be considered to be a parity-check matrix for a low-density parity-
check (LDPC) code. The encoding can be depicted in graphical form as
shown in Figure 4.5. Furthermore, the decoder can consider the =" to
be outputs from a binary symmetric channel (BSC) with inputs y™ and
crossover probability p = 0.11. One must, therefore, design the LDPC
code to approach capacity on such a channel, and techniques for doing
this are known [52]. This example shows how channel coding techniques
can be used to solve a source coding problem.

4.5 Converse

We show that the rates of (4.13) are, in fact, the best rates we can
hope to achieve for block-to-block encoding. Recall that there are 27
indexes w1, and that w; is a function of ™. We thus have

nRy > H(Wh)
> H(Wy|Y"™)
=H(Wy|Y") — HW|X"Y™")
— (X" WY
=H(X"Y") — H(X"Y"W). (4.16)
Next, note that H(X"|Y") =nH(X|Y), that wy is a function of y",
and that "™ and yA" are functions of wy and wy. We continue the above
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Variable Check
Nodes Nodes

w2
W22
W3
oy
Fig. 4.5 A linear source encoder for binary y™.
chain of inequalities as
nRy >nH(X|Y) - HX"|Y"Wq)
=nH(X|Y) — HX"|[Y" "W WoX"Y™)
>nH(X|Y) — HX"Y"|X"Y™)
> nH(X]Y) — n[Pelog,(|X| - |Y|) + Ha(Fe)/n], (4.17)

where the final step follows by using P, = Pr[(X",Y") # (X™,Y™)] and
applying Fano’s inequality. We thus find that Ry > H(X|Y) for (block-
to-block) encoders with arbitrarily small positive P,. Similar steps show

that

Ry > H(Y|X) — [Pelogy(|X] - [V]) + Ha(Pe)/n]
Ry + Ry > H(XY) — [P.logy(|X] - |[V|) + Ha(P)/n].  (4.18)

This completes the converse.
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The Wyner—Ziv Problem, or Rate Distortion
with Side Information

5.1 Problem Description

Consider again the model of Figure 4.1 that is depicted in Figure 5.1.
However, we now permit X" e X" and Y™ € Y" to be distorted versions
of the respective X™ and Y. The goal is to design the encoders and
decoder so the average distortions E[d?(X”,X”)] and E[dQ(Y”,?”)]
are smaller than the respective D; and Ds.

It might seem remarkable, but this distributed source coding prob-
lem is still open even if both distortion functions are averages of per-
letter distortion functions. That is, the best (known) achievable region
of four-tuples (R1, R2, D1, D2) is not the same as the best (known) outer
bound on the set of such four-tuples. The problem has, however, been
solved for several important special cases. One of these is the RD prob-
lem, where Y could be modeled as being independent of X. A second
case is the Slepian—Wolf problem that has Dy = Dy = 0. A third case
is where Ry > H(Y') (or Ry > H(X)), in which case the decoder can
be made to recover Y" with probability 1 as n becomes large. This
problem is known as the Wyner—Ziv problem that we will treat here
(see [71]).

317
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PXY(') X" Wl Xn
Encoder 1

Source yn W, Decoder v Sink

Encoder 2

Fig. 5.1 A distributed source coding problem.

PXY(') X" W Xn

Source Decoder
Y'VI,

Fig. 5.2 The Wyner—Ziv problem.

Consider, then, the Wyner—Ziv problem, depicted in a simpler form
in Figure 5.2. This problem is also referred to as rate distortion with
side information, where Y™ is the “side information.” The index w
takes on one of 2" values, and the average distortion

LS B KW,y ™)]
i=1

should be at most D. The problem is to find the set of pairs (R, D)
that can be approached with source encoders and decoders.

This problem has practical import in some, perhaps, unexpected
problems. Consider, e.g., a wireless relay channel with a transmitter,
relay, and destination. The relay might decide to pass on to the des-
tination its noisy observations Y™ of the transmitter signal X”. The
destination would then naturally view Y as side information. There are
many other problems where side information plays an important role.

5.2 Markov Lemma

We need a result concerning Markov chains X — Y — Z that is known
as the Markov Lemma [6]. Let uxyz be the smallest positive value
of Pxyz(-) and 0 < €1 < €2 < uxyz. Suppose that (z",y") € T, (Pxy)
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and (X™ Y™ Z") was emitted by the DMS Pxyz(:). Theorem 1.2
immediately gives

Pr[Z" € T2 (Pxyz|z"y") Y™ = y" ]
= Pr [Zn c Tg(PXYZ‘xnyyn) ‘Xn — .,Envyn — yn]
>1- 561,62 (TL), (5'1)

where the first step follows by Markovity, and the second step by (1.27)
where

(2 — @1)?

Oer.e2 (1) = 2|X[| V]| Z]exp <_” 144

CUXY Z> . (5.2)
Observe that the right-hand side of (5.1) approaches 1 as n — co.

5.3 An Achievable Region

The coding and analysis will be somewhat trickier than for the RD or
Slepian—Wolf problems. We introduce a new random variable U, often
called an auziliary random variable, to the problem. Let Py x () be a
“channel” from X to U, where the alphabet of U is U. U represents
a codeword sent from the encoder to the decoder. We further define a
function f(-) that maps symbols in U x ) to X, i.e., the reconstruction
2" has Z; = f(u;,y;) for all ¢ (recall that y™ is one of the two output
sequences of the source). We write the corresponding sequence mapping
as " = f™"(u",y").

Code Construction: Generate 2MFE+R)  codewords u(w,v), w=

1,2,...,2" v =1,2,...,2"% by choosing the n - 2"(E+E) gymbols
u;(w,v) in the code book independently at random according to Py (+)
(computed from Pxy(-)). Observe that we are using the same type of
binning as for the Slepian—Wolf problem.

Encoder: Given z", try to find a pair (w,v) such that (z",u"(w,v)) €
T (Pxy). If one is successful, send the index w. If one is unsuccessful,
send w = 1.

Decoder: Given w and y", try to find a ¥ such that (y",u"(w,0)) €
T™(Pyy). If there is one or more such v, choose one as ¢ and put out
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the reconstruction #"(w,y™) = f™(u"(w,?0),y™). If there is no such o,
then put out 2" (w,y") = f™(u"(w,1),y™).

Analysis: We divide the analysis into several parts, and upper bound
the average distortion for all but the last part by dpmax (see [18, pp. 442—
443]). Let 0<eg <ex<eL uyxy-

(1) Suppose that (2",y") ¢ 17 (Pxy). The probability of this
event approaches zero with n.

(2) Suppose that (z",y") € T7:(Pxy) but the encoder cannot
find a pair (w,v) such that (z",u"(w,v)) € T, (Pxy). This
event is basically the same as that studied for the RD encoder
in (2.8). That is, the probability of this event is small if €3 is
small, n is large and

R+ R > I(X;U). (5.3)

(3) Suppose (z",y") € T5(Pxy) and the encoder finds a
(w,v) with (z",u"(w,v)) € T2 (Pxy). However, suppose the
decoder finds a @ # v such that (y",u"(w,?)) € T (Pyv).
The probability of this event is upper bounded by

Pr | |J{"U"(w,9) € T (Pyu)}

VF£v
<3 Pr((y",U") € T2 (Pyy)]
v#£v
< onlR'—1(U3Y)+2e2 H(U)] (5.4)

Thus, we require that e is small, n is large, and
R < I(Y;U). (5.5)

(4) Suppose (z",y") € T7 (Pxy), the encoder finds a (w,v) with
(2", u"(w,v)) € TZ (Pxy), but the decoder cannot find an
appropriate o. That is, y; was chosen via Py |x(:|7;) =
Py xu(-|zi,u;) for all i and any wu;, and U — X — Y forms
a Markov chain, but we have (y",z",u"(w,v)) ¢ T"(Py xuv).
The bound (5.1) states that the probability of this event is
small for large n.
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(5) Finally, consider the case (z",u"(w,v),y") € T?*(Pxyy) and
v = v. The distortion is bounded by

DG, y") = 3 da, diw,y")
i=1
= % Zd(%’, fuisyi))
=1

= 3" N{asbcla u ") dla, £(b,0))

a,b,c

< ZP)(UY((Z,b,C)(l + 6) d(avf(bvc))

a,b,c

=E[d(X, f(U,Y))] + €dmax, (5.6)
where we have assumed that d(-) is upper bounded by dyax.

Combining the above results, we can achieve the rate

Ry (D) = I(X;U) = I(Y;U).  (5.7)

min
Py x (), f(-): E[A(X,f(UY))<D

One can use the Fenchel-Eggleston strengthening of Carthéodory’s
Theorem to show that one can restrict attention to U whose alphabet
U satisfies [U| <|X|+ 1 [71, Proof of Thm. A2 on p. 9]. We remark
that one could replace f(-) by a probability distribution Py uy (), but
it suffices to use a deterministic mapping X = f,y).

Observe that one can alternatively write the mutual information
expression in (5.7) as

I(X;U)-1(Y;U)=H(U|Y) - HU|X)
=HU|Y) - HU|XY)
=I1(X;U|Y). (5.8)
The formulation (5.8) is intuitively appealing from the decoder’s per-
spective if we regard U as representing the index W in Figure 5.2.

However, the interpretation is not fitting from the encoder’s perspec-
tive because the encoder does not know Y. Moreover, note that

I(X;U|Y)=I(X;UX|Y) > I(X;X]|Y) (5.9)
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with equality if and only if I(X; U|YX ) = 0. It is the expression on the
right in (5.9) that corresponds to the case where the encoder also sees
Y. That is, the RD function for the problem where both the encoder
and decoder have access to the side information Y is

Ryjy(D) = min I(X;: X]Y), (5.10)
P

% 1xy O E[d(X,X)|<D
which is less than Ry z(D) for most common sources and distortion
functions.

5.4 Discrete Alphabet Example

As an example, consider the BSS Px () with Hamming distortion. Sup-
pose Y is the output of a BSC that has input X and crossover proba-
bility p. We use two encoding strategies and time-share between them.
For the first strategy, we choose U as the output of a BSC with input
X and crossover probability § (note that |[U] < |X|+ 1). We further
choose X = f(Y,U) = U and compute

I(X;U) = I(Y;U) = [1 = Hy(B)] — [1 — Ha(p * )]
= Hy(p * ) — Ha(P), (5.11)

Where p* 3 =p(1 — 3) + (1 — p)3 and E[d(X,X)] = 3. For the sec-
ond strategy, we choose U =0 and X = f(Y,U) =Y. This implies
I(X;U) — I(Y;U) = 0 and E[d(X,X)] = p. Finally, we use the first and
second strategies a fraction A and 1 — A of the time, respectively. We
achieve the rates

Ripz(D)=  min A[Ha(psd) = Ha(9).  (512)
This achievable region is, in fact, the rate distortion function for this
problem (see [71, Sec. II}).

Recall that, without side information, the RD function for the BSS
and Hamming distortion is 1 — Ha(p). One can check that this rate is
larger than (5.12) unless D =1/2 or p =1/2, i.e., unless R(D) =0 or
X and Y are independent. Consider also the case where the encoder
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has access to Y. For the BSS and Hamming distortion, we compute

h(p) =h(D) 0<D<p

RX‘y(D) = {0 »<D. (5.13)

We find that Rx|y (D) is less than (5.12) unless D=0, p< D, or
p=1/2.

5.5 Gaussian Source and Mean Squared Error Distortion

As a second example, suppose X and Y are Gaussian random variables
with variances ag( and 052,, respectively, and with correlation coefficient
p=E[XY]/(oxoy). For the Gaussian distortion function, we require
E[(X — X)? < D. Clearly, if D > 0% (1 — p?), then R(D) = 0. So sup-
pose that D < 0% (1 — p?). We choose U = X + Z, where Z is a Gaus-
sian random variable with variance 0% and X = f(V,U) = E[X|Y,U],
i.e., X is the minimum mean-square error (MMSE) estimate of X given
Y and U. We use (5.8) to compute

I(X;U|Y) = hX|Y (X|YU)
(X — X|YU)

h
= h(X|Y) — h(X — X)
log (22), (5.14)

)—h
) —h

D

where the third step follows by the orthogonality principle of MMSE
estimation, and where the fourth step follows by choosing Z so that
E[(X — X')Z} = D. The rate (5.14) turns out to be optimal, and it

is generally smaller than the RD function R(D) = log(c%/D)/2 that
we computed in Section 2.4. However, one can check that Ryy (D) =
Ry z(D). Thus, for the Gaussian source and squared error distortion
the encoder can compress at the same rate whether or not it sees Y'!

5.6 Two Properties of Ry z(D)

The function Ry z(D) in (5.7) is clearly non-increasing with D. We
prove that Ry z(D) is conver in D [18, Lemma 14.9.1 on p. 439].
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Consider two distinct points (R1,D;) and (Ra,D2) on the bound-
ary of Rwz(D), and suppose the channels and functions Py, x(-),
X1 = f1(U1,Y) and Py x(+), Xy = fo(Us,Y) achieve these respective
points. Let @) be a random variable with Pg(1) =1 — Pp(2) = A that
is independent of X and Y. Define Us =[Q,Us] and consider the
distribution

P o (4:0lb) = Po(a) Py, x(alb) for all g, a, b, (5.15)

i.e., we have Ug =U;if @ =1 and Ug = Uy if ) = 2. We consider Us as
our auxiliary random variable. Consider also f3(-) with f3([Q,Us],Y) =
(2 - Q) f1(U3,Y) 4+ (Q — 1) f2(U3,Y). The distortion with P o1x )
is simply D3 = ADj + (1 — X) D2. We thus have

Rwz(ADy1 + (1 — X\) D2) = Rwz(D3)
<I(X;QUs|Y)
= I(X;U3]Y Q)
=AM(X;U1]Y) + (1 = ) I(X;0:]Y)
= ARwz(D1) + (1 = A) Rwz(D2). (5.16)

5.7 Converse

We show that Ry z(D) in (5.7) is the RD function for the Wyner—Ziv
problem. Let X" = g(W,Y™) and D = I E[d(X;,X;)]. Recall that
there are 2% indexes w. We thus have

nR > H(W)
> I[(X™WIY™)
= H(X"Y") — H(X"|WY™")

=Y H(X|Y) — H(X,[Y; WY™'Yf) X7
i=1

> iH(XiD/i) — H(X;|Y; WY 'Y}1)))

i=1
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n
=Y H(Xi|Y;) — H(X,|YiUy)
=1

= ZI(Xi;UiD/i)a (5.17)

where the second last step follows by setting U; = [WY* " 1Y/,].
Note that U; — X; — Y; forms a Markov chain for all 7, and that

Xi=g(W,Y") = f;(U;,Y;) for some g;(-) and f;(-). We use the defi-
nition (5.7), the alternative formulation (5.8), and the convexity (5.16)
to continue the chain of inequalities (5.17):

nR > ZRWZ (Eld(X5, fi(Us, Y3)])
i—1

> nRwz (TlL ZE[d(Xiafi(UiaYi))]>
i—1

=nRwz (:L iE {d(Xi,Xi)D
=1
> nRy (D). (5.18)

Thus, the random coding scheme described in Section 5.3 is rate-
optimal.



6

The Gelfand—Pinsker Problem, or Coding for
Channels with State

6.1 Problem Description

The Gelfand—Pinsker problem is depicted in Figure 6.1. A source sends
a message w, w € {1,2,...,2"} to a receiver by mapping it into a
sequence x". However, as an important change to a DMC, the channel
Py xs(-) has interference in the form of a sequence s™ that is output
from a DMS Ps(-). Moreover, the encoder has access to the interference
s™ in a noncausal fashion, i.e., the encoder knows s™ ahead of time. The
receiver does not know s™. The goal is to design the encoder and decoder
to maximize R while ensuring that P, = Pr[IW # W] can be made an
arbitrarily small positive number. The capacity C' is the supremum of
the achievable rates R.

The problem might seem strange at first glance. Why should inter-
ference be known noncausally? However, such a situation can arise
in practice. Consider, for example, the encoder of a broadcast chan-
nel with two receivers. The two messages for the receivers might be
mapped to sequences s and si, respectively, and s} can be thought of
as being interference for sj. Furthermore, the encoder does have non-
causal knowledge of s7'. We will develop such a coding scheme later on.

326
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Ps(-)
STZ
W xn yn W
l\gf)?:riie Encoder Pyixs(t) Decoder Sink
Channel

Fig. 6.1 The Gelfand—Pinsker problem.

As a second example, suppose we are given a memory device that
has been imprinted, such as a compact disc. We wish to encode new
data on this “old” disc in order to reuse it. We can read the data s™
already in the memory, and we can view s” as interference that we know
noncausally. We might further wish to model the effect of errors that an
imprinting device can make during imprinting by using a probabilistic
channel Py|xg(-).

6.2 An Achievable Region

The Gelfand—Pinsker problem was solved in [28] by using binning. We
begin by introducing an auxiliary random variable U with alphabet
U, and we consider U to be the output of a “channel” Py g(-). We
also define a function f(-) that maps symbols in U x S to X, i.e., the
sequence z" will have x; = f(u;, s;) for all . We write the corresponding
sequence mapping as z" = f™(u",s").

Code Construction: Generate 2ME+E)  codewords u(w,v), w=

1,2,...,2" v =1,2,..., 2" by choosing the n - 2"(E+E) gymbols
u;(w,v) in the code book independently at random according to Py (-).

Encoder: Given w and s", try to find a v such that
(u"(w,v),s") € T"(Pys). That is, w chooses the bin with code-
words u(w,1),u™(w,2),...,u"(w,2"), and the interference “selects”

u(w,v) from this bin. If one finds an appropriate codeword u(w,v),
transmit 2" = f"(u"(w,v),s"). If not, transmit =" = f"(u"(w,1),s").
Decoder: Given y", try to find a pair (w,?) such that (u"(w,v),y") €
T™(Pyy). If there is one or more such pair, then choose one and put
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out the corresponding w as w. If there is no such pair, then put out
w=1.

Analysis: We proceed in several steps. Let 0<e] <e <ez<e<
uusxy, where pysxy is the smallest positive value of Pygxy (+).

(1) Suppose that s™ ¢ T7(Pg). The probability of this event
approaches zero with n.

(2) Suppose s™ € T7!(Ps) but the encoder cannot find a v such
that (u"(w,v),s") € T (Pys). This event is basically the
same as that studied for the rate-distortion problem. That
is, the probability of this event is small if e is small, n is
large and

R' > I(U;8S). (6.1)

(3) Suppose (u”(w v),s") € T (Pys) which implies
(u"(w,v),s",2") € T (Pysx)  (to  see  this,  write
N(a,b,clu™ s",x™) as a function of N(a,b|u™,s™)). Suppose
further that (u"(w,v),y”) ¢ T2 (Pyy), ie., y; was chosen
using PY‘SX('|si,xl(uz,sl)) for all ¢, and Y — [S,X] — U,
but we have (y",[s",z"],u") ¢ T¢ (Py(s,x]r)- The Markov
Lemma in Section 5. 2 ensures that the probability of this
event is small for large n.
(4) Suppose y" € T2 (Py) and the decoder finds a (w,?)
with @ # w and (u"(w,0),y") € T'(Pyy). By Theorem 1.3,
the probability of this event for any of the (2% —1).

2nR" codewords outside of w’s bin is upper bounded by

o~ nll(UsY)=2¢H(WU)] Thys, we require that € is small, n is large,

and
R+ R <I1(UY). (6.2)
Combining (6.1) and (6.2), we can approach the rate

Rgp= max I(U;Y)—I1(U;S), 6.3
P Pyis(), () ( ) ( ) (©.3)

where U — [S, X] — Y forms a Markov chain. As shown below, Rgp is
the capacity of the Gelfand—Pinsker problem.
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We list a few properties of Rgp. First, Carthéodory’s theorem guar-
antees that one can restrict attention to U whose alphabet U satis-
fies |U| < |X]|-|S| + 1 [28, Prop. 1]. Second, one achieves Rgp without
obtaining S™ at the receiver. Observe also that

I(U;Y) - I(U;S)=H(U|S) — HUJY)
<H(U|S) - HU|YS)
=I1(U;Y|5)
=I(X;Y]S). (6.4)

Thus, Rgp is less than the capacity if both the encoder and decoder
have access to S™, namely
Rs = max I(X;Y]S). (6.5)
Pxs(-)
Next, observe that if Y is independent of S given X then we can choose
[U,X,Y] to be independent of S and arrive at
Rep= max I(U;Y
Py(),f() ( )

=max I(X;Y)
Px ()

=max [(X;Y]9). 6.6
mas 1(X:Y5) (6:6)

Finally, the rate expression in (6.3) has convexity properties devel-
oped in Section 6.5.

6.3 Discrete Alphabet Example

As an example, suppose Py|xg(-) has binary X and Y, and ternary
S. Suppose that if S=0 we have Py xg(1]x,0)=q for z=0,1, if
S=1 we have Pyxg(1|z,0)=1-g¢q for z=0,1, and if =2 we
have Py |xg(z|z,0) =1 —p for z = 0,1. Suppose further that Ps(0) =
Ps(1) = A and Ps(2) =1 — 2\. We wish to design Pys(-) and f(-). We
should consider [/|< 7, but we here concentrate on binary U. Consider
S =0and S =1 for which Py|xg(-) does not depend on X, so we may
as well choose X = S. We further choose Py 5(0[0) = Pyg(1]1) = a.
For S =2, we choose X =U and Px(0) = Px(1) =1/2. We compute
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the achievable rate to be

R(a) = I(U:Y) — I(U;S) = [1 — Hy(Pr[Y = U])] — 2A[1 — Ha(a)],
(6.7)

where
PriY =U]=2X\a(l —q) + (1 — a)q] + (1 — 2A)(1 — p). (6.8)

The final step is to optimize over the parameter o.. The resulting rate
turns out to be the capacity of this channel (see [28, Sec. 5]).

6.4 Gaussian Channel

Suppose S is a (possibly non-Gaussian) random variable with finite
variance [12, Sec. II-D, 13],. Suppose further that

Y=X+S+2,

where Z is additive white Gaussian noise (AWGN) with variance N,
and that we have the power constraint FE [XZZ] <P fori=1,2,...,n.
This problem has become known as “writing on dirty paper” [13]. We
define U and X via U = X + a.S, where X is Gaussian, has variance P,
and is statistically independent of S. (N.B. This does not necessarily
mean that X" is statistically independent of S™.) We further choose
a=P/(P+ N)tomake X + Z and (1 — o)X — aZ uncorrelated, and
hence statistically independent since they are Gaussian. We follow the
approach of [12, Sec. II-D] and compute

hUIY) = h(X +aS| X + S + Z)

=h(X+aS—a(X+5+2)| X+5+2)
(1-a)X —aZ | X+Z+5)
(
(

(1—a)X —aZ| X + 2)
X | X+ 2), (6.9)

where the fourth step follows because X + Z, (1 — a)X — aZ, and S
are jointly statistically independent. We similarly compute

h(U|S) = h(X + aS | S) = h(X|S) = h(X). (6.10)
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We can thus achieve the rate

I(U;Y) — I(U;S) = h(U|S) — h(U|Y)
(X)—h(X|X+2)
(X; X+ 2)

log (1 + §> . (6.11)

But (6.11) is the same as the capacity if the interference is known at
both the transmitter and receiver (or the capacity without interference).
Thus, for the AWGN channel with additive interference, the encoder
can transmit at the same rate as if the interference was not present! We
generalize this result to vector channels in the appendix of this section.

I
~ >

N =

6.5 Convexity Properties

We prove the following proposition (see [28, Prop. 1]). This result is
useful, e.g., for optimizing the distributions Py g(-) and Px|gy(-)-

Proposition 6.1. Consider the expression
R(S,U,X,Y)=1(U;Y) — I(U;S), (6.12)
where the joint distribution of the random variables factors as
Psuxy(a,b,c,d) = Psyx(a,b,c) - Pyjsx(dla,c) (6.13)

for all a,b,c,d. R(S,U,X,Y) is a concave (or convex-N) function
of Pyis(-) if Ps(-), Pxjsu(-), and Py|sx(-) are fixed. Similarly,
R(S,U,X,Y) is a convex (or convex-U) function of Pxsy(:) if Ps(-),
Pyis(+), and Pygx(-) are fixed.

Proof. We begin with the second case where I(U;S) is fixed. We know
that I(U;Y') is a convex function of Py i (-) if Py(-) is fixed. But we
have

Py (d|b) = ZPS|U(GV’) Pxsu(cla,b) Py sx(dla,c), (6.14)

a,c
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i.e., Py|y(+) is a linear function of Px|sy(+). Thus, R(S,U,X,Y) is a
convex function of Px|gy(-)-

For the first case, —I(U;S) is clearly concave in Py g(-). Further-
more, we have I[(U;Y) = H(Y) — H(Y|U), where H(Y) is concave in
Py(-) and H(Y|U) is linear in Pyg(-). But Py(-) is also linear in
Pys(+), and the sum of two concave functions is concave, so we have
the desired result. O

6.6 Converse

We show that Rgp in (6.3) is the capacity of the Gelfand—Pinsker
problem. We use Fano’s inequality to bound the rate for reliable com-
munication as (see (3.8) and (3.11))

nR < I(W;W)
< I(W-Y”)

= ZI (WS ;Y — [(WSh YD), (6.15)

where the second step follows by the data processing theorem, and
the third step by expanding the sum, canceling terms pair-wise, and
setting SZ =[Si,Si+1,...,5;] and Yy =0. We continue the chain of
(in)equalities (6.15):

NRSZ[I( H—lel 1)+I(W H—laY’YZ 1)]
[ (W z—i—l’YvZ 1)+I( Z’YZ 1|W 1—0—1)]
_21 WSE YY) — IS Y WSk y)
i=1
_Z YY) — HYi|U;)| — [H(Si|WS}) — H(Si|Uy))
<Z H(Y;|U)| — [H(S;) — H(S:|U;)]

—ZI Ui Y:) — 1(U;; S;), (6.16)
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n

where for the second step we have defined U; = [W, S] +1,Y’;_1], and the
third step follows because S; is independent of W and S}, ;. We further
have that U; — [X;, S;] — Y; forms a Markov chain. We can bound the
sum (6.16) by n times its maximum term to obtain

R <max[I(Us;;Y;) — 1(U;; S;)]

< max (U;Y) - I(U;S). 6.17
© Pyis(), Pxsu () ( ) ( ) ( )
The final step is to use Proposition 6.1. Because I(U;Y) — I(U;S) is

convex in Py s (+), one should choose X to be a deterministic function
of U and S, i.e., X = f(U,S) for some f(-).

6.7 Appendix: Writing on Dirty Paper with Vector Symbols

Suppose the channel output is an N x 1 vector
Y —=HxX + HgS + Z, (6.18)

where X is a random M x 1 vector, S is a random L x 1 vector, Hx
and Hg are N x M and N X L matrices, respectively, and Zisa N x 1
Gaussian vector that is statistically independent of S and H, and has
zero mean and nonsingular covariance matrix Qz. Suppose S is a (pos-
sibly non-Gaussian) random vector (see [74]) and that E[[|X,]|*] < P
fori=1,2,...,n. We define U = X + AHgS, where

A = QyH% (Qz + HxQyHE) (6.19)

is an M x N matrix, and where X is Gaussian, statistically indepen-
dent of S, and has covariance matrix Qx with trace tr [Q 5} = P. One
can check that Hy X + Z and (I — AHy)X — AZ are uncorrelated,
and hence statistically independent since they are Gaussian. We follow
the same steps as for the scalar Gaussian example to compute

[(U:Y) — I(U:S) = %log I+ HyQxHEQy!. (6.20)

The expression (6.20) is the information rate across the vector channel
if there is no interference, i.e., S =0 or Hg = 0. The final step is to
maximize (6.20) over all choices of Qx. We can do this as for the vector
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AWGN channel in Section 3.6. Observe that we can factor the positive
definite matrix QZ as QZ/ 2. Qél/ 2, where Qél/ Zisa positive definite
matrix [31, p. 406]. Equation (6.20) thus gives

1 _ .
1(U;Y) = 1(U38) = Slog |1 + Q,’HxQxHYQ,"’|.  (6.21)

The resulting optimization problem has the same form as (3.27) with
H=Q,"’Hy.
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The Broadcast Channel

7.1 Problem Description

The broadcast channel is depicted in Figure 7.1. There are three
sources, one encoder, and two decoders and sinks. The sources put out
the statistically independent messages Wy, W1, Wy with nRy,nR1,nRs
bits, respectively. The message Wy is destined for both sinks, and is
sometimes called the common or public message. The messages W7 and
Wy are destined for sinks 1 and 2, respectively, and are sometimes
called private messages. The encoder maps (wg, w1, wz) to a sequence
x" € X", and the channel Py, y, x(-) puts out two sequences yi € J}'
and yy € V5. Decoder 1 uses y}' to compute its estimate (wo(1),w1)
of (wp,w1), and decoder 2 similarly uses y5 to compute its estimate
(wo(2),w2) of (wp,ws). The problem is to find the set of rate-tuples
(Ro, R1, R2) for which one can make

P, = Pr[(Wo(1), Wo(2), W1, Wa) # (Wo, Wo, W1, Wa)] (7.1)

an arbitrarily small positive number. The closure of the region of achiev-
able (Rp, R1, R2) is the broadcast channel capacity region Cpc.

The broadcast channel has important applications. For example,
consider the design of a base station for a cellular radio system. If the

335
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Wo(1
Wo Y]” 0( )
Source 0 Decoder 1 47 Sink 1
‘/‘/1 X'IY,
Source 1 Encoder Pyy,ix(*) .
S [ o)
W Y :
Source 2 Decoder 2 W, Sink 2
Channel

Fig. 7.1 The two-receiver broadcast channel.

base station transmits to two mobile stations, the model of Figure 7.1
describes the essence of the coding problem. One can easily extend the
model to include three or more mobile stations, but we will study only
the two-receiver problem. Despite intense research activity on broad-
cast channels spanning over three decades, the problem is still open!
We will study the problem by focusing on several special cases. The
theory for each of these cases gives insight into how one should code
in general.

7.2 Preliminaries
7.2.1 Basic Properties

The broadcast channel was studied by Cover in [15], who described
several interesting properties and methods for this channel. One sim-
ple property is that one can convert some fraction of the Ry bits
to Ry and/or Ry bits. Thus, if (R, R1,R2) is achievable, then so is
(OzoRo,Rl + a1 Ry, Ro + CYQR()), where o; > 0,9 =0,1,2, and o9 + a1 +
a9 = 1.

A second important property is that the capacity region Cpc
depends only on the marginals Py, x(-) and Py, x(-). That is, Cpc
is the same for the channels Pfﬁffz\X(') and Py, y, x(+) if

Py x(bla) = Py x(bla) for all (a,b) € X x V1
Py, x(cla) = Py, x(cla) for all (a,c) € X x V. (7.2)
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To prove this claim, suppose the channel is Py,y, x(+) and let

&1 = {(Wo(1), W) # (Wo, Wh)}
Ey = {(Wo(2),W2) # (Wo, W)} (7.3)

so that P.; = Pr[&;] and P.o = Pr[&s] are the respective error probabil-
ities of decoders 1 and 2. We have P, = Pr[&£; U &] and, by elementary
set inclusion, we also have (see [18, p. 454])

maX(Pel,PGQ) < Pe < Pel + Peg. (74)

Thus, P, is small if and only if both P,.; and P,y are small. But P.; and
Pez depend only on the respective Py, x(:) and Py,|x(-), so the same
code for any Py,y,|x(-) with marginals Py,|x(-) and Py,|x(-) gives the
same P,y and P.,. This proves the claim.

The above property lets one restrict attention to broadcast channels
where, for example, Y7 — X — Y5 forms a Markov chain. However, to
prove capacity theorems it is sometimes useful to carefully choose the
dependencies between Y; and Ys given X.

7.2.2 A Bound on Binning Rates

We consider a channel coding “dual” of Slepian—Wolf binning. Sup-
pose we generate codewords z"(wq,v1) and y™(wg,v2) exactly as in
Section 4.3. Recall that for source coding we required the bins to be
small enough so that there is at most one typical (z",y") in each bin.
We now ask a different question: how large must the bins be to ensure
that there is at least one typical (z",y") in each bin? The probability
that there is no typical (2",y™) in bin (w;,ws) is

Pbin,e(wl,wg) = PI‘ ﬂ {(X"(wl,vl),Y"(wg,vg)) Qé TZL(PXy)} .

U1,V2

(7.5)

The difficulty in upper bounding (7.5) is that it involves an intersection
of dependent events, rather than a union. One approach for treating
such problems is the second moment method [3] . We use this method
in the appendix of this section to show that Py, (w1, ws) is small if n
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is large, € is small, and the binning rates satisfy (see [23])

L+ Ry > I(X;Y). (7.6)

7.2.3 A Conditional Typicality Bound

We will need a result related to the Markov Lemma in Section 5.2.

Theorem 7.1. Suppose 0 < ¢ < €2 < puyxy, X; is emitted by a DMS
Pxy(+|ui) for i =1,2,...,n, and (u",y") € T (Pyy). We have

(1 - 661,62 (n)) 2_n[I(X?Y|U)+262H(X\U)}

< Pr [Xn c Ter; (PUXY’un,yn)‘ U" = un] < an[I(X;Y|U)7262H(X\U)},

(7.7)
where
(€2 — 1)
561,62(”) =20U||X|[Y]exp | —n - 1 xe HUXY | - (7.8)
+ €1
Proof. The upper bound follows by (1.25) and (1.26):
Pe (X" € T2 By )| U =
= > PRl
anTe"; (Pny‘un,y")
< gnH(X|UY)(1+e2) g=nH(X|U)(1-e2)
< 9 nlI(XsY V)26 H(X|U)] (7.9)
The lower bound also follows from (1.25) and (1.26). O

7.3 The Capacity for R, = R, =0

Suppose one is interested in broadcasting in the usual sense that there
is only one message Wy. This problem is essentially the same as coding
for a DMC in Section 3.4.

Code Construction: Generate 2™ codewords z™(wg), wo=
1,2,...,2"7%0 by choosing the n - 2"f° symbols z;(w) independently
using a distribution Px(-).
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Encoder: Given wy, transmit z" (wy).

Decoder 1: Given yp', try to find a wy such that (z"(wo),y}) €
T?(Pxy;). If there is one or more such index, then choose one and
put out the corresponding wy as wy(1). If there is no such index, then
put out wp(1) = 1.

Decoder 2: Proceed as decoder 1, but with y3, T*(Pxy,), and wo(2).

Analysis: Virtually the same analysis as in Section 3.4 establishes that
one can achieve rates up to

Ry = gla()§ min ([(X;Y7),1(X;Y2)). (7.10)
e (-

For the converse, from Section 3.8 we know that reliable communication
requires

nRy < I(W(),Wo( ))
(Xn,Yfi)

= ZH(YMDGH) — H(Y1,|X;)
i=1

< ZH (Yii) — H(Yii|X;)

_nz Xu}/lz

< nI(X;Yl), (7.11)

where the last step follows by the convexity of mutual information and
by setting

Py, v, x (b, cla) (7.12)

PXY1Y2CLbC [ ZPX

for all appropriate a,b,c. We similarly have nRy < nI(X;Y3) so that
Ry < ]rjna(:g min (I(X;Y71),1(X;Y3)). (7.13)
e (-
The rate (7.10) is thus the capacity. Note that the capacity is in general
smaller than min(C1,C2), where C; and Cy are the capacities of the
respective channels Py, y and Py, x.
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7.4 An Achievable Region for Ry = 0 via Binning

We construct a codebook for the case where there is no common mes-
sage. Consider a distribution Py, ,(+), and let U; and Us be the respec-
tive alphabets of U; and Us. Consider also a function f(-) that maps
symbols in U; x Us to symbols in X. We write X = f(U;,Us) and
X" = fMU7,U3) to mean that X; = f(Uy;,Us;) for i =1,2,...,n. We
generate codewords as for the Slepian—Wolf problem.

Code Construction: Generate 27(F1+E1)

1,2,...,2"0  y =1.2,...,2"%1 by choosing the symbols uyi(wi,v1)
(R2+RY)

codewords uf(wi,v1), wy =

independently using Py, (-). Similarly generate 2" codewords
ul(wy,vo), wo =1,2,...,27%2 4y =1,2,...,2"% using Py, (-).

Encoder: Given w; and wse, try to find a pair (v1,v2) such that
(ul(wy,v1),uy(we,v2)) € T (Puy,u,). If there is one or more such
(v1,v2), choose one and transmit =" = f™(uf(wi,v1),ud(wa,v2)). In
practice, the decoder might know ahead of time which (vy,v3) is cho-
sen. However, this is not necessary since the receivers will discard these
indexes, as shown in the next step. One can, in fact, choose the (v1,v2)
ahead of time for all bins, i.e., the pair (v1,v2) is a function of (wy,ws).

Decoder 1: Given vy}, try to find a pair (w;,0;) such that
(ul(w1,01),y}) € T(Pyyy,). If there is one or more such pair, then
choose one and put out the corresponding w; as w;. If there is no such
pair, then put out w; = 1.

Decoder 2: Proceed as decoder 1, except replace the index “1” by “2”
everywhere.

Analysis: Let 0 < €1 < € < py,0,Xv,vs, Where py, 1, xv,v, is defined as
usual to be the minimum positive probability of Py, 1, xv;y;,(+). Using
(7.6), we find that the encoder finds an appropriate pair (v1,vs) with
probability close to 1 as long as n is large, €; is small, and

R} + Ry > I(Uy;Us). (7.14)
So suppose the encoder was successful, and the likely event that

(u?(wlvUl)vug(w%q&)awn(urf’u?)?il/?l’byyg) € Tg (PU1U2XY1Y2) (7'15)
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occurred. (We remark that the event (7.15) is likely to occur only
if Puiu,xviv,(+) factors as Puyu,x () Pyvs|x (+)-) Decoder 1 is likely
to make an error if there is a pair wi,?¥; with Wy # w; such that
(ul(w1,01),y}) € T (Pyyy, ). But the probability of this event can be
made small if

Ry + R} < I(Uy;Y1). (7.16)

The corresponding event for decoder 2 can be made to have small
probability if

Ry + R, < I(Us; Y2). (7.17)

To see what rates (R1,R2) are achievable with (7.14)—(7.17), suppose
we choose R’l = al(Uy;Us) for 0 < a < 1. We then achieve

(Rl,Rg) = ( I(Ul;Yl) — OéI(Ul;U2>,I(U2;}/2) — (1 — Oé)I(Ul;UQ) )
Alternatively, the achievable rate region is defined by the pentagon

0< Ry <I(Ui;11)

0 < Ry < I(Uz;Ya)

Ry +R2§I(U1;}/1)+I(U2;Y2) —I(Ul;Uz), (718)
where [Uy,Us] — X — [Y1,Ys] forms a Markov chain. This result is due
to Marton [43] and the region is depicted in Figure 7.2.

Consider, e.g., the corner point with & = 1. Note that the rate R} =
I(Uy;Y1) — I(Uy;Us) is identical to the Gelfand-Pinsker rate Rgp if we

R,
I(Us;Y5)

1(Us;Y2) = I(Uy; Us)

IU:Yy) = (U 0y) - 1Y) Ry

Fig. 7.2 An achievable region for Ry = 0.
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Encoder
U
Wl XII Xn
Source 1 Encoder 1 XU
Wo ] Un
Source 2 Encoder 2 2

Fig. 7.3 An encoder structure inspired by the Gelfand-Pinsker problem and solution.

consider uy to be interference known noncausally at the transmitter.
This suggests designing an encoder as shown in Figure 7.3. The overall
encoder consists of two encoders: one for uiy and one for u} based on
Gelfand-Pinsker coding. The output «7 is a function of v} and u3 as in
the Gelfand-Pinsker problem. We remark that, in general, decoders 1
and 2 will be able to decode only the messages w1 and ws, respectively.
The next coding scheme we consider, superposition coding, has one
decoder decoding both messages.

Example 7.1. Suppose the broadcast channel is deterministic in the
sense that

Yi = f1(X) and Ys= fo(X) (7.19)
for some functions f1(-) and fa(-). We can choose U; =Y; and Uz = Y>
since [Uy,Us] — X — [Y1,Ys] forms a Markov chain. The bounds (7.18)
are thus

0< R <HMY)
0 <Ry <H(Y?)
Ry + Ry < HY1Y5). (7.20)

The resulting region turns out to be the capacity region Cgc for this
problem. Thus, binning is optimal for deterministic broadcast channels.

7.5 Superposition Coding

We next introduce superposition coding that is a method for “stack-
ing” codebooks. This method turns out to be optimal for an important
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class of channels known as degraded broadcast channels. Furthermore,
a judicious combination of superposition coding and binning gives the
currently best achievable rate region for broadcast channels. We develop
this region in Section 7.8.

For simplicity, suppose for now that Re = 0. Consider a distribution
Pyxy,v,(+) that factors as Pyx (-) Py,y,|x (*), and where the alphabet of
UisU.

Code Construction: Consider Py (+). Generate 2" codewords u™ (wp),

.,2"R0 by using Py(-). Next, for every u™(wp), generate

wo = 1, 2, ..
2"R1 codewords " (wg,w1) by choosing the symbols x;(wq,w:) inde-
pendently at random according to Py i (-|ui(wo)) for i =1,2,...,n and
wy =1,2,...,2"%1 This second step is called superposition coding, and
it is depicted in Figure 7.4. In the “space” of all codewords, one can
view the u™(wg) as cloud centers, and the z"(wp,w;) as satellites (see

Figure 7.5).
Encoder: Given wg and w1, transmit ™ (wg,w1).

Decoder 1: Given yf, try to find a pair (wo,w;) such that
(u™(wo), x™(wo, w1),y}) € T/'(Prxy,)- If there is one or more such pair,
then choose one and call it (wg(1),w;). If there is no such pair, then
put out (wo(1),w1) = (1,1).

Decoder 2: Given y4, try to find a wg such that (u"(wo),y5) € T2 (Puy,)-
If there is one or more such index, then choose one and call it w(2).
If there is no such index, then put out wg(2) = 1.

Satellites
/ 2"(1,1)
Cloud Centers 2"(1,2)
u”(1) .
u (2) \ xn(l,QnR])
un(2nR0>

Fig. 7.4 Codebooks for superposition coding.
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Codeword u" (wy)

Cloud of codewords
‘/L'n(wOv wl)a w; = 17 27 RS 2711?1

Sphere within which y{
is likely to lie

Fig. 7.5 Space of codewords for superposition coding (reproduced with modifications
from [15, Figure 4]).

Analysis: Let 0 <€ <e<puuxy,y,- We have (u™(wp),z"(wo,w),
y1,y3) € T2 (Puxy,y,) with probability close to one for large n. Con-
sider first decoder 2. The probability that this decoder finds an incorrect
Wy can be made small if

Ro < I(U;Ya). (7.21)

Next, consider decoder 1 which must decode both wy and w;. We split
the potential error events into three disjoint parts: first, that wy(1) #
wop, w1 = wi; second, that wy(1) = wg,w; # wi; and finally that wy(1) #
wo, w1 # wi. The probability of the first event is

Pr| |J {(U" (o), X" (o, w1),y7) € T (Puxv, )}
Wo Fwo

The probability of the second event is

Pr| | {(u"(wo),X"(wo,@1),y}) € T™(Puxy,)}
w1 Fw1
S 2n[R1—I(X;Y1|U)+26H(X|U)]’ (723)
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where we have used (7.7). The probability of the third event is

Pr| | | (@), X" (o, d1),y1) € T (Puxvi)}

WoFwo W1FWw1
< grlRo+Ri—I(UX:Y1)+2H(UX)] (7.24)

Note that (7.24) makes (7.22) unnecessary. Combining (7.21)—(7.24),
we have that (Rg, R1,0) € Cpc if

0< Ry <I(U;Y3)
0< R <I(X;V1|U)
Ro+ R < I(X;Yl), (7.25)

where U — X — [Y7,Ys] forms a Markov chain. The above coding
scheme is due to Bergmans [7] and is based on work by Cover [15].
One can restrict attention to U satisfying [U| < |V| + 2. Moreover, the
region (7.25) turns out to be the capacity region when Ry = 0 (see [35]).
To get a general achievable region, we use the first property described in
Section 7.2.1: we convert some of the Ry bits into Ry bits. The resulting
region of (Ry, R, Ry) is simply (7.25) with Ry replaced by Ry + Ro.

7.6 Degraded Broadcast Channels

Consider next a class of channels called degraded channels that have
the special property that decoder 1 can decode anything that decoder 2
can decode. A broadcast channel is said to be physically degraded if

X -Y1 - Y,

forms a Markov chain. A broadcast channel Py, y, x(:) is said to be
degraded or stochastically degraded if it has the same marginals Py, x(*)
and Py,|x (-) as some physically degraded channel. Another way of stat-
ing this is that

Py, x(cla) = Y Py x(bla) Py, y, (clb), (7.26)
beWy
for some P;;Q‘Yl (). The capacity region of a degraded broadcast channel

is thus the same as its physically degraded counterpart, and we will
study this physically degraded channel.



346 The Broadcast Channel

Consider, then, a physically degraded broadcast channel Py, y,| x(*)-
Suppose we encode using superposition coding as described above.

We have
I(U;Yz) < I(U; Y1) (7.27)
because U — X — Y] — Y5 forms a Markov chain. We thus also have
I(U;Y2) + I(X;n|U) < I(U; Y1) + I(X|U) =1(X;Y),  (7.28)

which means that the third bound in (7.25) is unnecessary. The result-
ing achievable region is the set of non-negative (R, R;, R2) satisfying

Ry < I(X;Y1|U)

Ry + Ry < I(U;Y3), (7.29)
where U — X — Y7 — Y5 forms a Markov chain. The union of these
achievable regions over all Pyx () turns out to be the capacity region

of the degraded broadcast channel [27]. We prove the converse theorem
in the appendix of this section.

Example 7.2. Consider the (physically degraded) binary symmetric
broadcast channel (BSBC). This channel has X = ) = ), = {0,1},

Vi=X&Z and Yo=X & Zs, (7.30)

where PZl(l) =1- PZ1 (0) = P1, PZQ(l) =1- PZQ(O) = P2, and X, Zl,
and Zs are statistically independent. Suppose that p; < ps <1/2. We
can convert (7.30) to a physically degraded channel by writing

YI=X&®Z, and Yo=XP 21 & Zé, (731)

where Pz (1) =1 — Pz (0) = p2 — p1 and Zj is independent of X and
Z1. We choose Py (0) = Py(1) = 1/2 and set Pr[X # U] = ¢. Evaluating
(7.29), we have

Ry < Hy(q * p1) — Ha(p1)
Ro+ Ry <1-— Hg(q * pg), (7.32)

where p x ¢ = p(1 — q) + (1 — p)q. This region is depicted in Figure 7.6,
and it defines the capacity region of this channel [69, 70].
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Ry + Rs

1 — Hy(p2)

g=1/2

1— Hb<p1) R1

Fig. 7.6 The capacity region of a BSBC.

7.7 Coding for Gaussian Channels

This section describes two coding methods for scalar additive white
Gaussian noise (AWGN) broadcast channels and one method for vector
AWGN broadcast channels. The methods are based on superposition
coding and binning, and the motivation for describing the different
methods is to illustrate two main points. First, we show that one can
achieve capacity in more than one way for scalar AWGN channels.
Second, we show how to apply binning to vector AWGN channels.

7.7.1 Superposition Coding for Scalar AWGN Channels

Suppose we have a (scalar) AWGN broadcast channel

i=X+2,

Yo =X + Zo, (733)
where X is the set of real numbers, we have the per-symbol power
(or energy) constraint E [X 2] < P, and Z; and Z; are (possibly corre-
lated) Gaussian random variables with respective variances % and o73.
Suppose that 0? < 2. We can convert (7.33) to a physically degraded
channel by writing

Y1 =X+ 27,
Yo=X + 7y + 7, (7.34)

where 7} is Gaussian, independent of X and Zj, and has variance

o2 — 2. For superposition coding, we choose

X=U+V, (7.35)
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where U and V are independent Gaussian random variables with respec-
tive variances aP and (1 — )P for some « satisfying 0 < o < 1. We
consider (7.29) and compute

I(U;Ys) = h(Y2) — h(Y2|U)

= élog (2me[P + 03]) — %log (2me[(1 — a)P + o3])

1 aP
—log14 — 7.36
2%<_%Q—MP+@> (7.36)

[(X:Y4|U) = h(¥i|U) — h(Y1] X)

= %log (2me[(1 — a)P + of]) — %log (2mea?)

= %bg (1 + (1_;‘)P> . (7.37)

01

The achievable (Ri,Ry) are determined by varying «, and they are
depicted in Figure 7.7. Observe that the region dominates the time-
sharing region, whose boundary is given by the dashed line. One can
show that (7.36) and (7.37) define the capacity region by using Shan-
non’s entropy power inequality (see the appendix of this section).

Finally, we point out the following interesting fact about (7.35). We
can encode by generating two code books of sizes 2% and 2" with
codewords v"(w1), wy = 1,2,...,2"% and u™(ws), wy = 1,2,...,2"F2,
and by using " = f"(v"(w1),u"(wz)) for some per-letter function f(-).
This superposition coding scheme is closely related to the scheme
described above, but it is simpler. Superposition coding is often done
either as in Section 7.5 or as suggested by (7.35).

Ry + Rs

3log (1+ P/a3)

%log (1 + P/(T%) Ry

Fig. 7.7 The capacity region of an AWGN broadcast channel.
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7.7.2 Binning for Scalar AWGN Channels

We use binning for the AWGN broadcast channel, as described in
Section 7.4. Consider the encoder structure depicted in Figure 7.3. We
choose four random variables:

Us Gaussian with variance aP

X1 Gaussian, independent of Us, with variance (1 — a)) P

Ur=X1+ 80U,
f=(1-a)P/[(1-a)P+ o]
X=X+ Us.

Using (7.18) and Section 6.4, we compute

1 aP
1(Us;Ys) = =1 1+ —
222 =3 Og( +(1—a)P+o§)
1 1—a)P
I(Ui;Y1) — I(Uy;U2) = 5log (1 + (02()0) . (7.38)
i

That is, we can achieve all points inside the capacity region of the
AWGN broadcast channel by using a Gelfand-Pinsker encoder!

7.7.3 Binning for Vector AWGN Channels

Motivated by the above result, we use the same approach for AWGN
vector broadcast channels. We use column vectors to represent the chan-
nel input and outputs, and write Qx for £ [X X T]. The model is

Xl = Hl& + Z1
Y,=Hy X + Z,, (7.39)

where X has length M, Y, has length Nj, Y, has length Ny, H; has
dimension Ny x M, Hy has dimension No x M, and Z; and Z, are
(possible correlated) Gaussian random vectors with respective lengths
N7 and N,, and with respective positive-definite covariance matrices
Qz, and Qz,. We consider the case M > Ny and M > Nj. The power
constraint is F [[| X||?] < P or, equivalently, tr [Qx] < P.

Note that the channel is not necessarily degraded, so one cannot
necessarily expect superposition coding to be optimal. However, recall
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from the appendix of Section 6 that one can operate a Gelfand-Pinsker
encoder at the same rate as if the interference was not present. We
choose four random variables:

U,y Gaussian
X, Gaussian, independent of U,
Ql = Xl + BQQ

-1
B = Qx,H] [Qz, + HiQx, HY]
X=X, +U,.

Using (7.18) and the appendix of Section 6, we compute

det H HT
I(UyYs) = Llog ™ (Qz, + Ho(Qx, + Q%?) :)
2 det (ng =+ HQQllHQ)

1. det(Qz +HQx HT
I(U;Y,) — 1(Uy3U,) = ilog ( AdetQZ x, HY)
=1

. (7.40)

It remains to optimize over Qx, and Q,. Recent research [66] has
shown that (7.40) defines the capacity region for this channel when
Ry =0.

7.8 Marton’s Achievable Region

The best known achievable-rate region for broadcast channels is due
to Marton [19, 41, 43] and it requires using superposition coding and
binning. We briefly develop this region here. A discussion of some of
the subtleties of Marton’s region is given in [41, Sec. IIT.A].

Code Construction: Consider a distribution Pry,p,(-) and a func-
tion f(-) mapping symbols in 7 x Y X Uz to symbols in X. Gen-
erate 270 codewords t"(wp), wo=1,2,...,2"% by using Pr(-).
Next, for every ¢"(wp), use the code construction of Section 7.4.

/
Generate 2"(F1+11) codewords uft (wo, wy,v1), wy = 1,2,...,2"%"

y V1 =
1,2,...,2"% by choosing the symbols wy;(wp,wi,v1) indepen-
dently using Py, r(-[ti(wo)). Similarly generate on(F2 1) code-
words uf (wo,w2,v2), we=1,2,... 202, vy =1,2,...,2"%2 by using

Py (-[ti(wo))-
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Encoder: Given wg, wi, and ws, try to find a pair (vy,v2) such
that (¢"(wo),u} (wo,wr,v1),usy(wo,w2,v2)) € T (Pry,u,). If there is
one or more such (v1,v2), choose one and transmit =™ = f"(t"(wy),
ul (wo, wi,v1),ul (wo, w2,v2)).

Decoder 1: Given yi, try to find a triple (wp,w1,01) such that
(t" (o), uf (o, w1,71),y7) € T2 (Pru,y,)- If there is one or more such
triple, then choose one and put out the corresponding (wg,w;) as
(wg(1),27). If there is no such pair, then put out (wy(1),w;) = (1,1).

Decoder 2: Proceed as decoder 1, except replace the index “1” by “2”
everywhere.

Using the analysis procedure that we are by now accustomed to,
the rate bounds are (see (7.14), (7.16), (7.17), and (7.25))

1+ Ry > I(Un Ue|T) (7.41)
Ry + Ry < I(U;;Y1|T) (7.42)
Ro+ Ry + R} < I(TUy; Y1) (7.43)
Ry + Ry < I(Us; Yo|T) (7.44)
Ro + Ry + Ry < I(TU;Y3). (7.45)

We can remove R} and R} to get the bounds

Ry <I(U;A[T) (
Ry < I(U2; Y2|T) (
Ry 4+ Ry < I(U;Y1|T) + I(U; Yo|T) — I(Ur; Ua|T') (
Ro + Ri < [(TU: YY) (
Ro + Ro < [(TUs:Y2) (7.50
Ry + Ri + Ry <I(TU; Y1) + 1(Ug; Y2|T) — I(U; U|T) - (
Ro+ Ri + Ro < I{UGYVA|T) + I(TUs:Ya) — I({UGT|T).  (
2Ry + Ry + Re < I(TUL Y1) + I(TUsYs) — 1(U3Us|T).

However, it turns out that we can do better. Recall from Section 7.2.1
that if (Rg,R1,R2) is achievable, then so is (agRo, R1 + a1 Ro, Ra +
asRy), where a; >0, i=0,1,2, and a9 + a1 + ae = 1. Applying this
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idea to (7.46)—(7.52), we get the rate bounds (see [41, Thm. 5))

Ro + Ry < I(TUy; Y1) (7.54)
Ry + Ry < I(TUs;Y2) (7.55)
Ro + Ry + Ro < I(TUG YY) + (U Ya|T) — (UG Ue|T)  (7.56)
Ro + Ri + Ry < I(UsYA|T) + I(TUs: Ya) — I(Uy;Us|T)  (7.57)
9Ro + Ry + Ro < I(TU Y1) + I(TUYa) — I(U;U|T).  (7.58)

Finally, we can take the closure of the union over all Pry,p,(-) and
all f(-) of the rates satisfying (7.54)-(7.58). The resulting region is
Marton’s achievable-rate region.

7.9 Capacity Region Outer Bounds

A simple outer bound on Cp¢ was given by Cover [15]. Clearly, based on
our results for a DMC, one must have Ry + R < maxp, (. I(X;Y7) and
Ro + Ry <maxp, () I(X;Y2). However, rather than optimizing Px(-)
for each mutual information separately, the same steps as in (7.11) and
(7.12) can be used to show that one can consider the same Px(-) for
both bounds simultaneously. One can further add a bound based on
letting the receivers cooperate. Summarizing the result, let R(Pyx) be
the set of (Rg, R1, R2) permitted by

Ry + Ry < I(X;Y7)
Ry + Ry < I(X;Y3)
Ro+ Ri + Ry < I(X;Y1Ya), (7.59)

when the distribution Px(-) is fixed. The result is

Cpc C U R(Px). (7.60)
Px (")

7.9.1 Sato’s Outer Bound

Another simple but useful bound on Cpc was determined by Sato [54].
Let P(Py,|x, Py, x) be the set of broadcast channels that have the
marginals Py,|x(-) and Py, x(-). Suppose we let the receivers cooperate
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for any channel in P(PYI‘X,PYQ‘X). Sato’s sum-rate bound is

Ro+ Ri + Ry < minglaﬁl(X;YlYg), (7.61)
(.
where the minimization is over all Py, y,x(-) € P(Py;|x, Pyy|x)-

7.9.2 Korner and Marton’s Outer Bound

Yet a third outer bound is due to Kérner and Marton [43, Thm. 5]. Fol-
lowing similar steps as in Section 6.6, reliable communication requires

n(Ry + Ro) < I(Wy;Wy) + I(Wa; W)
S T(Wi Y Wa) + I(Wa3 YY)

n
= ZI(WIS Yli‘WZYfEiH))
i=1
n . .
+ ZI(W2Y171'+1)§Y21) - I(W2Y17}§Y21_1)7 (7.62)
i=1
where the third step follows by setting Yo = 0. We continue the chain
of (in)equalities (7.62):

n(R1 + Ry) < ZI(WIQYIHWQYQHU)
i=1
+ [I(W2Yy 1(i+1) Yy )+ I(WaY (i) Yol )]
= [TW2Y 0y Y3 + 1YV Y3 WY )]

n

= 3 I(WasYa WY, )
=1

[F(WaYily ) Yl Y1) = 1(Vass V3 Wl )

+

n

= [H(YalY; ™) = H(Y2s|Us)| + [H(YuilU3) — H(Y1s] X))
1

2

<> [H(Yar) — H(Yai|Us)] + [H(Yiil Ui) — H(Yuil XiU3)]
1

3

(2

3

=Y I(UsYai) + (X5 Yl Uy), (7.63)
i=1
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where for the second step we have defined U; = [Wg,Yl’%i +1),Yg_l]. We
further have that U; — X; — [Y34, Y2;] forms a Markov chain. Combining
(7.63) with a few more steps, one can show that, in the plane defined
by Ry =0, Cpc is inside the set of non-negative (R, R2) satisfying
R <I(X;Y7)
Ry < I(U;Y2)
R1+R2§I(X;Y1|U)—|—I(U;Y2), (7.64)

for some Pyxviy,(-) that factors as Pyx(-) Py, v, x (+), and where |U|<
|X| + 2.

7.10 Appendix: Binning Bound and Capacity Converses
7.10.1 Bound on Binning Rates

Consider P (w1, w2) given in (7.5). Let I(vi,v2) be the indicator
random variable that the event

{(X™(wy,v1), Y™ (wa,v2)) € T (Pxy)} (7.65)

occurred. Let S=3"  I(vi,v2), S=E[S], and Var[S]=
E[(S — 8)%] = E[S?] — 52 We bound
Phin,e(w1,w) =Pr[S = 0]
<Pr[(S—8)°=>5%
< Var[9] /S?, (7.66)

where the last step follows by the Markov inequality for non-negative
random variables: Pr[W > a] < E[W]/a. We bound

S=> " E[I(vi,vs)]

v1,v2

=) Pr[(X™,Y") € T (Pxy))]
V1,02

> Z (1 = 0¢(n)) - 9—nlI(X;Y)+3eH (XY)]
V1,02

=(1—6(n)) - on[R}+Ry—I(X;Y)—3eH (XY)] (7.67)



7.10 Appendix: Binning Bound and Capacity Converses 355

We also have

Var[S] = Y Y {E[I(v1,v2)1(01,)] — E[I(v1,v2)] E[I(D1,72)]}-

V1,V2 01,02

(7.68)

Observe that if 97 # v; and 09 # vg, then I(v1,v2) and I(01,02) are
independent, and the summand in (7.68) is zero. Next, if 93 # vy but
U9 = v9, then we can bound

E[I(Ul,vg)I(@l,@Q)] = Pr[{I(vl,vg) = 1} N {1(171,’02) = 1}]
=Pr[I(vi,v2) = 1] - Pr [1(01,v2) = 1{](1}1,112) =1]

< 27l CEY) =3V pr[(X™ ") € T (Pxy ) |y" € T (Py)]
< 9~ nRI(X;Y)=3eH(XY)=2eH (X)), (7.69)

By symmetry, we can derive a similar bound for 93 = v; and ¥ # vs.
Finally, if 91 = v; and 93 = vo, then we have

E[I(U17U2)I(617@2)] = E[I(UhUQ)]
=Pr[(X™,Y") e T (Pxy)]
< 2—n[I(X;Y)—3eH(XY)]‘ (770)

Combining the results, we have
Var[§] < 2RI+ (9=nll(XGY) =3l (XY)]

+ (QnR’l + 2nR’2> . 2—n[2I(X;Y)—5EH(XY)]). (771)
Using (7.66), we also have

Pbin,e (wl ) w?)

< 2T ol (X 49O (gnBy | gnit) L gnileH(XY))
(1 =6e(n))?

g 9—n[R}+Ry—I(X;Y)—9eH (XY)] N onRy 4 onRy onlleH(XY)
> (1 — 55(”))2 (1 - 56(,”))2 2n(R’1+R’2) .

(7.72)
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The second term in (7.72) is small if R} >0, R, > 0, min(R}, R}) >
11eH(XY), € > 0, and n is large. We thus find that Py (w1, w2) can
be made small for R} >0 and R > 0 if

1+ Ry > I(X;Y). (7.73)
It remains to consider the cases R} =0 and Ry =0. For R} =0,
we have
Pbin,e(wth =Pr m{ wla a (w27v2)) ¢ Ten(PXY)} :
(7.74)

But (7.74) is identical to the probability that a rate distortion encoder
does not find an appropriate codeword Y" (w9, v2) that is typical with
the “source” sequence X" (wi,1). We thus require

R, > I(X;Y), (7.75)

which is the same as (7.73) with R} =0. By symmetry, we also get
(7.73) for R, = 0. This completes the proof.

7.10.2 Converse for Degraded Channels
Consider a physically degraded broadcast channel [27]. For reliable
communication, we have
nRy < I(Wy; YY)
< I(Wh; Y"WoWa)
= I(Wi; Y{'[WoWa)

H (Y[ WoWaY{ ™) — H (Y| X;WoWa Y~ W)
1

<.
I

ZI(Xi;Y1i|Ui/)’ (7.76)
i=1
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where we have set U/ = [WO,WQ,Yf_l]. Note that U/ — X; — Yy; — Yo,
forms a Markov chain. We similarly bound

n(Ro + Ro) < I(WoWa; Y3

H(YQ”YVJ_I) - H(Y2i|WOW2Y2i_1)

N
Il
i

H(Yai) — H(Yai| WoWaY5~'Y{ ™)

-

@
Il
—_

H(Ya;) — H (Y[ WoWoY{ 1)

I

@
I
—

|
NE

I(Uj;Ya3), (7.77)
1

.
Il

where the fourth step follows because Yo; — [WO,WQ,Yli_l] —Y;_l
forms a Markov chain for every ¢. Finally, let I be a random vari-
able that is independent of all other random variables and that takes
on the value i, i =1,2,...,n, with probability 1/n. Furthermore, let

U = [Uy,1], so we can write (7.76) and (7.77) as

Ry < I(X1;Ya1|U)
Ry + Ry < I(Up; Yar|I)
< I(U;YQI)a (778)

where the first inequality follows because U includes I. Combining these
results, we find that (Rg, R, R2) must satisfy

Ry < I(Xp;Y17|U)
R(] + Ry < I(U;ng), (779)

where U — X7 — Y17 — Yor forms a Markov chain. This proves the
converse.

7.10.3 Converse for the Scalar AWGN Channel

The entropy power inequality (see Appendix B.7) can be used to show
that the region of (7.36)—(7.38) gives the capacity region of the scalar
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AWGN broadcast channel. The original proof of this result is due to
Bergmans [8]. The following proof is due to El Gamal (unpublished).

Fano’s inequality assures us that for reliable communication, we
must have

TLRl § I(Wl;Y1n|WUW2)
n(Rop + Ra) < I(WoWa; Y5"). (7.80)

We further have

I(WoWa;Y5") = h(Y3") — h(Y5'|[WoWa)

< !Z h(Y2;)
=1

< glog(%re (P + 02)) — h(YD W W), (7.81)

— h(Y3' |[WoW2)

where the last step follows by the maximum entropy theorem. But we
also have

~log(2mea?) = h(Z5) = h(YFX") < h(YF|WoWVs)
< h(YP) < glog(Qwe(P +02)) (7.82)
so there must exist an «a, 0 < a < 1, such that
WY [ WoWs) = glog (2me[(1 — )P + 03]). (7.83)

Consider now Y3 = Y{* + (Z4)", where Z!; has variance 05 — o%. Using

a conditional version of the entropy power inequality, we bound

n
T(W; Y7 [ WoWs) = h(Y{ | WoWa) — 51og(27rea%)

IN

glogz (Z%h(y2n|W0W2) — 2me (03 — a%)) - glog@wea%)
= glogQ (2me[(1 — a)P + 03] — 27me (03 — 01)) — glog(%rea%)

= glog2 (2me[(1 — a)P + 0%]) - glog(ZTreU%). (7.84)
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Combining (7.80), (7.81), (7.83), and (7.84), we have the desired region:

R <

Ry + Ry <

1 —

P
~ log, <1 + 0‘2> : (7.85)

N | =



8

The Multiaccess Channel

8.1 Problem Description

The multiaccess channel (MAC) with two transmitters and three
sources is depicted in Figure 8.1. The sources put out statistically inde-
pendent messages Wy, Wi, Wy with nRy,nR1,nRo bits, respectively.
The message Wy is seen by both encoders, and is called the com-
mon message. The messages W, and Wy appear only at the respective
encoders 1 and 2. Encoder 1 maps (wp,w;) to a sequence z7 € AT,
encoder 2 maps (wp,w2) to a sequence zf € Xy, and the channel
Py x, x,(-) puts out the sequence y" € Y". The decoder uses y" to
compute its estimate (wg, w1, ws) of (wy,w1,ws), and the problem is to
find the set of rate-tuples (Ry, R1, R2) for which one can make

Pe =Pr [(Wg,Wl,Wz) 75 (WO,Wl,WQ)] (8.1)

an arbitrarily small positive number. The closure of the region of achiev-
able (Rp, R1, R2) is the MAC capacity region Cyac-

The MAC can be viewed as being the reverse link of a cellular
radio system, if one views the broadcast channel as being the forward
link (other popular names are uplink for the MAC and downlink for
the broadcast channel). If there are two mobile stations transmitting

360
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Wi Xt
Source 1 Encoder 1 4*—‘ .
Wy
W . y” Wy
Source 0 PY‘X‘X2< ) Decoder Sink
MAC WQ
W,
Source 2 Encoder 2 a—‘
Xy

Fig. 8.1 The two-transmitter MAC with a common message.

to the base station, the model of Figure 8.1 describes the essence of
the coding problem. One can easily extend the model to include three
or more mobile stations, but we will study only the two-transmitter
problem. The common message might represent a common time refer-
ence that lets the mobile stations synchronize their transmissions, in
which case we have Ry = 0. Alternatively, this message might represent
information the mobile stations are “relaying” from one base station to
the next.

8.2 An Achievable Rate Region

The MAC with Ry = 0 was first considered by Shannon in [58, Sec. 17].
The capacity region of the MAC with Ry =0 was developed by
Ahlswede [1] and Liao [42]. (We remark that Shannon wrote in [58,
Sec. 17] that he had found a “complete and simple solution of the capac-
ity region.”). The capacity region with Ry > 0 was found by Slepian
and Wolf [59], who used superposition coding. We consider the general
problem, where the main trick is to introduce an auxiliary random vari-
able U that represents the code book for Wy (see Figure 8.2). Consider
a distribution Pyx, x,y that factors as Py Px, v Px, v Py|x.x,-

Code Construction: Consider Py(-), where the alphabet of U is U.
Generate 2770 codewords u"(wg), wo = 1,2,...,2"%0 by choosing the
u;(wp) independently using Py(-) for i =1,2,...,n. For each u"(wy),
generate 2" codewords 27 (wg,w1), w1 = 1,2,...,2"%1 by choosing
the x1;(wo,w1) independently using Px, | (-|ui(wo)) for i =1,2,...,n.
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Satellites
xp(1,1)
Cloud Centers 27(1,2)
u™(1) :
u'(2) H(L.27)
u"(2") a3(1,1)
x5(1,2)
ay(1,2"7)

Fig. 8.2 A code book for the MAC with a common message.

Similarly, generate 2" codewords # (wo,w2) by using Py, i/ (+|us(wo))
fori=1,2,...,n.

Encoders: Given (wp,w1), encoder 1 transmits 7 (wp,w;). Given
(wg,ws), encoder 2 transmits x4 (wg,ws).

Decoder: Given y™, try to find a triple (g, w,ws) such that

(u" (o), 2 (o, W1), x5 (Wo, We),y") € T (Pux, x,v)- (8.2)
If one or more such triple is found, choose one and call it (g, w,w2).
If no such triple is found, set (wo,w;,ws) = (1,1,1).

Analysis: Let 0 <€ <€ < pyx,x,y.- We know that, with probability
close to one, we will have

(u”(wo),x?(wo,wl),xg(wo,wg),y") € Tg (PUX1X2Y) (8'3)

for the transmitted triple (wo,w1,w2) as long as Pyx, x,y(:) factors
as specified above. The remaining analysis is similar to that of the
degraded broadcast channel, i.e., one splits the error probability into
seven disjoint events that correspond to the seven different ways in
which one or more of the w;, ¢ =0,1,2, is not equal to w;.

For example, consider the event that there was a wy # wq such that

(un(wo),w?(ﬁjo,wl),l’g(ﬁ}(),wg),yn) € Ten(PUX1X2Y)' (84)
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Note that all three codewords in (8.4) were chosen independent of the
actually transmitted codewords. We can upper bound the probability
of the event (8.4) by
Z o= n[l(UX1X2;Y)=2eH(UX1X2)] _ gn[Ro—I(UX1X2;Y)+2eH(UX1X2)]
Wo#AwWo

(8.5)
We leave the details of the remaining (and by now familiar) analy-
sis to the reader, and simply state the seven rate bounds for reliable

communication:
Ry < I(X1X2;Y) (8.6)
Ry + R < I(X1X2;Y) (8.7)
Ro + Ry < I(X1 X2;Y) (8.8)
and
Ry < I(X1;Y[X2U) (8.9)
Ry < I(X2;Y[X1U) (8.10)
R + Ry < I(X1 Xo;Y|U) (8.11)
Ro+ Ry + Ry < I(X1X2;Y), (8.12)

where X1 — U — X9 and U — [X;,X3] — Y form Markov chains. Note
that we are stating the bounds with non-strict inequalities, so we are
already considering approachable rates. Note also that the bounds
(8.6)—(8.8) are redundant because of (8.12), so that we need con-
sider only (8.9)(8.12). One can further restrict attention to |[U|<
min(|Y| + 3,|X1| - [X2| +2) (see [19, p. 293 and pp. 310-312], [68,
Appendix B], [67, p. 18]).

The bounds (8.9)—(8.12) describe a region R(Py, Px,|v, Px,jr) with
seven faces, four of which arise from (8.9)—(8.12), and three of which
are non-negativity constraints on the rates (see Figure 8.3). We can
further achieve the union of such regions, i.e., we can achieve

CymaAc = U R(Pu, Px, v, Px,u)s (8.13)
Py,Px,\v,Pxy U
where [U|< min(|Y| + 3,|X1| - |Xa] + 2). We show that (8.13) is the
capacity region in Section 8.4.
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Ry

Fig. 8.3 The form of R(Pu, Px,|v:Px,|v)-

Ry

8.3 Gaussian Channel

As an example, consider the additive white Gaussian noise (AWGN)
MAC with

where Z is Gaussian, zero mean, unit variance, and independent of the
real random variables X; and Xo. We impose the power (or energy)
constraints Y | E[X%] /n < Py and Y. | E[X3] /n < Ps. One can
show that the best choice for the random variables in (8.9)—(8.12) is
jointly Gaussian [10]. Let U, Vi, and V5 be independent, unit variance,
Gaussian random variables, and define

Xy = ( Plpl)U + \/Pl(l — p%)Vl (815)
Xy = (\V/Pap2)U + 1/ Po(1 — p3) Va. (8.16)

We have E[UX;]/v/Pi = p1 and E[UX3|/v/Ps = p2, and compute
I(X;Y|XU) = %log(l + Pi(1-p])) (8.17)
I(X; Y| X U) = %log(l + Py(1 — p3)) (8.18)
14X Y |U) = Slog (14 Pl — ) + Bo(1 — ) (819)

1
I(XlXQ;Y) = 510g (1 + P+ P+ 2P P plpg). (820)
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The resulting capacity region is found by considering all p; and ps
with 0 < p; <land 0<pp <1.
8.4 Converse
For reliable communication, the rate Ry must satisfy
nRy < I(Wy; W)

< I(Wy;Y™)

< I(Wi; Y™ WoWa)

= I[(W; YW W)

=Y HY; Y WoWa) — HY; Y™ 'WoW1W2)
=1

=Y HYY'" ' WoWoX3) — H(Yi| X1, X2 Wo)
=1

3

< ZH(E‘X%WO) - H(Y;|X1iX2iW0)
=1

3

= T(X1i;Yi| XoiWh). (8.21)
=1

We introduce the random variable U = [Wy, I, where I is independent
of all other random variables (except U) and has distribution P;(a) =
1/n fora=1,2,...,n. We further define X1 = X317, Xo = Xo7, and Y =
Y7 so that Pyx, x,v(+) factors as

Pu([a,4]) Px,ju (bl [a, i) Px,ju(c|[a,i]) Pyix, x, (4] b;¢) (8.22)

for all a,b,c,d. We can now write the bound (8.21) as

Ry < I(X1;Y|XU). (8.23)

We similarly have
Ry < I(X2:Y[X1U) (8.24)
Ry + Ry < I(X1 X9 Y|U) (8.25)

Ry+ R+ Ry < I(XlXQ;Y). (8.26)
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The expressions (8.22)—(8.26) specify that every achievable (Rg, Ry, R2)
must lie in Cyac. Thus, Cyvac is the capacity region.

We remark that Cyjac must be convex since time-sharing is permit-
ted in the converse, i.e, one can use one code book for some fraction of
the time and another code book for another fraction of the time. One
can check that the union of regions (8.13) is indeed convex (see [67,
Appendix A)).

8.5 The Capacity Region with Ry = 0

The MAC is usually treated with Ry =0, in which case the capacity
region reduces to

0< Ry <I(X1;Y|X2U)
Cuac = J{ (B, R2): 0< Ry < I(Xp;Y[X1U) ¢, (8.27)
Ry + Ry < I(X1X9;Y|U)

where the union is over joint distributions that factor as

Pux,x,v = Pu Px,ju Px,u Py x, x, (8.28)

and where |U|< min(|Y| + 3,|X1]| - |Xa| + 2) (one can, in fact, restrict
attention to [U|< 2 [19, p. 278]). However, one often encounters the
following equivalent formulation of Cyac:

0< Ry <I(X1;Y|X2)
Ruac =co | [ Jq (R, R2): 0< Ry < I(XpY[Xy) 5], (8.29)
Ri + Ry < I(X1X2;Y)

where the union is over joint distributions that factor as

PXlXQY = PX1 PX2 PY|X1X2 (830)

and where co(S) is the convex hull of a set S. Proving that Ryac =
Cymac requires some additional work, and we refer to [67, sec. 3.5] for
a discussion on this topic. Some authors prefer (8.29) for historical
reasons, and because (8.29) has no U. Other authors prefer (8.27)
because it requires no convex hull operation. We do point out, how-
ever, that for some channels (other than MACs) a time-sharing random
variable U gives larger regions than the convex hull operator (see [19,
pp. 288-290]).
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Consider two examples. First, consider the AWGN MAC with block
or per-symbol power constraints P; and P; for the respective transmit-
ters 1 and 2. The maximum entropy theorem ensures that

0<R; < %log(l + Pp)
Cuvac = 4 (R1,R2): 0< Ry < Llog(1 + P») : (8.31)
Ri+ Ry < 3log(l+ P + P)

The resulting region is plotted in Figure 8.4. We remark that an alterna-
tive coding method for block power constraints is to use time-division
multiplexing (TDM) or frequency-division multiplexing (FDM). For
example, suppose that transmitters 1 and 2 use the fractions o and
1 — « of the available bandwidth, respectively. The resulting rates are

« P,
Ry = log <1 + Oj) (8.32)
11—« Py
= 1 1 .
Ry=— og( +1_a>, (8.33)

where the transmitters boost their powers in their frequency bands.
The resulting rate pairs are plotted in Figure 8.4. In particular, by
choosing aw = P /(Py + P5) one achieves a boundary point with

Ri + Ry = log(l + P + PQ). (8.34)

This shows that TDM and FDM can be effective techniques for the
MAC.

TDM/FDM
Ry = ﬁlog(l + P +P2)
Ry

Fig. 8.4 Cpac for the AWGN MAC.
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Second, consider the binary adder channel or BAC with X} = X =
{0a1}7 Y= {OalaQ}v and

Y =X, + Xo, (8.35)

where “+” refers to integer addition. The best X; and X5 are uniformly
distributed and we compute

0<R; <1
Cyac = (R1,R2) :0< Ry <1 : (8.36)
Ry + Ry <15

The resulting region has a similar form as that shown in Figure 8.4.

8.6 Decoding Methods
8.6.1 Single-User Decoding and Rate-Splitting

The capacity expression (8.29) is suggestive for code design. Consider,
e.g., the AWGN MAC and the marked corner point in Figure 8.4.
The decoder can proceed in two stages: first, decode wsy by considering
] (wy) as AWGN with variance Pp; second, subtract xf (wg) from y"
and decode wy. The capacities of the second and first channels are the
respective

1
R, = ilog(l + P)

1 P
=-1 1 . .
Ry 5 og( + 1t P1> (8.37)

This type of decoding is known as single-user decoding, stripping, onion
peeling, or step-by-step decoding.

One difficulty with (this form of) single-user decoding is that one
can achieve only the corner points of the pentagon in Figure 8.4. The
other points of the face with maximal R; + Ry must be achieved by
time-sharing between these two corner points. However, there is a sim-
ple trick known as rate-splitting by which one can achieve the other rate
points by single-user decoding [29, 53]. The idea is to split encoder 2
into two encoders operating at the respective rates Rs; and Rsoo with
Ry = Ro1 + Ros. Suppose these encoders transmit with respective pow-
ers Py1 and Pao, where Py = Py + P»o, and that the output of the
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second transmitter is the sum of the two encoded signals. The decoder
performs single-user decoding in three stages: first, decode the R2q code;
second, decode the R; code; third, decode the Ry code. The rates are

1 P
= -1 1
R, 5 og( +1+P22>

Py

1
Ry= Ry + Ryp = —log (14 — 22
27 e 2g< 1+ P, + Py

> + %log(l + Py).
(8.38)

Note that by choosing Py =0 we recover (8.37), while if we choose
Py, = P, we obtain the other corner point of the pentagon in Figure 8.4.
By varying Psy from 0 to P», we thus achieve any rate point on the
boundary of that face of the pentagon with maximum sum-rate.

8.6.2 Joint Decoding

Joint decoding refers to decoding both messages simultaneously. For
the MAC, an “optimal” joint decoder is much more complex than
an “optimal” single-user decoder because one must consider all code-
word pairs. However, by using iterative decoding, joint decoders can be
implemented almost as easily as single-user decoders [4]. Suppose, for

Decoder 1 Decoder 2
T 11+ T To1
o
L1 T12 + T2 T
@

Z13 13+ 23 T3
L
T L1+ T2 Ty
)

215 T15 + T2 Tos
@

T16 T16 + L6 To6
L
T17 T17 + To7 Zoz
@

Z1s HAT: 1— Tog Zog

Fig. 8.5 Graph for an iterative joint decoder for the AWGN MAC.
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example, that both messages are encoded with a low-density parity-
check (LDPC) code. An example of a decoding graph (or factor graph)
for the decoders and the MAC is depicted in Figure 8.5. The itera-
tive decoder is initialized by giving the nodes labeled x1; + x2; a log-
likelihood ratio (LLR) based on the y;, i =1,2,...,n. The remaining
operation of the decoder is similar to that for a DMC or a point-to-
point AWGN channel.



9

The Relay Channel

9.1 Problem Description

The relay channel is a multi-terminal problem where a source terminal
transmits a message to a sink terminal with the help of one or more
relays. We begin by considering the model of Figure 9.1 that has one
relay. The message W with entropy nR bits is transmitted from the
source terminal (terminal 1), with the help of a relay terminal (terminal
2), to the sink terminal (terminal 3) via a channel Py,y, x, x,(-). We
model the transmissions as taking place synchronously, i.e., there is a
central clock that governs the operation of the terminals. The clock
ticks n times, and terminals 1 and 2 apply the respective inputs Xy;
and Xo; to the channel after clock tick ¢ — 1 and before clock tick 1.
The receiving terminals 2 and 3 see their respective channel outputs
Ys; and Ys; at clock tick 4. Thus, there is a small delay before reception
that ensures the system operates in a causal fashion. The alphabets of
X1, Xoi, Yo;, and Y3; are Ay, X, Vo, and )3, respectively.

The synchronism we require is somewhat restrictive, and a more
realistic model might be to view time as being continuous, and to
permit each terminal to transmit a waveform of duration 7" seconds.

371
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Terminal 2

Source Terminal 1 Terminal 3 Sink

Channel

Fig. 9.1 The relay channel.

However, for such scenarios many more issues must be considered care-
fully, such as bandwidth (are the waveforms band-limited?), the chan-
nel (is it linear? time varying?), the receiver processing (what kind of
filters and samplers are used?), and so on. We do not wish to consider
these issues here. We study the simpler model because it will help us
understand how to design codes for more complex problems.

We return to our discrete-time and synchronous model, and add a
few more constraints. We require the input sequence X{* to be a func-
tion of W, the input symbol X5; to be a function of Yg_l, 1=2,3,...,n,
and W to be a function of Y3'. The joint probability distribution of the
random variables thus factors as

P(w,a a3,y )
n

= P(w)P(aw) | T] P@ailys™) Prava s o (voir sk, w2a) | Pliblyl),
=1

(9.1)

where P(27|w), P(zo|ys "), and P(w|y}) take on the values 0 and 1
only. Note that in (9.1) we have adopted the convention of dropping
subscripts on probability distributions if the arguments are lower-case
versions of the random variables. This is commonly done in the liter-
ature, but it is often wise to keep the subscripts to avoid confusing
oneself and the readers. The capacity C' of the relay channel is the
supremum of rates R for which one can design encoders P(z}|w) and
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Terminal 2
Y, X

X1 DES

Terminal 1 Terminal 3
Xio Y30

Fig. 9.2 A network of DMCs.

P(x9i|ys™ "), and a decoder P(w|y%), so that Pr [W # W] < e for any
positive e.

The above model includes a wide variety of practical problems. For
example, consider the wired network of discrete memoryless channels
(DMCs) shown in Figure 9.2. The channel input of terminal 1 is a vector
X1 = [X11, X12], where the meaning is that X1 is the input of the DMC
from terminal 1 to terminal 2, and X7 is the input of the DMC from
terminal 1 to terminal 3. The input of the DMC from terminal 2 to
terminal 3 is Xo. Similarly, the two relay channel outputs are Yo and
Y3 = [Y31,Y32]. The channel probability distribution thus factors as

P(y2,y31,y32|11, 212, 22) = P(y2|z11)P(ys1|x2) P(ys2|z12).  (9.2)

Suppose that X11, X192, and X5 are binary, and that Yo = X1, Y31 =
X, and Y3o = X1o. The capacity is known to be 2 bits per clock tick,
as follows from Ford and Fulkerson’s Max-flow, Min-cut Theorem [24]
(the book [2] gives a good introduction to network flow problems). The
achievability of 2 bits per clock tick is obvious, and the converse follows
by observing that terminal 1 can send (and terminal 3 receive) at most
2 bits per clock tick.

As another example, consider the additive white Gaussian
noise (AWGN) relay channel depicted in Figure 9.3. The channel
Py, v, x, x5 (+) is defined by

Yo=X1 + 25
Ys = X1 + Xy + Zs, (93)

where Z and Z3 are Gaussian random variables of variance o3 and o3,
respectively, and are independent of each other and all other random
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Terminal 2

Source Terminal 1 Terminal 3 Sink

C};e;r;nel
Fig. 9.3 The AWGN relay channel.

variables. There are power constraints on the two input sequences X7’
and X3, namely

1 n
EZE [(XZ] <P, t=1.2. (9.4)
i=1
As a third example, for wireless networks the relay can often not
transmit and receive at the same time. In this case, one should add the
following constraints to the model:

Yo = 0if Xp £ 0 (9.5)
B<PriXo=0<~v

for some # and v with 0 < <1 and 0 <~ < 1. The constraint (9.6)
puts limits on how often the relay can transmit.

9.2 Decode-and-Forward

The relay channel was studied early on in [63]. The capacity of the
relay channel is still not known in general! We will develop three coding
strategies for this channel, and show that these can sometimes achieve
capacity. The first strategy uses a technique called block-Markov super-
position encoding and is now often called Decode-and-Forward (DF).
The second strategy adds partial decoding, and the third strategy com-
bines block-Markov coding with binning. The second and third strate-
gies are described in the appendix of this section. All three strategies
are due to Cover and El Gamal [16].
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Block 1 Block 2 Block 3 Block 4
21y (1, wr) ziy(wi, wo) zi5(w2, w;) ziy(ws, 1)
x5 (1) zhy(w1) whs(ws) g (ws)

Fig. 9.4 Block-Markov superposition encoding for the relay channel assuming the relay
decodes correctly.

Code Construction: Consider a distribution Px, x,(-). Encoding is per-
formed in B + 1 blocks, and for ease of analysis we will generate a
separate code book for each block (see Figure 9.4 where B + 1 =4).
That is, for block b, b=1,2,..., B + 1, generate 2"% codewords x%,(v),
v=1,2,...,2"% by choosing the symbols xz,;(v) independently using
Px,(-). Next, for every 3, (v), use superposition coding and generate
2nft codewords (v, w), w= 1,2,...,2"% by choosing the z1p;(v, w)
independently using Py, |x, (*[725i(v))-

Source Terminal: The message w of nRB bits is split into B equally-
sized blocks w1, ws,...,wp of nR bits each. In block b, b=1,2,...,B +
1, the source transmits x7, (wp—1,wp), where wg = wp41 = 1. This type
of transmission is called block Markov superposition encoding.

Relay Terminal: After the transmission of block b is completed, the
relay has seen yg;. The relay tries to find a wj such that

(x?b(wb—l(Q)amb)axgb(wb—l(Q))aygb) € Ten(PX1X2Y2)7 (97)

where w,_1(2) is the relay terminal’s estimate of wy_1. If one or more
such wy, are found, then the relay chooses one of them, calls this choice
wp(2), and transmits Thh41) (wp(2)) in block b + 1. If no such wy(2) is

found, the relay sets w(2) = 1 and transmits xg(bﬂ)(l).

Sink Terminal: The sink decodes by using a sliding window decoding
method [11, 72]. After block b, the receiver has seen yg(b_l) and yi;,
and tries to find a wp_1 such that
(@Y -1y (Wo—2(3), Wp—1), 25,1y (Wp-2(3)), y55_1)) € T¢' (PxyX2v3)
and
(3 (Wo—1),y3) € T (Pxavs), (9.8)

where w,_2(3) is the sink terminal’s estimate of wp_5. For example,
after block 2 terminal 3 decodes w; by using y3; and y%, (see Figure 9.4).
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If one or more such w,_1 are found, then the sink chooses one of them,
and puts out this choice as wy_1(3). If no such w,_; is found, the sink
puts out wp_1(3) = 1.

Analysis: Let & o and 5 be the respective events that the relay finds
no appropriate w, and that it finds a Wy, # wy that satisfies (9.7). Sim-
ilarly, let £, and Eggr be the respective events that the sink finds no
appropriate Wy_1 and that it finds a w,_1 # wp_1 that satisfies (9.8).
We further define F,_1 to be the event that no errors have been made
up to block b. We can write the overall probability of error as

B B+1
Pp =Pr ngbugggf U ves]
b=1 b=2

B
=Pr[£ UEH ]+ Pr([€9 UEMT U [E5 U LT Fo ]
b=2
+ Pr [SP?(BH) U S§(E+1) | FB]. (9.9)

The expression (9.9) specifies that we can consider each block sepa-
rately by assuming that no errors were made in the previous blocks.
The overall block error probability Pg will then be upper-bounded by
B + 1 times the maximum error probability of any block.

So suppose that no errors were made up to block b. We divide the
error analysis into several parts. Let 0 < €1 < € < l1x, X,Y5Y3-

(1) Suppose that (@ (wp—1,wp ), 25, (Wp—1), Y3, y3) & T2,
(Px,x,v,v;) for any b, where wp—1(2)=wp—1 and
Wp—2(3) = wp_o since Fp_q1 has occurred. The probabil-
ity of this event approaches zero with n. Thus, with
probability close to one, both the relay and sink will find
at least one w, and w,_; that satisfy (9.7) and (9.8),
respectively.

(2) Suppose the relay finds a wy, # wy, satisfying (9.7), where
in (9.7) we set wy—1(2) = wp—1. The erroneous 7, (wy—1,wp)
was chosen using Px,|x, (-|Zapi(wp-1)). We can thus use
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Theorem 7.1 to write

Pr (&350 [Fy-1 N €] < Z o—n[I(X1;Y2|X2)—2eH (X1]X2)]
Wy AWy
<2n[R—I(X1;Yz\X2)+26H(X1|X2)]’ (9.10)

where E?b is the complement of Egb.

(3) Suppose the sink finds a wy_1 # wp_1 satisfying (9.8), where
in (9.8) we set wp—_2(3) = wp—2. The erroneous a:’f(b_l)(wb,Q,
wy—1) was chosen using Px,|x,(-[T2@p—1)i(wp—2)). Further-
more, the erroneous x5, (Wy—1) was chosen independent of the
erroneous x’f(b_l)(wb_g,wb_l) and independent of all other
past events. The result is

Pr (&350 [Fy1 N EY]
< Z o—nlI(X1;Y3]X2)~2¢H(X1|X2)] | 9—n[l(X2;Y3)—2¢H (X2)]

Wp_1FWp—_1

< 211[1%71()(1)(2;YZ’))JrZGI'I(XlX2)}7 (911)

where é_'gb is the complement of Sgb.

Combining (9.10) and (9.11), and letting B become large, we can
approach the rate
R = max min[I(Xl;Y2|X2),I(X1X2;Y3)]. (912)
PX1 Xo ()
The mutual information I(X;;Y2|X2) in (9.12) represents the infor-
mation transfer on the source-to-relay link, while the mutual informa-
tion I(X1X9;Y3) represents the combined information transfer from the
source and relay to the destination.
We will later show that the following is an upper bound on the relay
channel capacity:
C S max min[I(Xl;YQYg‘XQ),I(XlXQ;YEg”. (913)
Px,x,())
Note that an additional Y3 appears in I(X1;Y2Y3|X2) in (9.13) as com-
pared to (9.12).
We remark that (9.12) can be achieved in several ways [38]. For
instance, the book [18, Sec. 14.7 on pp. 428-432] follows the approach
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of [16] by combining block-Markov superposition encoding with par-
titioning or binning (see also [5, 30], where this method is extended
to multiple relays). Yet a third approach is to replace sliding window
decoding with a backward decoding technique described in [67, Sec. 7].

9.2.1 Examples

As a first example, consider the relay channel of Figure 9.2. The rate
(9.12) is only 1 bit per clock tick because we require the relay to decode
the message w. Clearly, the above strategy is not very good for such a
network. Both of the strategies in the appendix of this section remedy
this problem.

Consider next the AWGN relay channel of Figure 9.3. We specialize
the model: consider the geometry of Figure 9.5 for which the channel is

X
Yy = 71 + 23

X
Vs =X| 4+ 2 + Zs, (9.14)

1-d

where Zy and Z3 are unit-variance Gaussian random variables. We
choose px, x, (+) to be zero-mean Gaussian with E [X?] = Py, E[X3] =
Py, and E[X;X5] = pv/P1 P,. We compute (9.12) to be

9
R— max min {HOg (1 N <1f>>P1> 7
<1 2

0<p< d?
Py VP Py
2 . Nl
a—ag " ”\1—d|>] (915)

1
§log (1 + P+

The resulting optimized p and rates are plotted in Figure 9.6 as
the curves labeled “strategy 1.” For instance, suppose that d=1,
in which case the optimum p is 0 and the best achievable rate is
logy(1 4+ 10)/2 ~ 1.73 bits per clock tick. This is the same rate that

B R R

Source Relay  Destination

Fig. 9.5 A single relay on a line.
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Fig. 9.6 Rates for an AWGN relay channel with P; = P> = 10.

we can achieve without a relay. However, for d — 0 we have p — 1
and R — logy(1 + 40) ~ 2.68 bits per clock tick. Now the relay boosts
the rate substantially. The curve labeled “strategy 2” gives the rates
of the compress-and-forward strategy described in the appendix of this
section. (The partial-decode-and-forward strategy of the appendix gives
the same rates as “strategy 1”7 for this problem.) The curve labeled
“upper bound” in Figure 9.6 gives an upper bound on C'. We show how
to compute this curve later.

9.3 Physically Degraded Relay Channels

Recall that the capacity region of the broadcast channel is still not
known, but for physically or stochastically degraded broadcast chan-
nels we know that superposition encoding achieves capacity. One might
therefore suspect that the same is true for relay channels. Unfortu-
nately, this is not quite the case.
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Consider the AWGN relay channel of (9.3). A natural definition
for a stochastically degraded relay channel is that o3 < O'%, or perhaps
some other relation between P;, Py, a%, and U%. However, as we have
seen in Figure 9.6, the block-Markov superposition encoding scheme
developed above does not achieve capacity except in trivial cases. This
seems discouraging.

Consider, then, the more restrictive physically degraded model

Yo=X1 + 25
Vs=X1+ Xo + Zo + Z3
:XQ—I—YQ—{—Zg, (916)

where Z3 is a Gaussian random variable of variance &% that is indepen-
dent of all other random variables. We now have that X; — [Ya, Xs] —
Y3 forms a Markov chain, and therefore

I(X1;Y2Y3|Xo) = 1(X1;Ya| Xo) + I(X1;Y3|X0Y2)
= I(X1;Y2|X2) (9.17)

for any input distribution Px, x,(-). That is, the capacity lower bound
(9.12) and upper bound (9.13) are identical and block Markov superpo-
sition encoding is optimal. One can obviously extend this result to any
relay channels for which X; — [Y2, X3] — Y3 forms a Markov chain [16,
Sec. 14.7]. This example shows that, unlike for broadcast channels,
physical degradation is not “equivalent” to stochastic degradation, in
the sense that the capacities can be different.

Consider next a “reversely” physically degraded relay channel,
i.e.,, we have that X; — [Y3,Xo] — Y5 forms a Markov chain. We now
compute

I(X1;Y2Y3|Xo) = I(X1; Y3 Xo) < I(X1X2;Y3) (9.18)

for any input distribution Px, x,(-). This implies that the upper bound
(9.13) is

C < max max I(X;;Y3| X2 = a), (9.19)
a€Xs Px, ()

where X3 is the alphabet of X5 [16, Thm. 2]. The rate (9.19) is certainly
achievable, so we have equality in (9.19).
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9.4 Appendix: Other Strategies
9.4.1 A Partial Decoding Strategy

One of the limitations of the strategy developed in Section 9.2 is that
the relay decodes all the message bits. To circumvent this problem, we
split W into two parts W’ and W” with respective rates R’ and R”,
and demand that the relay decode only W'. Such a partial decoding
strategy can be designed by introducing an auxiliary random variable
U and creating a separate codebook for W’. The following strategy
is often called Partial-Decode-and-Forward or Multipath Decode-and-
Forward (see [39, Sec. 4.2.7]).

Code Construction: Consider a distribution Pyx,x,(-). Encoding is
again performed in B+ 1 blocks (see Figure 9.7 where B+ 1=
4). For block b, generate 2R codewords xhy(v), v= 1,2,..., 2%
by choosing the z9p(v) independently using Px,(-). Next, for
every x1;(v), use superposition coding and generate 28 codewords
up(v,w), w= 1,2,...,2"% by choosing the wuy;(v,w) independently
using Py x, (+|r2pi(v)). Finally, for every (x5, (v),uy (v,w)) choose ondt”
codewords a7, (v,w,t), t =1,2,... ,2"F" by choosing the Z1pi(v,w) inde-
pendently using Px, | x,v (-|726i(v), upi(v,w)).

Source Terminal: The message w’ of nR'B bits is split into B equally
sized blocks wy,ws,...,wp of nR' bits each. Similarly, w” of nR’B
bits is split into B equally sized blocks t1,ts,...,t5 of nR" bits each. In
block b, b =1,2,...,B + 1, the source transmits 7, (wy—1,ws, ), where
wo =wp41 =tpy1 = 1.

Block 1 Block 2 Block 3 Block 4
oy (1w, ) ziy(wy, wa, t) Ti5(wa, w3, t3) riy(ws, 1,1)
uy (1, wy) ugy(wy, wy) ugs(w2, w3) uyy(ws, 1)
x5 (1) zhy(wr) zhs(ws) gy (ws)

Fig. 9.7 A partial decoding strategy for the relay channel assuming

correctly.

the relay decodes
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Relay Terminal: After the transmission of block b is completed, the
relay has seen yr;. The relay tries to find a wj such that

(uty(Wp—1(2),p), 25, (Wp-1(2)), y35) € T (Puxsys)- (9.20)

where w,_1(2) is the relay’s estimate of wy_1. If one or more such w,
are found, then the relay chooses one of them, calls this choice wy(2),
and transmits xg(b+1)(wb(2)) in block b + 1. If no such w, is found, the
relay sets wp(2) = 1 and transmits xg(bﬂ)(l).

Sink Terminal: After block b, the receiver has seen yg(bfl) and yx,, and
tries to find a pair (@y_1,%,_1) such that
(u o1y (Wp—2(3), Wp1), 27,1 (Wo—2(3), Do—1, 1),
Jfg(b,l)(11)572(3)),y§(b,1)) € T2 (Pux, x,v3)

and (23, (Wp-1),y3) € T¢'(Pxy3); (9.21)

where w,_5(3) is the sink terminal’s estimate of w,_o. If one or more
such pair is found, then the sink chooses one of them, and puts out this
choice as (p_1(3),%_1(3)). If no such pair is found, then the sink puts
out (wp-1(3),1-1(3)) = (1,1).

Analysis: We use the same approach as in Section 9.2, and suppose
that no errors were made up to block b. We again divide the error
analysis into several parts, and summarize the results. Let 0 < €1 < e <

HUX1X2YaY3+
(1) With probability close to 1, for every b we have
(u (wp), 21y (wp—1,Wwp, t6), T3 (Wo—1), Yoy, Y3p) € Tey (Pxy Xavavs)-
(2) The relay decoding step requires
R < I(U;Y5]X3). (9.22)
(3) The sink decoding step requires

R < I(UX1;Y3|Xs) + 1(X2;Y3)
R’ < I(Xl,Yé’XQU)
R + R' < I(UX1;Y3|X2) + I(X2;Y3). (9.23)
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We have R = R’ + R”. Combining (9.22) and (9.23), for large B we
can approach the rate

R= max min[[(U;Y|Xs) + I(X1; V3| XoU), I(X1X;Y3)]. (9.24)

Pyxx,()

The rate (9.24) is the same as (9.12) if U = Xj.

Example 9.1. Consider the relay channel of Figure 9.2, and recall
that the rate (9.12) is only 1 bit per clock tick because we require
the relay to decode w. Suppose we instead use the partial-decode-and-
forward with U = X117, and where X711, X2, and X9 are statistically
independent coin-flipping random variables. We compute

I(U,YQ’XQ) = H(YQ’XQ) = H(Xll’XQ) = H(XH) =1
I(X1;Y3|XoU) = H(Y3| XoU) = H(X2X12| XoU) = H(X12) =1
I(X1X9;Y3) = H(Y3) = H(X11 X12) = 2. (9.25)

Thus, we find that R = 2 bits per clock tick are achievable, which is
clearly optimal.

Example 9.2. Suppose the relay channel is semi-deterministic in the
sense that Y5 = f(X1,X>) for some function f(-). We can then choose
U = Y3 without violating the Markov chain U — [X7, Xa] — [Y2,Y3] and
find that (9.24) reduces to

R = max min[H(Y2|X2)+I(Xl;Y3|X2Y2),I(X1X2;YE)))]. (926)

PX1X2 ()
But the capacity upper bound (9.13) is
C S max min[I(Xl;Y2|X2) + I(Xl;}/g|X2Y2),I(X1X2;}/3)]
PX1 X9 ()
= max min[H (Y2|X2) + I(X1;Y3]X2Y2), [(X1X9;Y3)].  (9.27)
Py, x,(")
Partial-decode-and-forward therefore achieves the capacity of semi-
deterministic relay channels [21] and this capacity is given

by (9.26).
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9.4.2 Compress-and-Forward

We next develop a strategy that uses block Markov encoding, superpo-
sition, and binning (see [16, Thm. 6]). This strategy is now often called
Compress-and-Forward (CF).

Code Construction: Encoding is performed in B + 1 blocks, and we
again generate a separate code book for each block (see Figure 9.8 where
B +1=4). For block b, b=1,2,...,B + 1, generate 2™ codewords
o (w), w=1,2,.. .,2"E by choosing the z13;(w) independently using
Px, (-). Similarly, generate 2"%2 codewords xhy(v),v=1,2,.. L 2nft by
choosing the zgp;(v) independently using Py, (-). Finally, introduce an
auxiliary random variable Y5 that represents a quantized and com-
pressed version of Y, and consider a distribution Pf/zl XQ(.). For each
xh, (v), generate a “quantization” cod}e book by generating on(Ra+Ry)
codewords g (v,t,u), t =1,2,...,2"% 4 =1,2,...,2"% by choosing
the gopi(v,t,u) independently using Py2|X2('|$2bz'(U))~

Source Terminal: The message w of 28 bits is split into B equally
sized blocks wy,ws, ..., wp of 2"F bits each. In block b, b=1,2,...,B +
1, the source transmits x1(wp), where wpq = 1.

Relay Terminal: In block b =1, the relay transmits x5 (1). After block
b, the relay has seen y%,. The relay tries to find a (¢,1,) such that

(95 (b, T, n ), 5 (v5), y5y) € T2 (Py x,y,)- (9.28)

If one or more such (#,1) are found, then the relay chooses one of
them, sets vy11 = Uy, and transmits Ty(p41)(vp+1). If no such pair is
found, the relay sets vp41 = 1 and transmits z9(41)(1).

Block 1 Block 2 Block 3 Block 4
i (wr) Ty(w2) Ti3(w3) zyy(1)
x5 (1) w35(va) wh3(v3) 5, (vs)
Lt ) | [ te ) || (s ts,v0) |

Fig. 9.8 A compress-and-forward strategy for the relay channel.
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Sink Terminal: After block b, b =2,3,...,B + 1, the receiver has seen
the sequence of outputs yg(b—l) and yy,, and tries to find a o, such that

(25 (), y3p) € T (Px,v3)- (9.29)

If one or more such 7, are found, then the sink chooses one of them,
and puts out this choice as 05(3). If no such vy is found, the sink puts
out 0p(3) = 1. Next, the sink considers yg(b_l) and tries to find a f5_;
such that

(55—1) (0-1.(3), To—1,05(3)), 25, _1) (06-1(3)), ¥3-1)) € T¢' (Py, x,v,):
(9.30)

where 0,_1(3) is the sink terminal’s estimate of vp_1. If one or more
such t;_; are found, then the sink chooses one of them, and calls this
choice #,_1(3). If no such #,_1 is found, the sink sets #,_1(3) = 1. Finally,
the sink tries to find a @;,_; such that

~

(@3 (1) (Wo-1), 925 (06-1(3), 6-1(3), 0(3)), 2551y (%-1(3)), Y35 1))

If one or more such w,_; are found, then the sink chooses one of them,
and calls this choice w,_1. If no such w,_q is found, the sink sets
Wy—1 = 1.

Analysis: The analysis follows familiar steps, and we summarize the
results.

(1) The relay quantization step requires
Ry + RIQ > I(YQ;YQ’XQ). (932)
(2) The sink’s three decoding steps require
Ry < I(Xz;Y3) (9.33)
R/ < I( Y3|X2) (934)
R < I(X1;Y2X,Y3)
(Xl,Yng]Xg) (9.35)
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For the bounds (9.32) and (9.35), we choose R}y = I(Ya;Y3|Xy) — &
for appropriate §, and require that Y3 — [X9,Y3] — Y forms a Markov
chain. We thus have, using (9.32),

Ry > I(Ya; Ya|Xo) — I(Ya; V3| X3) + 0
= I(Ya; Y| XoY3) + 6. (9.36)

Combining (9.35) and (9.36), we have the achievable rate
R = I(X1;Y2Y3|Xs), (9.37)
where the joint distribution of the random variables factors as
Px,(a) Px, () Pryyy x, x, (¢, d]a, b) Py, (£1D,¢) (9.38)
for all a,b,c,d, f, and the joint distribution satisfies
I1(Ya; Ya| X3Y3) < I(X; Y3). (9-39)

The rate (9.37) reminds one of a MIMO system with one transmit
antenna and two receive antennas. After all, the destination receives
both Y3 and an approximation Y5 of Y.

Example 9.3. Consider again the relay channel of Figure 9.2 but now
with the compress-and-forward strategy. We choose }/}2 =Y, = Xy, and
choose X11, X2, and Xs to be independent coin-flipping random vari-
ables. We compute

I(X1;YaY3]Xo) = H(Y2Y3]Xo) = H(X11 X12X3|X2) = H(X11X12) =2
I(Yy; 2| X5Y3) = H(Y2|X5Y3) = H(X11|X2X15) = H(X11) =1
I(X5;Y3) = H(Y3) — H(Y3]|X2)
— H(X2X12) — H(X>2X12]Xs) = 1 (9.40)

and again find that R =2 bits per clock tick are achievable. Thus,
both the partial-decode-and-forward and compress-and-forward strate-
gies achieve capacity.
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Example 9.4. Consider the AWGN relay channel of Figure 9.3. We
use compress-and-forward with X; and X9 Gaussian, and Yo =Y, +
Zo, where Zs is a Gaussian random variable with zero-mean, variance

Ny, and that is independent of all other random variables. The rate
(9.37) is then

1 P
R=-log|14+—"1 1P, 9.41
2 8 < d?(1 + No) 1) 940

where the choice

. P(1/d*+1)+1
N = 1132/(1 — d)?

(9.42)

satisfies (9.39) with equality. The rate (9.41) is plotted in Figure 9.6
as the curve labeled “strategy 2.” Observe from (9.41) and (9.42) that
compress-and-forward achieves capacity as P» — oo or d — 1.
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The Multiple Relay Channel

10.1 Problem Description and An Achievable Rate

We extend the relay channel of Figure 9.1 to include two or more relays,
and we generalize the multi-hopping strategy of Section 9.2. Consider
the two-relay model of Figure 10.1, and recall that the basic idea of the
strategy of Section 9.2 is to “hop” the message blocks wiy,ws,...,wp
successively to the relay, and then to the source. One can generalize
this approach in a natural way as shown in Figure 10.2. This technique
appeared in [38, 72, 73], and it generalizes the strategy of [11].

Code Construction: Consider a joint distribution Py, x,x,(-) and gen-
erate codewords %, (w1), o, (w1, w2), and x7, (w1, w2, w3) using Px,(-),
Py x5 (-|73pi(w1)), and Py, |x, x5 (+[v2pi (w1, w2), 230 (w1)), respectively,
forb=1,2,....B+2,w;=1,2,...,2" fort =1,2,3, andi =1,2,...,n.

Note that transmission is performed in B + 2 blocks. The %, (w)
can be viewed as cloud centers, the (w1, w2) as satellites, and the
xly (w1, w2, w3) as satellites of the satellites.

Terminal 1: The message w of nRB bits is divided into B equally sized
blocks wi,wo,...,wp of nR bits each. In block b, b=1,2,...,B + 2,

388
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Terminal 2

w w
Source Terminal 1 Terminal 4 Sink
Terminal 3
Fig. 10.1 The relay channel with two relays.

Block 1 Block 2 Block 3 Block 4
(1,1, wy) 2i5(1, w1, wo) ziy(wi, wa, w3) || @y (wa, w3, wy)
zhy(1,1) (1, w1) wh(wr, wa) (w2, w3)

2% (1) ziy(1) whs(wr) k(W)

Block 5 Block 6 Block 7 Block 8
o5 (w3, wy, ws) || 2wy, ws,we)| | @Yy (ws, we, 1) og(we, 1,1)
5 (w3, wa) Thg(ws, w5) T (ws, we) whs(we, 1)
w5 (ws3) wh6(ws) w7 (ws) zh(we)

Fig. 10.2 Block-Markov superposition encoding for the multiple relay channel assuming the
relays decode correctly.

the source terminal transmits x1p(wp—go,wp—1,wp), where w_; = wy =
wpy1 = wpy2 = 1.
Terminal 2: After the transmission of block b is completed, relay ter-

minal 2 uses yh, and its past estimates wp_2(2) and wp—1(2), and tries
to find a Wy, such that

(x?b(wb—2(2)’wb—1(2)’ﬂ)b)’jgb’igb’y;b) € Ten(PX1X2X3Y2)a (10'1)

where 7, and &}, are the codewords corresponding to wy—2(2) and
wp—1(2). If one or more such wy are found, then the relay chooses one



390 The Multiple Relay Channel

of them, calls this choice wy(2), and transmits o1 (Wp—1(2),%5(2))
in block b+ 1. If no such Wy, is found, the relay sets w,(2) =1 and
transmits x5, ;) (wp—1(2),1).

Terminal 3: After block b, relay terminal 3 uses yg(b_l), Yy, and its
past estimates wp_3(3), Wp—2(3), and tries to find a wy_1 such that

(@ (1) (Wp—3(3), Wp—2(3), Wp—1), 85,1, T55—1)+ Y3(p—1))

€ TETL(PX1X2X3Y3)
and

(xgb(wa?)(?’%wal)vﬁgwyi?b) € Ten(PX2X3Y3)’ (10-2)

where 55721(1)—1)’ :%g(b_l), and Z%, are the codewords corresponding to
wp—3(3) and wp_2(3). If one or more such wy_; are found, then the
relay chooses one of them, calls this choice w,—1(3), and transmits
$g(b+1)(lz)b_1(3)) in block b+ 1. If no such wy_; is found, the relay
sets Wp—1(3) = 1 and transmits xg(bﬂ)(l).

Terminal 4: After block b, terminal 4 uses yg(b_Q), yg(b_l), Yy, and
Wp—4(4), Wp—3(4), and tries to find a wy_o such that

(@ (pg) (Wo—1(4), Wp—3(4), Do—2), T332 T35—2)> Yi(p—2))
€ T (Px, X2 X31)

and
(@5 (p—1) (Wo—3(4), Wo—2), 25, _1): Ys(p—-1)) € T (Pxox5v4)

and
(xgb(wb*Q)vyZb) € TEn(PX3Y4)‘ (103)

If one or more such w,_9 are found, then the sink chooses one of them,
and puts out this choice as wy_2(4). If no such w,_s is found, the sink
puts out wp_o(4) = 1.

Analysis: The analysis is similar to that in Section 9.2. Summarizing
the result, we find that terminals 2, 3, and 4 can decode reliably if the
following respective conditions hold:

R < I(X1;Y2|X2X3) (10.4)
R < I(X1;Y3| X2 X3) + 1(X2;Y3|X3) (10.5)
R < I(X1;Yy| X2 X3) + 1(X2;Ys|X3) + I(X3;Y)). (10.6)
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Combining (10.4)—(10.6), and letting B become large, we can approach
the rate
R = max miIl[I(Xl;Y2|X2X3),I(X1X2;Yé’Xg),I(XleXg;Yzl)].
Px, x5x5()

(10.7)

We remark that one can exchange the roles of terminals 2 and 3 and
achieve a rate that might be larger than (10.7). One can further gen-
eralize the above approach to more than two relays in a natural way.
That is, we will have one bound per hop or one bound per decoder.
Moreover, there is a delay of one block per hop before the message wy,
is decoded at the destination.

10.2 Cut-set Bounds

We wish to develop a capacity upper bound for relay channels. However,
this bound is just as easy to develop for networks with multiple sources
and sinks, so we take a more general approach (see also [18, Sec. 14.10]).

Consider the Discrete Memoryless Network (DMN) depicted in
Figure 10.3. There are three messages, each destined for one or more
sinks, and four terminals. We see that this network has multiple access-
ing (terminals 1 and 2 to terminal 3), broadcasting (terminal 2 to ter-
minals 1 and 3), and relaying (terminal 1 to terminal 4 with the help

WE FV%(D Fm (3)

Terminal 1 X7 Terminal 3
Wy(3) & gwg@
Xy
Terminal 2
Yy Terminal 4

T A
gwl (4)

Fig. 10.3 A DMN with four terminals.
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of terminal 2). More generally, a DMN has T terminals and a channel
defined by a conditional probability distribution

Pyrixr (b"|a"), (10.8)

where X7 = X1, Xo,.... X7, YT =Y1,Ys,...,Yr, and X; and Y; are the
respective inputs and outputs of terminal ¢. The other elements and
rules of a DMN are similar to those already described in Section 9.1
for the relay channel, and we list them below.

® The network is synchronous in the sense that a universal clock
governs the transmissions of the X3; and Y. The clock ticks
n times and terminal ¢ can transmit X;; after clock tick i — 1
and before clock tick ¢ for 1 =1,2,...,n. Terminal ¢ receives
Y;: at clock tick 1.

® There are M statistically independent messages W,,, m =
1,2,...,M. Message W,, has entropy nR,, bits so the rate
of Wy, is R,, bits per clock tick. Each message originates
at exactly one vertex, but this message can be destined for
any of the other T" — 1 vertices. Thus, each vertex has up to
2T=1 _ 1 messages, one for each of the 27~! — 1 non-empty
subsets of the other T" — 1 vertices.

e Let M(t) be the set of indexes of the messages originating
at terminal ¢ and define Wg = {W,,, : m € S}. The input Xy,
is a function of W) and the channel outputs Yti_l.

® The channel outputs Y;; are noisy functions of the channel
inputs Xy, i.e., we have

Yi = fi(X1i, Xoiy o, X733 Zi) (10.9)

for some functions fi(:), t=1,2,...,T, and for some noise
random variable Z; that is statistically independent of all
other noise and message random variables.

e Let D,, be the set of terminals that decode W,,, and let
Wm(t) be the estimate of W,, at node t, t € D,,. The
capacity region C is the closure of the set of rate-tuples
(R1,R2,...,Ry) for which, for sufficiently large n, there are
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encoders and decoders so that the error probability

6 U {Wm(t)#Wm}] (10.10)

m=1 teDm

Pr

can be made as close to 0 as desired (but not necessarily
exactly 0).

We return to our bound and partition the set of terminals 7 =
{1,2,...,T} into two sets S and S. We call the pair (S,S) a cut. We
remark that the terminology “cut” usually refers to a set of edges of a
network graph [24] and one can unify this approach with what follows
(see [39, Sec. 3.7.1)).

We say that the cut (S,S) separates a message W, and its estimate
Wi (t) if W, originates at a terminal in S and ¢ € S. Let M(S) be the
set of messages separated from one of their estimates by the cut (S,S),
and let Ryys) be the sum of the rates of these messages. We further
define X¢ = {X}' : t € S}, and similarly for Y, X5, and Ys. The rates
for reliable communication are bounded by

<n-I(Xsr;Ys|Xsp), (10.12)
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where (a) follows by Fano’s inequality, (b) by choosing I to be uni-
formly distributed over {1,2,...,n}, and (¢) because conditioning can-
not increase entropy, and because

Prxryr(iya®,bh) = Pr(i) Pyr p(a’ i) Pyrxr (b |a”) (10.13)

for all 4, a” and b?. Note that in (10.13) we have used the channel
distribution (10.8).

Let R(PXIT,S) be the set of non-negative rate-tuples
(R1,Ry...,Rys) that are permitted by (10.12). We note the fol-
lowing important fact: the distribution (10.13) is the same for all S.
We thus find that, for a given Pxr, the reliably achievable rate-tuples
must lie in the set

R(Pxr) = [ R(Pxr,S). (10.14)
SCT

Thus, the capacity region C must satisfy
cc | N R(Pxr,S). (10.15)

Pyr SCT

We emphasize that (10.15) involves first an intersection of regions and
then a union, and not the other way around. We further remark that the
intersection in (10.15) involves many regions for every Py (-). However,
we do not need to evaluate all of them: we can choose any subset of
the regions, and we will still have a capacity outer bound given Pyr(-).
However, we must optimize (10.15) over all Pyr(-). Fortunately, this is
a convex optimization problem, since the mutual informations (10.12)
are concave functions of Pxr(-), and the set of Pyr(-) is convex.

10.3 Examples

For example, consider the relay channel of Figure 9.1. The bound
(10.15) on the capacity C' is

CS max min[I(Xl;Y2Yg|X2),I(Xle;Yg)]. (10.16)

Px,x,(5)

For the Gaussian relay channel, the maximization over Px,x,(+)
becomes a maximization over densities px, x, (-) satisfying E [X?] < P,
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and F [XQQ] < P,. A conditional maximum entropy theorem ensures
that px, x, () should be Gaussian. The resulting capacity upper bound
is

1 1
R = max min |:210g (1 + (1 - p*)Py (d2 + 1)) ,

0<p<1
Py JPi P,

2 10.1

i—a? " pldﬂ (10.17)

1
§log <1 + P +

and is plotted in Figure 9.6.

As a second example, consider the two-relay channel of Figure 10.1.
There are four cuts to consider, namely S = {1}, S = {1,2}, S = {1,3},
and § = {1,2,3}. The bound (10.15) on the capacity C' is

C < max min[l(X1;Y2Y3Ys|X0X3),1(X1X0;Y3Y,|X3),

P(x1,r2,13)

I(X1X3;Y2Yy| X2), [(X1X2X3;Y))]. (10.18)

As a third example, consider a broadcast channel Py,y;|x(-). There
are three cuts &S ={1}, S={1,2}, and § ={1,3}, and the cut-set
bound is the union over Px(-) of the regions R(Py) defined by

Ry <I(X:Y7)
Ry < I(X:Y3)
Ri + Ry < I(X;Y1Ya). (10.19)

For deterministic broadcast channels, the cut-set bound thus defines the
capacity region. (As shown in Section 7.4, we can achieve any (Rj, R2)
satisfying Ry < H(Y1), Ry < H(Y3), and Ry + R < H(Y1Y3) for any
Px(+) for such channels.)

Finally, consider a MAC Py |x, x, (). The cut-set bound is

Rl S I(Xl,Y‘XQ)
Ry < I(X; Y| X))
R + Ry < I(X1X3;Y), (10.20)
where all joint distributions Px, x, (+) are permitted. The resulting outer

bound is not the capacity region of the MAC in general, although it
does give the right mutual information expressions.
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The Multiaccess Channel with Generalized
Feedback

11.1 Problem Description

The multiaccess channel with generalized feedback (MAC-GF) and
with two transmitters (or users) and three sources is depicted in
Figure 11.1. The sources put out statistically independent messages
Wo, W1, Ws with nRg,nR1,nRo bits, respectively. The common mes-
sage W is seen by both encoders. The messages W7 and W5 appear only
at the respective encoders 1 and 2. At time ¢, i = 1,2,...,n, encoder 1
maps (wp,w;) and its past received symbols yi_l = Y11, Y12, - > Y1 (i—1)
to the channel input x1;. Encoder 2 similarly maps (wp,w2) and yé_l to
its channel input xy;. The channel Py,y,y x, x,(-) has two inputs and
three outputs. The decoder uses its output sequence y"™ to compute its
estimate (wg,w,ws) of (wp,wr,ws), and the problem is to find the set

of rate-tuples (Rp, R1,Rg) for which one can make
Pe :Pr[(Wo,Wl,Wg) 7é (Wo,Wl,Wg)] (11.1)
an arbitrarily small positive number. The closure of the region of achiev-

able (Rg, R1, R2) is the MAC-GF capacity region Cyviac.GF-

396
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W, Y Delay
Source 1 Encoder 1 R
Xy "
W gy Wo
Source 0 PYIY?YWIX?( ) Decoder Sink
MACG F W
W X3
Source 2 Encoder 2
Yy Delay

Fig. 11.1 The two-transmitter MAC with generalized feedback.

The terminology “generalized feedback” refers to the wide range of
possible situations the model of Figure 11.1 encompasses. We list a few
cases that have been studied in the past.

(1) The MAC without feedback has Y7 and Y3 being constants.

(2) The MAC with output feedback has Y7 = Y5 =Y. This model
might be appropriate if the receiver has a high capacity link
to the transmitters.

(3) The MAC with degraded output feedback has

Y1 = fi(Y, Z12) (11.2)
Y2 = fa(Y, Z12), (11.3)

where Z15 is a noise random variable. This model limits the
capacity of the feedback links.
(4) The MAC-GF with independent noise has

Y1 = fi(X1, X2, 2y) (11.4)
YQZfQ(Xl,XQ,ZQ) (115)
Y = f(X1,X92,2), (11.6)

where 77, Z5, and Z are statistically independent noise ran-
dom variables. This model might fit a scenario where two
mobile terminals cooperate to transmit their data to an
access point or base station.

(5) The MAC with conferencing encoders has two noise-free links
between the transmitters, as depicted in Figure 11.2. The link
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Wy
Source 1 Encoder 1 N
wy
‘/lrl
Wo Yy Wy
Source 0 Decoder Sink
Wy
Wy
Source 2 Encoder 2

Fig. 11.2 The two-transmitter MAC with conferencing encoders.

from transmitter 1 to transmitter 2 has capacity Ci2, and
from transmitter 2 to transmitter 1 has capacity Cs1. We can
include this scenario in our MAC-GF model as follows. We
abuse notation and write X; = [V1,X;] and X, = [V, X9],
where V; and V5 have alphabet sizes logy(C12) and logs(Cay),
respectively. We further set Y1 = V5 and Yo =V} by defining
the MAC-GF channel distribution to be

Pyiv,vix, x, (y1,y2,y|[v1,21], [v2, 22])
= 1(y1 = v2) - L(y2 = v1) - Py|x, x,(yl71,22). (11.7)

(6) The relay channel is a special type of MAC-GF with Ry =
Ry =0 and Y7 a constant.

We will derive an achievable rate region for the MAC-GF by using
block-Markov superposition coding. We then specialize this region to
the above cases.

11.2 An Achievable Rate Region

Variations of the MAC-GF were studied in [5, 11, 17, 25, 34, 48, 67].
We use block-Markov superposition coding where one new trick is to
introduce three auxiliary random variables U, V7, V5. This seems rather
complicated, but these random variables have natural interpretations.
The random variable U represents information that is common to both
transmitters, e.g., the message Wy. The random variable Vi repre-
sents information that transmitter 1 sends to transmitter 2 to enable
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cooperation. Similarly, Vo represents information that transmitter 2
sends to transmitter 1. One might alternatively interpret the random
variables as representing different paths through the network: a direct
path U to the destination for Wy, two paths Vi, X to the destination
for Wy, where Vj represents the path through encoder 2 and X; the
direct path, and two paths V5, X5 to the destination for W5, where V5 is
the path through encoder 1 and X5 is the direct path. Another impor-
tant trick is to use a backward decoding technique that was invented
by Willems [67].

Code Construction: As for the relay channel, encoding is performed
in B 4+ 1 blocks but we now use the same code books for each block
(see Figure 11.3 where B + 1 = 3). Consider a distribution Pyv, v, x, X,
that factors as Py Py, x, v Py, x,ju- We generate codebooks as depicted
in Figure 11.4.

e Split the rates as Ry = R} + R and Ry = R, + Rj, where
all rate values are non-negative.

e Generate  2n(BotRi+R;) codewords  u"(wp,wy,ws),
wo =1,2,...,2"%0 ) =1,2,... 2" @l =1,2,...,2"% by
choosing the wu;(wp,w],wh) independently using Py (-) for
i=1,2,....n.

e Let w = (wp,w},w)) and generate 2"F1 codewords v? (w,w),
wi =1,2,.. ., 2% by choosing the v1i(w,w}) independently
using Py, 7 (+[ui(w)) for i =1,2,...,n.

e For each tuple (w,w]), generate onRY codewords

e (w,wh,wl),  w!=1,2,...,27% by  choosing  the
Block 1 Block 2 Block 3
u"(wpr, 1,1) u(woe, Wiy, wh) u (w3, Wy, Why)
v ([wor, 1, 1], wyy) V' ([woa, wyy, wh], wlo) V' ([wog, Wiy, whyl, 1)
2 ([wor, 1, 1], why, wiy) 2([woz, wiy, why, why, wiy) || @ ([wos, wig, whol, 1, wiy)
v ([wor, 1, 1], why) v ([woa, Wiy, wh], why) v ([wog, wip, whol, 1)
2y ([wor, 1, 1], why, wh) 2 [woa, Wiy, wh ], why, W) 2y([woz, why, Wi, 1, why)

Fig. 11.3 Block-Markov superposition encoding for a MAC-GF.
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Satellites of Satellites

27([1,1,1),1,1)
Satellites xP([1,1,1],1,2)
v([1,1,1],1) :
Cloud Centers v ([1,1,1],2) «3([1,1,1], 1, Q”RY)
u'(1,1,1) ;
u(1,1,2) vP([1,1, 1], 2")
: 25([1,1,1],2,1
w20 ontt onfy) v ([1,1,1],1) 25([1,1,1],2,2
v3([1,1,1],2) :
: 25 ([1,1,1],2,27%)
vp([1,1,1],2"%%)

Fig. 11.4 A codebook for the MAC-GF with a common message.

r1i(w,wy,wy) independently using Px, v, (Jui(w),v1;
(w,w))) fori=1,2,...,n.

The codebooks for transmitter 2 are generated in the same way,
except that there are now 2nRy and 2"F2 codewords in each of the
respective v§(-) and x5 (-) codebooks.

Encoders: We use the block-Markov encoding strategy depicted in
Figure 11.3. The message wy has nRy(B + 1) bits. The message w,
has n(R;B + RY) bits and is split into two parts w| with nR|B
bits and w{ with nRY(B + 1) bits, respectively (w; and w] have
an extra nR] bits to make the decoding symmetric across blocks).
The message wo is similarly divided into w) and wj. Each of the
five messages wo, w}, wy, wh, and wi is further divided into B sub-
blocks of equal lengths for each message. We use the notation wy
to refer to sub-block b of message wg, and similarly for the other
messages.

Let wy, = (wob’wll(b—l)vwé(b—l)) and suppose that transmitter 1 has
somehow obtained w’2(b_1) before block b. In block b, b=1,2,...,.B + 1,
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encoder 1 transmits
n / 1
2t (wy, wip, W),
A o . .
where wy = w) g, ;) = 1. Encoder 2 operates in the same fashion.

Decoders of Users 1 and 2: After the transmission of block b is com-
pleted, user 1 has seen y7;. User 1 tries to find a @}, such that

(u" (adp), v7 (1, wllb)a o (b, wllbv wlllb)v Ug(wba‘i’lzb%y?b)
€ TS(PUV1X1V2Y1)7 (118)

where wy, is user 1’s estimate of wy that contains an estimate of wé(b_l).
If one or more such @), are found, then user 1 chooses one of them,
calls this choice w),. If no such W}, is found, then user 1 sets @}, = 1.
User 2 operates in the same way.

Decoder: The decoder waits until the last block of transmission is com-
pleted. Given yp,, it tries to find a tuple (w3+1,1b’1’(3+1),ﬁ)g(3+1))
such that

(U (Wp41), 07 (WB+1,1), 27 (WB+1, 1,0 g 41)),

vg(wBJrla 1)7x§(w3+17 17@12/(B+1))7y%+1) € Ten(PUV1X1V2X2Y)'
(11.9)
If one or more such tuple is found, choose one and call it
(ZDB_,_l,tZ)’l’(BH),iZ)g(BH)) (note that wpy1 = [Wo(p41), W)z, Whp]). If no
such triple is found, set (wBH,w;’(BH),wg(BH)) =(1,1,1).

Suppose the decoding for transmission block B + 1 is correct. The
decoder next considers y% and performs the same decoding step as
above except that the first two “1”s in the arguments of (11.9) are
replaced by W] 5, and the second two “1”s by ). The decoder con-
tinues in this fashion until it reaches the first block. It should now be

clear why this is called backward decoding.

Analysis: Consider block 1 and let 0 < €1 < € < Uy, X,V X,Y, Yoy - We
know that, with probability close to one, we will have
(un(wl)av?(’wbw/11)7x711(w17w/117w/1/1)>

vy (w1, wyy ), x5 (wa, Wy, W9 ), Y11, Y5141 ) € Tt (Puvy x,va XaYiYaY )-
(11.10)
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Consider user 1 and suppose that there was a wh; # wh; such that

(un(wl)vU?(whwlll)vx?(wlvwlllvwll/l)vUg(wlvwél)’y?l)
€ T (Puvix,vav)- (11.11)

We upper bound the probability of the event (11.11) by

§ 2—n[I(V2;Y1|UV1X1)—26H(V2|UV1X1)]
Wy Fwh,

< 2n[R’1—I(V2;Y1‘UV1X1)+2€H(V2|UV1X1)] . (1112)

A similar bound can be derived for user 2.

Consider next the decoder and block B + 1. We split the “overall”
error event into 31 disjoint events that correspond to the 31 different
ways in which one or more of the five messages is decoded incorrectly.
For example, consider the event that there was a wg( Bt1) + w(’)’(
such that

B+1)

(un(UN}B+1),’U?(U~JB+1, 1)7'1'711(@3-%17 lvwlll(B+1))7
/U;L(wBJr]_, 1)7x§(w3+17 17w,2/(B+1))7y%+1) € Ten(PUV1X1V2X2Y)'
(11.13)

Note that in this case all five codewords in (11.13) were chosen indepen-
dent of the actually transmitted codewords. We can thus upper bound
the probability of the event (11.13) by

Z 9—n[I(X1X2;Y)—2eH(UV1X1V2X>)]

WoFWo
< 2n[R071(X1X2;Y)+26H(UV1X1V2X2)] (1114)

where we have taken advantage of the fact that
[U7V17V2] - [XlaX2] -Y

forms a Markov chain. Fortunately, this rate bound is redundant, and
so are many of the other bounds on the 31 possible error events. We
leave the details of the analysis to the reader, and simply state the
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decoder’s four resulting rate bounds for reliable communication:

R <I(Xy;;Y|UViVaXo) (11.15)
Ry < I(X2; YUV V2 X)) (11.16)

1+ Ry < I(X1 Xo; YUV V) (11.17)
Ry + Ry + Ry < I(X1X2;Y). (11.18)

In fact, 28 of the 31 rate bounds are dominated by (11.18). Finally, we
combine the bounds (11.15)—(11.18) with the bound (11.12), and with
the counterpart of (11.12) for user 2. The result is that the non-negative
triples (Rg, R1, R2) satisfying the following four bounds are achievable:

Ry < I(X1;Y|UViXa) + I(Vi; Ya|UXa) (11.19)
Ry < I(X2;Y[UVaXy) + I(Va; Y1|U X1) (11.20)
R+ Ry < I(X1 X2;Y|UW V)

IV Ya U Xs) + I(Va ViU X)) (11.21)
Ro+ Ri + Ra < I(X1 XY, (11.22)

where [V1,X;] — U — [Va,X5] forms a Markov chain. It is rather
remarkable that our region requires only four rate bounds despite hav-
ing used a complicated encoding and decoding procedure. Note that,
by Markovity, we have been able to remove either V; or V5 from most
of the mutual information expressions in (11.19)—(11.21). The above
bounds describe a region R(Py, Py, x, v, Pvsx,|v) with seven faces,
four of which arise from (11.19)—(11.22), and three of which are non-
negativity constraints on the rates (see Figure 11.5). We can further
achieve rates in the union of such regions, i.e., we can achieve rates in

R: U R<PU7PV1X1‘U7PV2X2|U)' (1123)

Py,Py, x 0Py xq U
The methods of [67, Appendix A] can be used to show that this region
is convex.

11.3 Special Cases
11.3.1 MAC Without Feedback

The MAC without feedback has Y; and Ys being constants and the
reader can check that we may as well set V; = Vo =01in (11.19)—(11.22).
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Ry

Fig. 11.5 The form of R(Pu, Py, x,|us Pvyxa|U)-

Ry

The resulting region turns out to be the capacity region derived in
Section 8.3.

11.3.2 MAC with Output Feedback

Consider a MAC with output feedback, i.e., we have Y1 =Y, =Y.
Unlike the point-to-point transmission problem (see Section 3.9), now
feedback can sometimes enlarge the capacity region. The bounds
(11.19), (11.20), and (11.22) have no V; and V3, and one can further
check that the bound (11.21) is made redundant by choosing V; = X,
and V2 = Xy. This choice is therefore best. The region (11.19)—(11.22)
is thus

R1 S I(Xl,Y‘UXQ) (1124)
Ry < I(Xo;Y|UX1) (11.25)
Ro + R1 + Ry < I(X1X2Y), (11.26)

where X7 — U — X5 forms a Markov chain. The capacity region of the
MAC with output feedback is still not known in general. Furthermore,
for the AWGN channel

Y=X1+Xo+ 72 (11.27)

one can show that the region defined by (11.24)—(11.26) is strictly inside
the capacity region. In fact, the capacity region for the AWGN channel
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with Ry = 0 turns out to be given by (11.24)—(11.26) but without the
requirement that X; — U — X9 forms a Markov chain. That is, the
capacity region is the set of rate pairs (Rj, R2) satisfying

1

Ry < I(X1;Y|Xs) = 51og(1 + Pi(1—p?)) (11.28)
1

Ry < I(X2;Y|X1) = 51og(1 + Po(1 - p?)) (11.29)

1
Ry + Ry < (X1 X5Y) = 5 log (1 L P+ Pyt 2P Py p) , (11.30)

where p = E[X1X5]/v/P1 P, takes on any value in 0 < p < 1. Observe
that for p =0 the sum of (11.28) and (11.29) is larger than (11.30).
Moreover, as we increase p from 0 to 1, there is a unique p* for which
the sum of (11.28) and (11.29) is the same as (11.30). We next describe
how to achieve this boundary point of the capacity region.

11.3.3 Ozarow’s Strategy

We develop a simple encoding strategy for the AWGN MAC with out-
put feedback. Suppose we map Wi with By uniformly distributed bits
to a point 6, in the interval (—1/2,1/2) by placing a (binary) deci-
mal point in front of the bit string W and interpreting the result as a
(binary) fraction minus (1/2 — 1/281+1). This means that #; has zero
mean. For instance, if W7 =0,1,0,0,1 then we map W7 to the point
(1/4+41/32) — (1/2 — 1/64). We similarly map W3 to a point 2 in
(=1/2,1/2).

Consider the first channel use. Users 1 and 2 transmit the respective

P

Xi1 =4/ = 61 (11.31)
%10
P

Xo1 = (| =5 62, (11.32)
920

where 0%, = E[07] and 03, = E[03] are both 1/12. We have E[ X% ] = P,
and E[X2] = P, by construction.
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Consider now the receiver that computes linear minimum-mean
square error (LMMSE) estimates of #; and 6 given Y;:

- E[61Y1]

o= gy Vi (11.33)
;_ Elf:Yo]
= V7 (11.34)

Note that 611 and o1 are identical. The transmitters can also generate
this estimate because they have output feedback. Let the errors in the
estimates after symbol i be

e1; =01 — 0y (11.35)
€2; = 02 — ;. (11.36)

In subsequent steps, the users correct the receiver’s estimates by
sending

P
X1i= = : €1(i—1) (11.37)
91(i-1)
P
XQZ‘ = 272 62(1-,1),-777,21' (11.38)
99(i-1)

where o2, = E[e2], 03, = E[e3;], and my; is a modulation coefficient

taken to be either +1 or —1. Again, we have E[X%] = P, and E[X3] =
P, by construction. The receiver computes the LMMSE estimate é;_1)
of €;—1) given Y; and forms

. . . . Eleyi-1)Yi
01i = O1(i—1) + €1(i—1) = O1(i-1) + “EYY Y; (11.39)
R N . ~ E[GQ i—1 Y;]
b2i = Os(i-1) + €xi-1) = bai-1) + % . (40

We outline an analysis of the convergence of the error variances aii
when one chooses the modulation coefficients. Consider first

U%i = E[E%z]

= El(e1(i-1) — €1-1))"]
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Eleyi—1)Yi)?

E[Yiz]E[E%(i—n]
E[X1,;Y:]?
=02 |1 .

where the third step follows by the orthogonality principle. We remark
that

Ry; = log (a%(i_l) /a%i) (11.42)

is directly related to the rate of user 1.
Consider next the correlation

Ele; €2i] = El(e1¢-1) — €1¢i-1)) (€2(i-1) — €2(i-1))]
Eleii-1)YilEleyi-1)Yi]

= Ele1(i-1) e26-1)) — B[V (11.43)
We can rewrite this as
2 2
T16i—-1)  92(i-1) M2(i+1)
E[X41)Xoi+1)] = \/ o2 : oZ T
E[X1;Y;| B[ XY,
X [E[XliXQi] _ & 1E[]Y.2[] 2 ]] . (11.44)

We convert the above to a matrix recursion as follows. Let K; be the
covariance matrix of [X1;, X2;]7. We then have

B[Xy Y] = (Kil)g (11.45)
EYY=1TK;1+1 (11.46)

o P (1TKil+1)
Ry; = log (Pk(;TkKiHl)—(Ki;)k) ’ (11.47)

where 1 =[1,1]7 and (V) is the kth entry of the vector V. Using

ma; = (—1)"1, we further have

efi/2 (K D)(KD)T [ efnil2 g

0 —eR2i/2 P 1TK1 + 1 0 —eh2i/2
(11.48)

K=
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that is a matrix recursion related to a discrete-time algebraic Ric-
cati equation (DARE). One can show that (11.48) has a unique fixed
point K. We take the determinant of both sides of (11.48) and find
that this fixed point satisfies
eftiehtz
det K = ————— det K, (11.49)
I'Kl1+1

where we have dropped the index ¢ for fixed point values. Taking log-
arithms of both sides, we find that we have

Ri+ Ry =1log (1" K1+ 1), (11.50)

which implies that the fixed point p = E[X; X5]/+/P; P> described after
(11.30) is the same as p*.

11.3.4 MAC-GF with Independent Noise
Consider a MAC-GF with AWGN and the channel outputs

Y =X1/d + Xo/do + Z (11.51)
Y] = Xo/doy + 74 (11.52)
Yo = X1/di2 + 2o, (11.53)

where the Z, Z1, Zy are Gaussian, zero mean, unit variance, and inde-
pendent of each other and the X; and X,. The d; and d;; represent
distances between the terminals, and they add a geometric compo-
nent to the model. We again impose the constraints £ [Xﬂ < P; and
E [X%} < P,. Let V1, Vo, X3, X9 be jointly Gaussian with

Vi =(VPip)U +\/P{(1 = p2) U] (11.54)
Vo= (v Pop2) U + 1/ PI(1 — p3) Uy (11.55)
X1=Vi+4/PI'(1-pHU! (11.56)

Xo=Vo+\/PI(1 = p2)UY (11.57)
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where U, Uy, U}, U/, and UJ are independent, unit variance, Gaussian,
and where P, = P| + P{', P, = P; + Py/. We compute

1 P{(1—p})/d?
I(V1;Y3|UXy) = ~log [ 1 1 1712 11.58
il = glos (14 T 2t )
1 Py(1 — p3)/d5
I(Vo;Vi|UXy) = ~log [ 1 2 27/ 21 11.59
() = i1+ e o)
1
[(Xy;Y[UVIX,) = Slog (1+ PI(1 = pi)/d}) (11.60)
1
[(X5;Y[UVaXy) = Slog (1 + P (1 — p3)/d3) (11.61)
1
[(X1 Xo; Y [UV Vo) = Slog (1 + PI(1 = p})/di + P3(1 = p})/d3)
(11.62)
. _} 2 2 2 2
I(X1X2;Y) = 210g 1+ Pi/dy + Po/d; + 24/ (P1/d})(P2/d3) pip2 ) -
(11.63)
The achievable-rate bounds (11.19)—(11.22) are therefore
1 Pl(1 — p?)/d?
Ry <=1 1+ P'(1—p?))d?) (1 L 1712
< glon (14 21— b (14 T Mt
(11.64)
1 Py(1 — p3)/d3
Ry < =1 1+ Py —p3/d3) (1 2 27 21
o< gloa (14 710 - ) (14 o Py
(11.65)

1
Ry + Ry < Slog ((1+ P(1 = pi)/di + Py (1 = p3)/ds)

(e DA (1, PO Y
T P - )/ dy) T T B )y
(11.66)

1
Ro + R1 + Rp < ;log (1 + Po/di + Py/d3 + 2\/(P1/d%)(P2/d%) P1P2> :
(11.67)

For example, suppose that dis = do; and dis > di and dqis > ds. One
can check that the achievable mutual informations in (11.64)—(11.66)
are then not larger than their corresponding mutual informations
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(8.17)-(8.19) with P; and P» replaced by the respective Pj/d? and
P/ d%. This means that we may as well set V7 = V5, = 0 and cooperate
only through the U. This makes intuitive sense: if the users are both far-
ther from each other than from the receiver, they need not decode each
other’s data. On the other hand, if d12 < d;j or di2 < do then coopera-
tion by “multi-hopping” part of the message can help. This geometric
insight is especially useful when performing resource allocation (power
allocation) when the channels between the users and the receiver are
time-varying.

11.3.5 MAC with Conferencing Encoders

Recall that the MAC with conferencing encoders has two noise-free
links between the transmitters (see Figure 11.1). The link from trans-
mitter 1 to transmitter 2 has capacity Cis, and from transmitter 2 to
transmitter 1 has capacity Co1. We simply equate the Vi and V5 in
Figure 11.2 with those in (11.19)—(11.22), make V; and V3 independent
of U, X1, and X», and arrive at the achievable region

R < I(X1;Y|UXs) + Ch2

Ry < I(XQ;Y|UX1) + Co9q

R1 + Ry < I(X1X9;Y|U) + C12 + Cop

Ry + Ry + Ry < I(X1X2;Y),

11.68
11.69
11.70

(
(
(
(11.71

)
)
)
)
where X; — U — X forms a Markov chain. Willems [67, Sec. 8] showed

that these expressions give the capacity region after taking the union
described in (11.23).
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Discrete Probability and Information Theory

A.1 Discrete Probability

We begin with basic definitions. A discrete sample space =
{w1,ws,...,wn} is the set of possible outcomes of a random experiment.
An event is a subset of Q including the empty set () and the certain
event() . The probability measure Pr[] assigns each event a number in
the interval [0,1] = {x : 0 < 2z < 1} such that

Pr[Q]=1 (A1)
PrlAUB]=Pr[A] +Pr[B] if ANB=0. (A.2)
The atomic events are the events {w;}, i =1,2,..., N, so we have
PriA] = Prlw, (A.3)
wiGA

where we have written Pr[w;] as a shorthand for Pr[{w;}]. The comple-
ment A° (or A) of event A is the set of all w; that are not in A.

Example A.1. Consider a six-sided die and define Q= {1,2,3,4,5,6}
(see Figure A.1). A fair die has Pr|w;] = 1/6 for all i. The probability of

411
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Sample Space 2

;;;;;;;

Fig. A.1 A sample space with six atomic events.

the event A is therefore |A]/|€2], where |A| be the number of elements
in A.

We say that “event A implies event B,” or A = B, if and only if
A C B. By using (A.3), we thus find that A = B gives Pr[A] < Pr[B].
Equation (A.3) also implies that

Pr[AU B] =Pr[A] + Pr[B] — Pr[AN B]. (A4)
We thus have
Pr[AU B] < Pr[A] + Pr[B], (A.5)

which is known as the union bound.
The conditional probability of the event B given the occurrence of
the event A with Pr[A] > 0 is

Pr[AnN B]

Pr(B|A] = Pr[Al

. (A.6)

The events A and B are said to be independent if

Pr[An B] = Pr|A] - Pr[B]. (A7)
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Thus, if Pr[.A] > 0 then using (A.6) the events A and B are independent
if Pr[B|A] = Pr[B]. On the other hand, from (A.3) we have

Pr[AN B] < Pr[A] (A.8)

so that if Pr[A] =0 then Pr[ AN B] =0 and (A.7) is satisfied. Thus, if
Pr[A] =0 then A and B are always independent.

Example A.2. Consider our fair die and the events A = {1,3,5} and
B ={1,2} in Figure A.1. We find that (A.7) is satisfied so A and B are
independent.

A.2 Discrete Random Variables

A discrete random variable X is a mapping from € into a discrete and
finite set X and its range is denoted by X (). (More generally, Qand
X might both be countably infinite.) The probability distribution Px (-)
is a mapping from X () into the interval [0,1] such that

Px(a) =Prlw: X(w) = q] (A.9)
or simply Px(a) = Pr[X = a]. We thus have
Px(a) >0 forallae X (A.10)
> Px(a)=1. (A.11)
a€X ()
Consider next n random variables X" = X1, Xo,..., X,, with domain

2 and range X"(Q) = X1(2) x X2(Q) x -+ x X,,(Q). The joint prob-
ability distribution Pxn(-) of these random variables is the mapping
from X™(Q) into the interval [0,1] such that

Pxn(a") = Pr [ﬂ{xi = ai}] . (A.12)
=1
We thus have
Pxn(a™) >0 forall a" € X"(Q?) (A.13)
> Pxa(a")=1. (A.14)

aneXxn(Q)
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We further have
-1
Pxn— (an ) = PX17X27--~7X7L—1 (alva?, - ‘aan—l)

= Z PX17X27-4~7Xn71Xn(a’17a27""a’nfl?an)‘ (A-15)

an€Xn ()
The random variables X1, Xo,...,X,, are statistically independent if
n
Pxn(a™) =[] Px,(a:) for all a® € X™(9). (A.16)
i=1

Similarly, X1,Xo,...,X,, are statistically independent conditioned on
the event A with Pr[A] > 0 if, for all a” € X"(Q2), we have

D{Xz‘ =a;}

The support of a random variable X is the set

supp(Px) ={a:a € X,Px(a) > 0}. (A.18)

Pr

A] = ﬁPr [X; = aiA]. (A.17)

The conditional probability distribution Py |x(-) is a mapping from
supp(Px) x Y () into the interval [0,1] such that
Pxy (a,b)
Py x(bla) = ————=
Thus, using (A.16) we find that X and Y are statistically independent
if and only if

Py x(bla) = Py (b) for all (a,b) € supp(Px) x Y (Q). (A.20)

(A.19)

Similarly, we say that X and Y are statistically independent condi-
tioned on Z if

PXY|Z(avb‘C) = PX|Z(a|C)PY|Z(b|C)7 (A.21)

for all (a,b,c) € X(2) x Y(2) x supp(Pz). Thus, we find that X and
Y are statistically independent conditioned on Z if and only if

Py|xz(bla,c) = Py z(blc), (A.22)

for all (a,b,c) € supp(Px) x Y () x supp(Py). Alternatively, X and Y’
are statistically independent conditioned on Z if and only if

Px|yz(alb,c) = Px|z(alc), (A.23)
for all (a,b,c) € X(2) x supp(Pyz).
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A.3 Expectation

Consider a real-valued function f(-) with domain X (€2). The ezpecta-
tion of the random variable Y = f(X) is

ElY]=E[f(X)]= Y Px(a)f(a) (A.24)
a€supp(Px)
One sometimes encounters the notation Ex[Y] if it is unclear which of

the letters in the argument of E[-] are random variables. The conditional
expectation of f(X) given that the event A with Pr[A] > 0 occurred is

BfXOMA= > PriX=al4 f(a), (A.25)
a:Pr[{X=a}nA]>0
where the conditional probability Pr[X = a|.A] is defined as in (A.6).
In particular, if A= {Z = c} and Pz(c) > 0 we have
E[f(X)|Z =] = > Px|z(ale) f(a). (A.26)
a€supp(Px|z(|c))
We can re-write the above definitions in a slightly different way.

Let {B1,Ba,...,Bun} be a collection of events that partition the sample
space, i.e., we have

M
U Bn=0Qand  BinB;=0,i#j (A.27)
m=1
We can then write (A.24) as
E[f(X)] = > Pr(B; N{X =a}] f(a)

t,a:Pr[B;N{X=a}]>0

=Y ey Y PBOUE=alg

, Pr([B;]
©:Pr[B;]>0 a:Pr[B;N{X=a}|>0

= Z Pr[B;] Z Pr(X =a|B;] f(a)
:Pr[B;]>0 a:Pr[B;N{X=a}]>0

— Y Pr[BIBf(X)B] (A.28)
©:Pr[B;]>0

and (A.25) as
Bf(X)A= >, PrBAEf(XBNA.  (A29)

i:PI‘[BiﬂA]>O
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Example A.3. For a discrete random variable Y we can choose By =
{Y = b} and write

E[f(X)= Y P OEfX)Y =0 (A.30)
besupp(Py)
Elf(X)|A] = > Pr[Y = bJA] E[f(X,Y){Y =b} N A].

b:Pr[{Y=b}NA]>0
(A.31)

The identities (A.28)-(A.31) are known as the Theorem on Total
FExpectation.

A.4 Entropy

The entropy or uncertainty of the discrete random variable X is (see [26,
44, 19, 18] for more details)

H(X)= Y —Px(a)log, Px(a). (A.32)
a€supp(Px)

Alternatively, we can write
H(X) = E[-logy, Px(X)]. (A.33)

One sometimes encounters the notation H(Px) rather than H(X) in
order to simplify notation and/or to avoid confusion.

Note that we have chosen to evaluate the logarithm using the base 2,
and we continue to follow this convention for discrete random variables
below. Our entropy units are, therefore, bits. One can extend the def-
inition (A.32) to continuous alphabets and certain continuous random
variables by taking appropriate limits. We will often simply assume that
the results carry over in a natural way to “well-behaved” continuous
random variables (see Appendix B).

Example A.4. Suppose that X = {0,1} and Px(0) = p. The entropy
of X is

Hj(p) = —plogyp — (1 — p)logy(1 — p) (A.34)
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and Hj(-) is called the binary entropy function. Note that Hs(0) =
Hy(1) =0, H2(0.11) =~ 1/2, H2(1/2) =1, and Hy(p) is maximized by
p = 1/2. More generally, we have the following important result where
we recall that |X| is the number of values in X

Theorem A.1l.
0 < H(X) < log, || (A.35)

with equality on the left if and only if there is one letter a in X with
Px(a) =1, and with equality on the right if and only if Px(a) =1/|X]|
for all @ € &, i.e., X is uniform over X.

Proof. Consider first the left-hand side of (A.35) and note that for
0 < p <1 we have —plogyp > 0 with equality if and only if p = 1. Thus,
we have H(X) > 0 with equality if and only if there is one letter a in
X with Px(a)=1. Consider next the right-hand side of (A.35) and
observe that we have

1
But we have the inequality
z—1
logy(z) < )’ (A.37)

where In(z) is the natural logarithm of z, and where equality holds
for > 0 if and only if 2 = 1. Applying (A.37) to (A.36), we find that
equality holds on the right in (A.35) if and only if Px(a) = 1/|X] for
all a € X. O

Example A.5. Consider X = {0,1,2} and Px(0) = Px(1) =p/2 and
Px(2) =1 — p. We have

p p p b
H(X) = —510g2§ - 510g2§ — (1 —p)logy(1 — p)
=p + Hz(p) (A.38)

and H(X) =logy(3) if p=2/3.
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Another interesting property is that Hy(p) is concave in p since

o Halp) =logy =L (A-39)
L S (A40)
a2 2 T m@)p(t = p)’ '

We extend this property to random variables with larger alphabets in
Section A.11.

A.5 Conditional Entropy

Consider a joint distribution Pxy(-), where the random variable Y
takes on values in a discrete and finite alphabet ). The conditional
entropy of X given the event Y = b with probability Pr[Y =b] > 0 is

H(X|Y =b) = Z —Px |y (alb)logy Pxy (alb)
a€supp(Px y (:|b))
= E[—logy Pxy (X|Y)|Y =b]. (A.41)

Using the same steps as in the previous section, one can show that
0 < H(X|Y =b) <logy|X| (A.42)

with equality on the left if and only if Pxy(a|b) =1 for some a, and
with equality on the right if and only if Pxy (alb) = 1/|X/| for all a.

The conditional entropy of X given Y is the average of the values
(A.41), i.e., we define

HX[Y)= Y  P/(bHX|Y =b)
besupp(Py)

= Z —Pxy (a,b)logy Px|y (alb)
(a,b)esupp(Pxy)

Again, one can show that
0 < H(X|Y) <log, |X]| (A.44)

with equality on the left if and only if for every b in supp(Py) there
is an a such that Pxy(alb) =1, and with equality on the right if and



A.6 Joint Entropy 419

only if for every b in supp(Py) we have Pxy (a|b) = 1/|X| for all a. We
say that Y essentially determines X if H(X|Y) = 0.

The above definitions and bounds extend naturally to more than
two random variables. For example, consider the distribution Pxy z(-).
We define the conditional entropy of X given Y and the event Z = ¢
with Pr[Z =¢] > 0 as

H(X|Y,Z =¢c)= Z —Pxy|z(a,blc)logy Px|yz(alb,c)
(a,b)esupp(Pxy |z ([e)
= E[—logy Pxyz(X|Y,2)| Z =]. (A.45)

A.6 Joint Entropy

The joint entropy of X and Y is defined by considering the concate-
nation XY of X and Y as a new discrete random variable, i.e., we

have
H(XY)= > —Pxy (a,b)logy Pxy (a,b)
(a,b)€supp(Pxy)
= E[—log, Pxy(X,Y)]. (A.46)

Alternatively, one can represent XY by the vector [X,Y] and write
H(X,Y) in place of H(XY) or H([X,Y]). Theorem A.1 gives

0 < H(XY) <logy(|X] - V) (A.47)

with equality on the left if and only if Pxy (a,b) = 1 for some (a,b), and
with equality on the right if and only if Pxy(a,b) = 1/(|X||Y]) for all
(a,b). Note that we have written the two variables in H(XY') without
punctuation and the reader should not confuse XY with “X multiplied
by Y.” Some authors prefer to write H(X,Y') instead of H(XY') and
this is a matter of taste. We will follow the convention of not using
punctuation if no confusion arises.

Using Bayes’ rule for expanding joint probability distributions, one
can expand the joint entropy using conditional entropies as

H(XY)=H(X) + H(Y|X)
— H(Y) + H(X|Y). (A.48)
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More generally, we have

H(X1X2...X,)=H(X1) + HX2| X1) + - + HXp| X1 X2 Xpn1)

n
=) H(Xi|X"), (A.49)
i=1
where, as before, we have used the notation X’ = X1,Xs,...,Xj.

Expansions such as (A.48) and (A.49) are called the chain rule for
entropy.

Finally, we often use the following simple rule for manipulating
conditional and joint entropies. Let f(-) and g(-) be functions whose
domains are the ranges of [X,Y] and Y, respectively. We have

H(X|Y)=H(Xf(X,Y)[Yg(Y)). (A.50)
To prove (A.50), observe that the chain rule for entropy gives
H(Xf(X,Y)|[Yg(Y))

= HXf(X,Y)g(Y)]Y) — H(g(Y)]Y)
= H(X|Y) + H(f(X,Y)g(Y)|XY) = H(g(Y)[Y).  (A.51)

But the last two entropies in (A.51) are zero because [X,Y] determines
f(X,Y) and ¢g(Y), and Y determines g(Y').
A.7 Informational Divergence

The informational divergence (or relative entropy or Kullback—Leibler
distance) between two distributions Px(-) and Py (-) whose domains
are the same alphabet X is defined as

DI = Y Prlalon )
a€supp(Px)
—F {1og2 f;f 88 ] (A.52)

and we define D(Px||Py) = oo if Py (a) = 0 for some Px(a) > 0. Note
that, in general, we have D(Px||Py) # D(Py | Px). Next, we prove the
following fundamental result.
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Theorem A.2.
D(Px||Py) =0 (A.53)
with equality if and only if Px(a) = Py (a) for all a € supp(Px).

Proof. Write D(Px||Py) = E[—logy(Py(X)/Px(X))] and apply the
inequality (A.37). O

Example A.6. Consider X = {0,1} and Px(0) = Py (0)(1 + €), where
0<e<1/Py(0) — 1. We compute
D(Px|[Py) = Py (0)(1 + €)logy(1 + €)
+ 1 — Py(0)(1 + €)]log, (1 _1Pf(]21((10;r 6)> (A.54)

and we have D(Px||Py) >0 with equality if and only if e=0. We
remark that D(Px||Py) in (A.54) is convex in e.

As in (A.52), given a third discrete random variable Z, we define
the conditional informational divergence between Px|z(-) and Py|z(-)
as

D(Pxz||Py|z|Pz) = Z Pz(b)D (PX|Z(‘|b)||PY\Z(‘|b))
besupp(Pz)

Py z(alb)
- > Pz(b)PX|Z(a\b)log2P|7(a’b)
(a,b)€supp(Px z) Y|Z
PX|Z(X‘Z):|
= E|log, X220 A.55
[ 52 Py 12(X|2) (A.55)

Similar to (A.54), we have D(Px|z||Py|z|Pz) > 0 with equality if and
only if Px|z(alb) = Py z(a|b) for all (a,b) € supp(Pxz).

A.8 Mutual Information

The mutual information I(X;Y) between two random variables X and
Y with respective discrete and finite alphabets X and ) is defined as

I(X;Y) = H(X) — HX|Y). (A.56)
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The name “mutual” describes the symmetry in the arguments of
I1(X;Y), i.e., we have

I(X;Y)=H(Y) - HY|X). (A.57)

Furthermore, using the chain rule (A.48) and the definition of informa-
tional divergence (A.52) we have

I(X;Y)=H(X) + H(Y) - H(XY)

H(XY) - H(X|Y) — HY|X)
= D(Pxy||PxPy)

i ny(a,b)
= Z PXy(a,b) log2 W (A.58)

(a,b)€supp(Pxy)

The last identity in (A.58) and Theorem A.2 imply the following
inequalities.

Theorem A.3.
I(X;Y)>0 (A.59)
H(X|Y) < H(X) (A.60)
H(XY)<H(X)+ H(), (A.61)

with equality in (A.59)—(A.61) if and only if X and Y are statistically
independent.

The inequality (A.60) means that conditioning cannot increase
entropy, or colloquially that conditioning reduces entropy. Note, how-
ever, that H(X|Y =b) can be larger than H(X).

Example A.7. Suppose X and Y are binary and Pyxy(0,0) =
Pxy(0,1) =0.11/2, Pxy(1,0) = 0.78, and Pxy(1,1) = 0. We then have
H(X) = Hy(0.11) ~ 1/2 but H(X|Y =0) =1 and H(X]Y = 1) = 0.
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We can expand mutual information in a similar way as joint
entropies, namely
I(X1Xg- - Xy YV) = I(X13Y) + I(X2; Y[ X3)
+ o+ (X Y[ X X Xy 1)

I(X;Y|Xh, (A.62)

I
NE

1

-
Il

The expansions (A.62) is called the chain rule for mutual information.
The conditional mutual information between X and Y given a ran-
dom variable Z is defined as

I(X;Y|Z) = H(X|Z) — HX|Y 2). (A.63)

From the definition of conditional informational divergence in (A.55),
we can also write

I(X;Y|Z) = D(Pxy z||Px|zPy|z| Pz)

= Y PyoI(X;Y|Z=0), (A.64)
cesupp(Pyz)
where
I(X;Y|Z=2)=H(X|Z=2)— HX|Y,Z ==2). (A.65)
We further have
0<I(X;Y|Z)<min(H(X|2),H(Y|Z)) (A.66)

with equality on the left if and only if X and Y are independent given Z.
If equality holds on the left, we say that

X-Z-Y (A.67)

forms a Markov chain. Equality holds on the right in (A.66) if and only
if [Y,Z] essentially determines X, or [X,Z] essentially determines Y,
or both.
We can expand
n
I(X™Y|Z) =) I(X;Y]|Z2X). (A.68)

=1
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Finally, let f(-), g(-), and h(-) be functions whose domains are the
ranges of [X, Z], [Y,Z], and Z, respectively. We have

I(X;Y|2) = (X f(X,2);Yg(Y, Z)| Zh(Z)). (A.69)
The proof of (A.69) follows easily from (A.63) and (A.50):

I(Xf(X,2);Yg(Y,Z)|ZN(2)) = H(X f(X,2)|Zh(Z))
- H(X (X, 2)[Y Zg(Y, Z)h(Z))
= H(X|Z) — H(X|Y Z)
= I(X;Y|2). (A.70)

A.9 Establishing Conditional Statistical Independence

The random variables of multi-user problems are often related to each
other in a complicated manner. It turns out that graphs are useful
to ease the understanding of these relationships, and even to prove
conditional statistical independence results.

A useful graphical tool in this respect is known as a functional
dependence graph or FDG. An FDG is a graph where the vertices rep-
resent random variables and the edges represent the functional depen-
dencies between the random variables [36, 37, 40]. For instance, suppose
we have Ngy random variables that are defined by Sgy independent
(or source) random variables by Ngy functions. An FDG G is a directed
graph having Npy + Sgry vertices representing the random variables
and in which edges are drawn from one vertex to another if the random
variable of the former vertex is an argument of the function defining
the random variable of the latter vertex.

Example A.8. Figure A.2 depicts the FDG for the first three uses of
a channel with feedback. In this graph the channel input symbol X;,
1=1,2,3, is a function of the message W and the past channel outputs
Y=, We have drawn the feedback links using dashed lines to emphasize
the role that feedback plays. The output Y; is a function of X; and a
noise random variable Z;. The graph has Ny = 6 random variables
defined by Sgry =4 independent random variables. The Sgy vertices
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Z1 ZQ O—>—C/Y’:2 Zg

Y

Fig. A.2 The FDG for the first three uses of a memoryless channel with feedback.

representing the independent W, 71,75, and Z3 are distinguished by
drawing them with a hollow circle.

It turns out that the precise structure of FDGs lets one establish
the conditional statistical independence of sets of random variables by
using graphical procedures called d-separation and fd-separation (“d”
for dependence and “fd” for functional dependence). By d-separation
we mean the following reformulation of a definition in [49, p. 117] that
is described in [36, 37].

Definition A.1. Let X', ), and Z be disjoint subsets of the vertices of
an FDG G. Z is said to d-separate X from ) if there is no path between
a vertex in X and a vertex in ) after the following manipulations of
the graph have been performed.

(1) Consider the subgraph Gyyz of G consisting of the vertices
in X, Y, and Z, as well as the edges and vertices encountered
when moving backward one or more edges starting from any
of the vertices in X or Y or Z.

(2) In Gryz delete all edges coming out of the vertices in Z. Call
the resulting graph Gyy)z.
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(3) Remove the arrows on the remaining edges of G x|z to obtain
an undirected graph.

A fundamental result of [49, Sec. 3.3] is that d-separation establishes
conditional independence in FDGs having no directed cycles. That is,
if G is acyclic, Z d-separates X from ) in G, and we collect the ran-
dom variables of the vertices in X', ), and Z in the respective vectors
X, Y and Z, then I(X;Y|Z)=0 and X — Z — Y forms a Markov
chain.

Example A.9. Consder Figure A.2 and choose X = {W}, Y = {Y2},
and Z ={X;,X2}. We find that Z d-separates X from ) so that
I(W;Ya| X1, X5) = 0.

A simple extension of d-separation is known as fd-separation which
uses the fact that the FDG represents functional relations, and not only
Markov relations as in Bayesian networks (see [36, Ch. 2],[40]). For fd-
separation, after the second step above one removes all edges coming
out of vertices that are disconnected from the Sgy source vertices in
an undirected sense. We remark that fd-separation applies to an FDG
G with cycles, as long as all subgraphs of G are also FDGs (see [36,
Sec. 2]).

A.10 Inequalities

We state and prove several useful inequalities.

Markov Inequality: Let X be a mon-negative real-valued random vari-
able with mean E[X]. For a > 0, we have

E[X]

PriX >a] <
a

(A.71)

Proof. We have Pr[X > a] = E[1(X > a)], where 1(-) is the indica-
tor function that takes on the value 1 if its argument is true and
is 0 otherwise. We further note that a1(X > a) < X. We thus have
aPr[X >al=Flal(X >a)] < F[X]. O
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Example A.10. Suppose we set X = |Y — E[Y]|. Markov’s inequality
then gives T'chebycheff’s inequality

PrllY — E[Y]| > a] = Pr[)Y — E[Y][*>a?)
Var[Y]

<

: (A.72)

where Var[Y] is the variance of Y and a > 0.

Y

Example A.11. Suppose we set X =e’Y and a=e"’. Markov’s

inequality then gives the Chernoff bounds

PrlY > b < E[e"Y]e™ forv>0
Pr[Y <b < E[e"Y]e™™ forv <O. (A.73)

Jensen’s Inequality: We say that a real-valued function f(-) with domain
interval Z of non zero length on the real line is convez (or convex-U)
on 7 if, for every interior point xy of Z, there exists a real number m
(that may depend on zg) such that

f(z) > f(xog) + m(x — zp) forall x €. (A.74)

The convexity is strict if the inequality (A.74) is strict whenever x # .
One can show that an alternative and equivalent definition is that f(-)
is convex on Z if for every x1 and xo in Z we have

fQzr+ (1= XNza) < Af(x1) + (1 = A)f(z2) for 0 <A< 1. (A.75)

We say that f(-) is concave (or convex-N) on Z if —f(-) is convex on
Z. Observe that we are here considering functions of one variable, but
the above definitions and the following results extend readily to many
variables.

Let X be a real-valued random variable taking values in Z and let
f() be convex on Z. Jensen’s inequality states that

fE[X]) < E[f(X)]. (A.76)
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To prove (A.76), choose g = F[X] in (A.74), choose an m that satisfies
(A.74) for this zg, replace = with the random variable X, and take
expectations of both sides of (A.74). Alternatively, if f(-) is concave on
7, then we have

f(E[X]) = E[f(X)]. (A.T7)

Furthermore, if f(-) is strictly convex (or concave), equality holds in
(A.76) (or (A.77)) if and only if X is a constant.

Log-sum Inequality: For any non-negative a; and positive b;, ¢ =
1,2,...,n, we have [19, p. 48], [18, p. 29]

Zaz log <Z az> log Z ! ZZ)) (A.78)

with equality if and only if a;/b; is the same for all i.

Proof. We choose f(x) = xlog(z), and one can check that f(-) is strictly
convex for positive x. We further choose X so that X = a;/b; with
probability b;/(3_,b;). We thus have

- bi a; a;
E[f(X)] = - ~log =
; Sibi bi b

"y - a;
o= (St i) (S5 )

and Jensen’s inequality (A.76) gives the desired result. a

Fano’s Inequality: Fano’s inequality gives a useful lower bound on
error probability based on conditional entropy (see [18, p. 280]). Sup-
pose both X and X take on values in the alphabet X, and let

P, =Pr [X ” X] We have

Hy(P.) + Pelogy(|X|— 1) > H(X|X). (A.79)

We can interpret (A.79) as follows: P, is bounded from below by some
positive number if H(X|X) is bounded from below by some positive
number.
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Proof. Let E =1(X # X), where }() is the indicator function. We use
the chain rule to expand H(EX|X) in two ways as
H(EX|X)=H(X|X)+ H(E|XX) = H(X|X)
H(EX|X)=H(E|X)+ H(X|XE)
= H(E|X) 4+ Pr[E=0]H(X|X,E =0)
+Pr[E=1]H(X|X,E=1)
= H(E|X)+Pr[E=1]H(X|X,E=1)
< H(E|X) + P.logy(|X|— 1)
< H(E) + Pelogy(|X|— 1)
= Hy(Pe) + Pelogy(|X|— 1),

where the first inequality follows because, given X and E = 1, X takes
on at most |X|— 1 values. O

Example A.12. Consider X = {0,1} for which Fano’s inequality is
Hy(P.) > H(X|X). (A.80)

One can check that equality holds if X = X + Z, where Z is indepen-
dent of X and “+” denotes addition modulo-2.

Example A.13. Consider X ={0,1,2} and X = X + Z, where Z is
independent of X, “4+” denotes addition modulo-3, and Pz(i) = p;,
1 =0,1,2. Fano’s inequality is

Hy(1 — po) + (1 — po) > H(X|X), (A.81)

and one can check that equality holds if and only if p; = pa (see (A.38)).

A.11 Convexity Properties

Entropy, informational divergence, and mutual information have con-
vexity properties that are useful for proving capacity theorems. We list
and prove some of these below.
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Convexity of Informational Divergence: D(Px|Py) is convex (or
convex-U) in the pair (Px(-),Py(+)).
Proof. We use the log-sum inequality to write
APx (a) (1 - XNQx(a)
+ (1= a)logy ——————=
APy () T TN @l 0 @)

< o+ (- 0, A =000

where 0 < A < 1. Summing both sides over all appropriate a € X, we
obtain the desired

AD(Px||Py) + (1 = A)D(Qx|Qy)
> D()\PX + (1 — A)QXH)\PY + (1 — )\)Qy)

APx (a)logy

Concavity of Entropy: H(X) is concave (or convex-N) in Px(-).

Proof. We again use the log-sum inequality to write

M 1 (1 - )@ (a) logy 1=

> [APx(a) + (1 = M)Qx(a)]logy(APx(a) + (1 = A)Q@x(a)),

where 0 < A < 1. Summing both sides over all appropriate a € X, and
multiplying by —1, we obtain the desired

AH(Px) + (1 = AMH(Qx) < H(APx + (1 - M)Qx),
where we have written H(X) as H(Px) to simplify the expression. O

APx (a)logy

Convezity of Mutual Information: I(X;Y) is concave in Px () if Py x ()
is fixed, and I(X;Y) is convex in Py x(-) if Px(-) is fixed.

Proof. Suppose Py|x(-) is fixed, and consider I(X;Y)=H(Y) —
H(Y|X). Note that H(Y") is concave in Py (). But Py (-) and H(Y|X)
are linear in Px(-). Thus, I(X;Y) is concave in Px(-).

Suppose next that Px(-) is fixed, and consider I(X;Y)=
D(Px Py|x||PxPy). Note that Py(-) is linear in Pyx(-), so that
D(Px Py x||Px Py) is convex in Py x(-). O
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Differential Entropy

B.1 Definitions

The differential entropy of a real-valued and continuous random vari-
able with density px(-) is defined in a similar manner as the entropy
of a discrete random variable:

h(X) —/ ( )—pX(a)long(a) da. (B.1)

Formally, one ofen adds “if this integral exists” but we shall permit
differential entropies to take on the values —oco or +o0o. We can alter-
natively write

hX) = E[-logpx (X)]. (B.2)

Similarly, the joint differential entropy of real-valued and continuous
random variables X1, Xo,..., X, with joint density pxn(-) is defined as

B(X™) = / ~px+(a)logpxn(a) da. (B.3)
supp(pxn)

We can alternatively write (B.3) as h(X), where X = [X1, Xo,..., X,,].

431
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Simple exercises show that for a nonzero real number ¢ we have

Translation rule: h(X + ¢) = h(X)

B4
Scaling rule: h(cX) = h(X) + log|c|. (B4)

Similarly, for a real-valued column vector ¢ of dimension n and an
invertible n X n matrix C we have

Translation rule: h(X + ¢) = h(X)
Scaling rule: h(CX) = h(X) + log|det C]|,

where det C is the determinant of C. We will, however, use the notation
|C| for the determinant of C in the rest of the document.

(B.5)

Next, consider a joint density pxy(-), and consider its conditional
density py|x(-) = pxy (-)/px(-). We define

WYX= [ px(ablogpyic(bla) dadb. (B.S)

supp(pxy)
We thus have A(Y|X)=h(XY)— h(X). Note that we can define
h(Y|X) similar to (B.6) if the density py|x(:|a) exists for every a but
X does not have a density. Note further that, by conditioning on X = a
and using the translation rule in (B.4), for any real constant ¢ we obtain

h(Y + eX|X) = h(Y]X). (B.7)

B.2 Uniform Random Variables

An interesting observation is that, in contrast to H(X), the differen-
tial entropy h(X) can be negative. For example, consider the uniform
density with px(a) = 1/Afora € [0,A), where [0,A) = {z: 0 <z < A}.
We compute

h(X) = log(A) (B.8)

so that h(X) — —oo as A — 0. We can interpret such limiting densities
as consisting of “Dirac-¢0” (generalized) functions, and as representing
discrete random variables. For instance, suppose that px(a) = p; /A for
some integers i, a € [i,i + A), and 0 < A< 1. As A — 0, this density
represents a discrete random variable X with P (i) = p;. We compute

h(X) =) —pilog(pi/A) = log(A) + H(X) (B.9)

%
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so h(X) has increased as compared to (B.8). However, h(X) still
approaches —oo for small A.

In general, one must exercise caution when dealing with h(X), where
X might be discrete or have discrete components. For example, we have

R(X (X)) = h(X) + h(F(X)|X) but h(F(X)|X) = —oc.

B.3 Gaussian Random Variables

Consider the Gaussian density

1 — L (a—m)?
px(a) = = e (B.10)

where m = E[X] and 02 = Var[X] is the variance of X . Inserting (B.10)
into (B.1), we compute

h(X) = %log (2mec?). (B.11)

We find that h(X) < 0 if 0% < 1/(27e). In fact, we have h(X) — —oco
as 02 — 0.
More generally, consider a random column vector X of dimension

n, mean my, and covariance matrix
Qx = E[(X—mg)(i—mg)T] ) (B.12)

where the superscript “T” denotes transposition. Suppose X is Gaus-
sian distributed, i.e., the density of X is

1 1 B
T enjay T <_2(“ -m)"Qx'(a - m)) . (B13)

where |Qx | is the determinant of Qx. Inserting (B.13) into (B.1), we
compute

px(a)

h(X) = %log (2re)"|Qx]). (B.14)

Note that h(X) is negative for small ‘Qé‘.
Finally, suppose pxy (-) is Gaussian, where X has dimension n and
Y has dimension m. We compute

MY IX) = H(XY) ~ h(X) = Jlog ((27e)" | Qx| /|Qx]).  (B15)
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B.4 Informational Divergence

The informational divergence for continuous random variables X and
Y is

px(a)
py(a)

D(px|py) = / px (a)log P! 44 (B.16)
supp(px)

This definition extends to continuous random vectors X and Y that
have the same dimension in the obvious way. The mutual information
between X and Y is

[(X;Y) = h(X) — h(X]Y)
= D(pxy|lpxpy)- (B.17)

We can derive similar relations for the continuous random variable
versions of the other quantities in Appendix A. The bound In(z) <
x — 1 again implies that

D(px|py) =0 (B.18)

with equality if and only if px(a) = py(a) for all a € supp(px). This
further means that

I(X;Y)>0 (B.19)
h(X]Y) < h(X) (B.20)
MXY) < h(X) + h(Y) (B.21)

with equality if and only if X and Y are independent.

B.5 Maximum Entropy
B.5.1 Alphabet Constraint

Recall that the uniform distribution maximizes the entropy of discrete
random variables with alphabet A'. Similarly, the uniform density max-
imizes the differential entropy of continuous random variables with a
support of finite volume. To prove this, suppose that X is confined to
a set S in R™. Let |S| be the volume of § and let U be uniform over S.
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We use (B.18) and compute

0 < Dipx|lp) = / px (@)log (px ()|5]) da

supp(px)

< —h(X) + log|S]. (B.22)

We thus find that if X is limited to S then h(X) is maximum and equal
to log|S| if and only if px(a) =1/|S| for a € S.

B.5.2 First Moment Constraint

For continuous random variables, one is often interested in moment
constraints rather than volume constraints. For example, suppose that
the alphabet of X is all of R” and we wish to maximize h(X) under
the first-moment constraint (B.23)

E[X]<m, (B.23)

where the inequality a < b means that a; < b; for all entries a; and b;
of the respective a and b.

Observe that, without further constraints, we can choose X to be
uniform over the interval [—A,0) for large positive A and make h(X)
arbitrarily large. We hence further restrict attention to mon-negative
X, i.e., every entry X; of X must be non-negative.

Let E have independent entries F; that are exponentially dis-
tributed with mean m;, i.e., we choose

1
—a/m; >0

—€ a

pe;(a) = ¢ m; - (B.24)

0 a < 0.

We use the same approach as in (B.22) to compute

da

px(a)
OSD(prpE)z/ px (a)log ==
S supp(px) pe(a)

=—h(X) - / px(a)logpg(a) da
supp(px)

= —h(X) + zlog(emi) (B.25)
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with equality in the first step if X = E. This proves the desired
result, namely that (independent) exponential random variables maxi-
mize (differential) entropy under first moment and non-negativity con-
straints.

B.5.3 Second Moment Constraint

Suppose we wish to maximize h(X) under the second-moment
constraint

Qx| <D, (B.26)

where D is some constant. For example, the constraint (B.26) occurs
if we are restricting attention to X that satisfy

Qx =Q (B.27)

for some positive semidefinite Q, where A < B means that B — A is
positive semi-definite (and hence |A| < |BJ; see [31, p. 471]).

Let G be Gaussian with the same covariance matrix Qx as X. We
repeat the approach of (B.22) and (B.25) and compute

da

px(a)
0 < D(pxlpg) = / px (a)log PX
o supp(px) pa(a)

=—h(X) — / px(a)logpg(a) da
supp(px)

= —h(X) + %bg ((2me)"|Qx]) (B.28)

with equality in the first step if X = G. This proves the desired result,
namely that Gaussian random variables maximize (differential) entropy
under the second moment constraints (B.26) or (B.27).

Finally, we prove a conditional version of the maximum entropy
theorem. Suppose we have densities pxy(-) and p(-) with respective
conditional densities py|x(-) and Py % (-). We define

py|x(bla)

D (PZ\KHPX\QP&) :/ pxy(a,b)log ) dadb, (B.29)

supp(pxy) pz‘X Q‘Q
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which one can show is non-negative. Suppose that (X , X) is Gaussian
with the same covariance matrix Qxy as (X,Y). We compute

D (pxgHleX‘pl)

= —h(Y|X) — / pxy(a,b)logpy (bla) dadb.
supp(px y) **
= ~h(Y|X) + 5log ((2re)" [Qxv| /|Qx])- (B.30)

This proves that, for fixed Qxy, h(Y|X) is maximized by jointly Gaus-
sian X and Y.

B.6 Entropy Typicality

It turns out that we cannot use letter-typicality for continuous random
variables. For example, consider the Gaussian random variable (B.10)
with m = 0. The trouble with applying a letter-typicality test is that the
probability mass function Px (z) is zero for of any letter . However, we
can use entropy-typicality if we replace the distribution Px(-) in (1.4)
with the density px(-). For example, we find that ™ is entropy-typical
with respect to the density in (B.10) if

1 n
i=1

We can interpret (B.31) as follows: the average energy of an entropy-
typical ™ is close to o2.

< 20%. (B.31)

B.7 Entropy-Power Inequality

The (vector) entropy power inequality states that for independent ran-
dom vectors Y and Z of dimension n, we have

9Rh(Y+2) 5 97 h(Y) 4 97h(Z) (B.32)

with equality if Y and Z are jointly Gaussian with proportional covari-
ance matrices, i.e., Qy = cQz for some scalar c. The original result is
due to Shannon [55, sec. 23] with further results by Stam and Blach-
man [9, 61]. Recent references on this inequality are [32, 33].
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