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Motivation: Punctured Reed-Solomon and Gabidulin codes can be
decoded up to the Singleton [1, 2, 3] Bound [4]

[1] R. C. Singleton, “Maximum distance g-nary codes”, 1964
[2] D. Joshi, “A note on upper bounds for minimum distance codes”, 1958
[3] Komamiya, Y., “Application of logical mathematics to information theory”, 1953

[4] V. Sidorenko, G. Schmidt, and M. Bossert, “Decoding Punctured Reed-Solomon Codes up to the Singleton Bound", 2008
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Some Definitions

o IFy: finite field, Fqm extension field of degree m

e 3={B0,P1,---,Bm-1} : An ordered basis of Fqm over F,

e Any element a from Fgm can be represented w.r.t 8 by a coordinate
vector a = (3(0)7 cey a(’"_l)) T over F, s.th. a= 27;)1 allg;.

e Polynomial p(x) of degree d

d
p(x) = ZP:’X",Pd # 0.

i=0

e Fo[x]: ring of polynomials with coefficients from Fq

o Fo[x]<k: set of all polynomials from Fg[x] with degree less than k
e For any b € F; and integer i we have: bY = b

o If B is a normal basis then a? = (a(™=1, a(0) . .,a(m_z))T
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Definition (Properly Punctured RS Codes)

Let = (ap,...,as—1) be a set of n distinct code locators . A
properly punctured Reed-Solomon Cgs code of length n and dimension k
is defined as

RS code of length N = ¢™ — 1 with §; € Fgm and o; € Fq

flon)

f(ao) f(al) f

—

f((kz) f(a3) f ) f

—

f (Oé ,,,1)

Properly Punctured RS code of length n=¢qg — 1

f(ao) f(al) f(az) f(0¢3)




Interleaved Reed-Solomon Codes ( )

By representing each coefficient f; by f; we can write one polynomial

k—1
Fx) =Y fix' € Fglxl<x
i=0

as m polynomials Vj € [0, m — 1]

x
i

) = % € Fylxa.
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Interleaved Reed-Solomon Codes ( )

By representing each coefficient f; by f; we can write one polynomial

k—1 )
= Z fix' € Fgn[x]<k
i=0

as m polynomials Vj € [0, m — 1]

»
._\

() =D 9% € Folxl<.

i

Il
o

Thus each codeword ¢ = f(a) from Crs can be written as interleaving of
m codewords of an RS code over F, [4]:

f(O)(a) f(O)(ao) ... f(O)(an_l)

¢ = fla) = f(l):(a) _ f(l):(ao) f(l)((:ln_l) B

f(m—l)(a) f(m—l)(ao) e f(m—l)(anil)

[4] V. Sidorenko, G. Schmidt, and M. Bossert, “Decoding Punctured Reed-Solomon Codes up to the Singleton Bound", 2008



Virtual Interleaved Reed-Solomon Codes (Scheme V)

Consider a codeword ¢ = (¢p ¢y ... ¢,—1) from Cgrs and compute for

j=0,...,m—1 the element-wise q-powers
i def , ¢ o j
@ E (T )

Since ¢; = f(a;) where aj € Fg for all i € [0,n — 1] and f(x) € Fgr{x]<x,
we have

o =(Fla)” = () = ¥ €Crs.

1
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[5] V. Guruswami and C. Xing, “List Decoding RS, Algebraic-Geometric, and Gabidulin Subcodes up to the Singleton Bound”, 2012
[6] L.-Z. Shen, F. wei Fu, and X. Guang, “Unique Decoding of Certain Reed-Solomon Codes", 2015
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Since ¢; = f(«;) where o € F for all i € [0, n — 1] and f(x) € Fgm[x]<«,
we have

< = (Fla))® = f¥()) = ¢ €Crs.

1

From one codeword c we can virtually create 1 < s < m codewords over
]qu [5, 6]

fq‘l’(a) fq‘l’(ao) fq‘:(anfl)
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Scheme | vs. Scheme V

Decoding radius t < p(n—k)
Failure probability |Fq| !
Comp. complexity xinF,

Scheme V [5, 6]
t < miﬂ(n — k)

[Eqn|~* 2 [6]

2 in Fgm

Standard [7]: 3 = O(mn?), fast [9,10]: » = O(m3nlog(n))

[5] V. Guruswami and C. Xing, “List Decoding RS, Algebraic-Geometric, and Gabidulin Subcodes up to the Singleton Bound”, 2012
[6] L.-Z. Shen, F. wei Fu, and X. Guang, “Unique Decoding of Certain Reed-Solomon Codes”, 2015

[7] G. Schmidt, V. Sidorenko, M. Bossert, “Collaborative Decoding of Interleaved RS Codes and Concatenated Code Designs”, 2009
[8] D. Bleichenbacher, A. Kiayias, and M. Yung, “Decoding Interleaved Reed-Solomon Codes over Noisy Channels”, 2007

[9] V. Sidorenko, M. Bossert “Fast skew-feedback shift-register synthesis.”, 2007

[10] S. Puchinger, S. Muelich, D. Moedinger, J. Nielsen, M. Bossert, “Decoding Interleaved Gabidulin Codes using Alekhnovich's

Algorithm”, ACCT 2016



Scheme | vs. Scheme V

Scheme | [7, 8] Scheme V [5, 6]

Decoding radius t < p(n—k) t < H(n—k)
Failure probability |Fq| ! [Fyn |71 7 [6]
Comp. complexity xinF, win Fgm

Standard [7]: 3 = O(mn?), fast [9,10]: » = O(m3nlog(n))

Question

What can we gain by using Scheme V instead of Scheme 1?7

[5] V. Guruswami and C. Xing, “List Decoding RS, Algebraic-Geometric, and Gabidulin Subcodes up to the Singleton Bound”, 2012
[6] L.-Z. Shen, F. wei Fu, and X. Guang, “Unique Decoding of Certain Reed-Solomon Codes”, 2015

[7] G. Schmidt, V. Sidorenko, M. Bossert, “Collaborative Decoding of Interleaved RS Codes and Concatenated Code Designs”, 2009
[8] D. Bleichenbacher, A. Kiayias, and M. Yung, “Decoding Interleaved Reed-Solomon Codes over Noisy Channels”, 2007

[9] V. Sidorenko, M. Bossert “Fast skew-feedback shift-register synthesis.”, 2007

[10] S. Puchinger, S. Muelich, D. Moedinger, J. Nielsen, M. Bossert, “Decoding Interleaved Gabidulin Codes using Alekhnovich's
Algorithm”, ACCT 2016



Solving the Key Equation - [7]
Let H e IFZ”‘X" be a parity check matrix of Crs. Suppose we receive
y=c+e

with error vector e of Hamming weight t.
e Compute one syndromes = yH™ € ]Fg;l ie,s= XHT

[7] G. Schmidt, V. Sidorenko, M. Bossert, “Collaborative Decoding of Interleaved RS Codes and Concatenated Code Designs”, 2009
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e Compute one syndromes = yH™ € ]Fg;l ie,s= XHT
e We get m syndromes s() = y(OHT forall £ =0,...,m—1

e Solve the m key equations over [Fy for the same error-locator
polynomial o(x) € Fq[x]

t
{0 = S o im (a2 =1 (8)
j=1

e Output: Unique o(x) or "decoding failure”
(4) is a linear system Ax = b over the subfield F, or equivalently Ax = b
with A, b over Fgn and x over Iy

[7] G. Schmidt, V. Sidorenko, M. Bossert, “Collaborative Decoding of Interleaved RS Codes and Concatenated Code Designs”, 2009



Solving the Key Equation - Scheme V [6]

e Compute one syndromes = yH™ ¢ ]anTl

[6] L.-Z. Shen, F. wei Fu, and X. Guang, “Unique Decoding of Certain Reed-Solomon Codes", 2015



Solving the Key Equation - Scheme V [6]
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e Compute virtual syndromes sd = yquT forall £=0,...
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e Compute one syndrome s = yH'T € ]anTl

e Compute virtual syndromes s¢ =yIHT forall £=0,...,m—1
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Solving the Key Equation - Scheme V [6]

Compute one syndrome's = yHT € ]anTl

Compute virtual syndromes s¢ =yIHT forall £=0,...,m—1
y ) )

Solve the m key equations over Fgm for the same error-locator
polynomial o(x) € Fq[x]

t
st ==Y oyt i=[t.d—2],¢=[0,m—1]. (5)
j=1
Corresponds to solving an inhomogeneous linear system
A9 b’
;n—l rEn—l

Ad b

The first equation is the same as for Scheme |

We get m — 1 additional equations in Fgm
= Are the additional equations linearly independent?

[6] L.-Z. Shen, F. wei Fu, and X. Guang, “Unique Decoding of Certain Reed-Solomon Codes", 2015



Solving the Key Equation for Scheme V- Example

m = 3,A € F.*, normal basis 3 : = al = (a,(-mfl), a,(.o), el a,(m72))r
F g F,
0 0 0
RORRORINO) o
(ORI Eb! b
Q9 & p(1)
2 @ ,@
4 4 D b2
ao ai an
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Solving the Key Equation for Scheme V- Example

m=3A¢€ Féf, normal basis 3 : = a/ = (a,(-mfl), a,(-o), o a§m72))T
Fn F,
0 0 0
ao di an b a( : ag : ag ) b(o)
ag a aj |x=| b7 ald & Ao [
ol &l o b a? P P b2
Observations:

o The additional equations in F are [F-linearly dependent

o If there exists a unique solution over Fym then there exists a unique
solution over Iy (and vice versa)

The probability of getting a unique solution is the same

The linear systems have the same size but they are over different
fields

10



Syndrome Decoding: Scheme | vs. Scheme V

Theorem (Main Result [11])

For punctured RS and G codes the probabilistic unique syndrome
decoders for Schemes | and V are equivalent having decoding radius

m
—(d—-1),
m+1( )

tmax =

decoding failure probability
Pe(t) < yg~(mHD(tma—t)=1

and decoding complexity O(mn?) operations in the field F, for Scheme |
and in Fgqm for Scheme V, where v < 3.5 and v =~ 1 for RS codes.

[11] H. Bartz, V. Sidorenko “On Syndrome Decoding of Punctured Reed-Solomon and Gabidulin Codes”, ACCT 2016
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Syndrome Decoding: Scheme | vs. Scheme V

Theorem (Main Result [11])

For punctured RS and G codes the probabilistic unique syndrome
decoders for Schemes | and V are equivalent having decoding radius

m
—(d—-1),
m+1( )

tmax =

decoding failure probability
Pe(t) < yg~(mHD(tma—t)=1

and decoding complexity O(mn?) operations in the field F, for Scheme |
and in Fgqm for Scheme V, where v < 3.5 and v =~ 1 for RS codes.

e One multiplication in Fgm costs ~ m? multiplications in I,
= Scheme V: O(m*n?), Scheme |: O(mn?) in F,

[11] H. Bartz, V. Sidorenko “On Syndrome Decoding of Punctured Reed-Solomon and Gabidulin Codes”, ACCT 2016
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Syndrome Decoding: Scheme | vs. Scheme V
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Syndrome Decoding: Scheme | vs. Scheme V

Example: Punctured [n, k, d]=[255,127,129] RS code over Fgn =Fss510
10-interleaved code over FFos

Decoding radius:
Berlekamp-Massey: (d —1)/2 = 64

Guruswami-Sudan: n(1 —\/k/n) =75

Scheme I/V: -5 (d — 1) = 116

= Scheme V requires m?> = 100 times more operations in Fys than
Scheme |

12



Syndrome Decoding: Scheme lvs. Scheme V

Example: Punctured [n, k, d]=[255,127,129] RS code over Fgm =Fos510

Output Word Error Rate

=+ Berlekamp-Massey
~o— Guruswami-Sudan
=©~ Algorithm 2

0.5

0.55 0.6 0.65

0.8

0.95

13



Interpolation-Based Decoding

Scheme |
Decoding radius:
t < (n—k)
Interpolation (over Fg)
B=By(x)+Bi(x)y O +. ..+ Bp(x)y(m=1)

Root-Finding: fU)(x) €T ,[x]<«
Bo(x)+B1(x)fO(x)4. . .4 Bm(x) (M= (x)=0

List size: < gk(m=1)

14



Interpolation-Based Decoding

Scheme |

Decoding radius:

t < (n—k)

Interpolation (over Fg)
B=Bo(x)+B1(x)y® +...+Bm(x)y(m=1)

Root-Finding: fU)(x) €T ,[x]<«
Bo(x)+B1(x)fO(x)+.. .4 Bm(x)f"1(x)=0

List size: < gk(m=1)

Scheme V

Decoding radius: 1 < s < m

tgy%l(nfk)

Interpolation (over Fgm) ,
Qx,y) = Qo(x) + X5y Q(x)y?
Root-Finding: f(x)€F gm[x] <k
Qx,f(x)) =0
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Interpolation-Based Decoding
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Conclusion

e Analyzed and compared syndrome and list decoding strategies for
punctured RS and Gabidulin codes

e We showed that the syndrome-based decoding schemes for RS and
Gabidulin codes over [F; are equivalent to the corresponding
decoding schemes in the Fgm [11]

e The equivalence was also established for interpolation-based
decoding schemes for RS, Gabidulin and Subspace Codes [12]

o Allows to choose the decoder with the lowest complexity
= Decode punctured RS and G codes as m-interleaved codes over
the subfield F,

[11] H. Bartz, V. Sidorenko “On Syndrome Decoding of Punctured Reed-Solomon and Gabidulin Codes”, ACCT 2016

[12] H. Bartz, V. Sidorenko “On List-Decoding Schemes for Punctured Reed-Solomon, Gabidulin and Subspace Codes", accepted for
Redundancy 2016
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A.1 Syndrome Decoding of Punctured Gabildulin Codes

Lemma

The key equation over IFgm has a unique solution if and only if the key
equation (4)

Zaj ( )/e[td 2], €[0,m—1].

over IFy has a unique solution.

Proof.
Let o9 = 1. For £ = 0 can be expanded as

t
=- Z oit(5i-))
— Ze' (@=2)(g,) Zae' NG =0




Proof. (cont.)

Since Sy, ..., Bm—1 are F-linearly independent the elements
i=(d=2)(B,,) are also Fy-linearly independent. Thus

(6) has only the trivial solution (all coefficients a,(-f} =0), i.e.
4 .
> oyt <5£I/Z2fi+j) g
=

t
— j;oajﬂj (5591) =0

for all / € [0, m — 1]. Since g = 1 we can rewrite (7) as
3 o (5,(-9]) =0 = ==Y o¥ (EEQJ-) (8)
=0 j=1

for all i € [t,d — 2] and | € [0, m — 1] which is the key equation (4) of
Scheme | over Fg.
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