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Product Codes (1)

Product codes are introduced in 1954 by Elias as the first class of codes with
positive rate and vanishing bit error probability as the blocklength grows

Iterative hard-decision decoding (HDD) was described by Abramson in 1968

row decoding and column decoding are applied iteratively

also known as cascade decoding

Product codes became popular after decoded iteratively with soft-decision
component decoding

turbo decoding between row and column component decoders

component codes are decoded via soft-input soft-output (SISO) decoders
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Product Codes (2): Definition and Encoding

Let C be an (n, k) linear component code over F2 with (non-systematic) generator
matrix

G ∈ Fk×n
2 .

The w -dimensional product code is obtained by encoding successively along each
of the w dimensions using the same component code C.

In this talk, we focus on the two-dimensional square case:

U ∈ Fk×k
2 −→ C ∈ Fn×n

2 .

Row encoding: each row of U is encoded by C to obtain

C̃ = UG, C̃ ∈ Fk×n
2 .

Column encoding: each column of C̃ is encoded by C to obtain

C = GTC̃ = GTUG, C ∈ Fn×n
2 .

Hence, the square product code is

P =
{
C = GTUG : U ∈ Fk×k

2

}
.

Equivalently, every row and every column of C is a codeword in the component
code C.
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Product Code Encoding

u1,1 u1,2 u1,3 u1,4

u2,1 u2,2 u2,3 u2,4

u3,1 u3,2 u3,3 u3,4

u4,1 u4,2 u4,3 u4,4

Non-systematic row encoding: (8, 4) code C

c̃1,1 c̃1,2 c̃1,3 c̃1,4 c̃1,5 c̃1,6 c̃1,7 c̃1,8

c̃2,1 c̃2,2 c̃2,3 c̃2,4 c̃2,5 c̃2,6 c̃2,7 c̃2,8

c̃3,1 c̃3,2 c̃3,3 c̃3,4 c̃3,5 c̃3,6 c̃3,7 c̃3,8

c̃4,1 c̃4,2 c̃4,3 c̃4,4 c̃4,5 c̃4,6 c̃4,7 c̃4,8

Non-systematic column encoding
(8, 4) code C

c1,1 c1,2 c1,3 c1,4 c1,5 c1,6 c1,7 c1,8

c2,1 c2,2 c2,3 c2,4 c2,5 c2,6 c2,7 c2,8

c3,1 c3,2 c3,3 c3,4 c3,5 c3,6 c3,7 c3,8

c4,1 c4,2 c4,3 c4,4 c4,5 c4,6 c4,7 c4,8

c5,1 c5,2 c5,3 c5,4 c5,5 c5,6 c5,7 c5,8

c6,1 c6,2 c6,3 c6,4 c6,5 c6,6 c6,7 c6,8

c7,1 c7,2 c7,3 c7,4 c7,5 c7,6 c7,7 c7,8

c8,1 c8,2 c8,3 c8,4 c8,5 c8,6 c8,7 c8,8
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Product Code Decoding

ℓ1,1 ℓ1,2 ℓ1,3 ℓ1,4 ℓ1,5 ℓ1,6 ℓ1,7 ℓ1,8

ℓ2,1 ℓ2,2 ℓ2,3 ℓ2,4 ℓ2,5 ℓ2,6 ℓ2,7 ℓ2,8

ℓ3,1 ℓ3,2 ℓ3,3 ℓ3,4 ℓ3,5 ℓ3,6 ℓ3,7 ℓ3,8

ℓ4,1 ℓ4,2 ℓ4,3 ℓ4,4 ℓ4,5 ℓ4,6 ℓ4,7 ℓ4,8

ℓ5,1 ℓ5,2 ℓ5,3 ℓ5,4 ℓ5,5 ℓ5,6 ℓ5,7 ℓ5,8

ℓ6,1 ℓ6,2 ℓ6,3 ℓ6,4 ℓ6,5 ℓ6,6 ℓ6,7 ℓ6,8

ℓ7,1 ℓ7,2 ℓ7,3 ℓ7,4 ℓ7,5 ℓ7,6 ℓ7,7 ℓ7,8

ℓ8,1 ℓ8,2 ℓ8,3 ℓ8,4 ℓ8,5 ℓ8,6 ℓ8,7 ℓ8,8

L = [ℓi ,j ] ∈ Rn×n

The channel outputs are arranged in
the rectangular LLR matrix L = [ℓi ,j ]

Turbo decoding alternates between
row decoding, and column decoding,
where the soft information exchange
occurs between column and row
decoders.

One full iteration includes a row and a
column decoding.
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Symmetric Product Codes: Definition and Encoding

A symmetric product code [Jus11] is obtained by restricting the information
matrix to be symmetric during the encoding procedure:

U ∈ Fk×k
2 , U = UT.

Row encoding: each row of U is encoded by C to obtain

C̃ = UG, C̃ ∈ Fk×n
2 .

Column encoding: each column of C̃ is encoded by C to obtain

C = GTC̃ = GTUG, C ∈ Fn×n
2 .

Since the input matrix is symmetric, the output matrix is also symmetric:

CT =
(
GTUG

)T
= GTUTG = GTUG = C.

Hence, the symmetric product code is

Psym =
{
C = GTUG : U ∈ Fk×k

2 , U = UT
}
.
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Symmetric Product Code: Example

u1,1 u1,2 u1,3 u1,4

u1,2 u2,2 u2,3 u2,4

u1,3 u2,3 u3,3 u3,4

u1,4 u2,4 u3,4 u4,4

Non-systematic row encoding: (8, 4) code C

Non-systematic column encoding
(8, 4) code C

c1,1 c1,2 c1,3 c1,4 c1,5 c1,6 c1,7 c1,8

c1,2 c2,2 c2,3 c2,4 c2,5 c2,6 c2,7 c2,8

c1,3 c2,3 c3,3 c3,4 c3,5 c3,6 c3,7 c3,8

c1,4 c2,4 c3,4 c4,4 c4,5 c4,6 c4,7 c4,8

c1,5 c2,5 c3,5 c4,5 c5,5 c5,6 c5,7 c5,8

c1,6 c2,6 c3,6 c4,6 c5,6 c6,6 c6,7 c6,8

c1,7 c2,7 c3,7 c4,7 c5,7 c6,7 c7,7 c7,8

c1,8 c2,8 c3,8 c4,8 c5,8 c6,8 c7,8 c8,8

Note that the resulting code is a((n+1
2

)
,
(k+1

2

)
,
(d+1

2

))
code after

puncturing the lower triangle.

A diagonal symbol belongs
effectively to only one
component-code constraint,
whereas an off-diagonal symbol is
protected by two constraints.

Hence, the diagonal positions
may be weaker in the symmetric
product code.
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)
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2
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puncturing the lower triangle.

A diagonal symbol belongs
effectively to only one
component-code constraint,
whereas an off-diagonal symbol is
protected by two constraints.

Hence, the diagonal positions
may be weaker in the symmetric
product code.
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Anti-Symmetric Product Code Encoding

0 u1,2 u1,3 u1,4

u1,2 0 u2,3 u2,4

u1,3 u2,3 0 u3,4

u1,4 u2,4 u3,4 0

Non-systematic row encoding: (8, 4) code C

Non-systematic column encoding
(8, 4) code C

0 c1,2 c1,3 c1,4 c1,5 c1,6 c1,7 c1,8

c1,2 0 c2,3 c2,4 c2,5 c2,6 c2,7 c2,8

c1,3 c2,3 0 c3,4 c3,5 c3,6 c3,7 c3,8

c1,4 c2,4 c3,4 0 c4,5 c4,6 c4,7 c4,8

c1,5 c2,5 c3,5 c4,5 0 c5,6 c5,7 c5,8

c1,6 c2,6 c3,6 c4,6 c5,6 0 c6,7 c6,8

c1,7 c2,7 c3,7 c4,7 c5,7 c6,7 0 c7,8

c1,8 c2,8 c3,8 c4,8 c5,8 c6,8 c7,8 0

To avoid placing information in
weakly protected positions, we
force the diagonal symbols to be
zero by placing the diagonal
elements of the input to be zero.

This leads to the anti-symmetric
/ half-product construction.

The resulting code becomes a((n
2

)
,
(k
2

)
,D ≥ 3d2

4

)
code after

puncturing the lower triangle
including diagonal.
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(Anti-)Symmetric Product Code Decoding

+∞ ℓ1,2 ℓ1,3 ℓ1,4 ℓ1,5 ℓ1,6 ℓ1,7 ℓ1,8

ℓ1,2 +∞ ℓ2,3 ℓ2,4 ℓ2,5 ℓ2,6 ℓ2,7 ℓ2,8

ℓ1,3 ℓ2,3 +∞ ℓ3,4 ℓ3,5 ℓ3,6 ℓ3,7 ℓ3,8

ℓ1,4 ℓ2,4 ℓ3,4 +∞ ℓ4,5 ℓ4,6 ℓ4,7 ℓ4,8

ℓ1,5 ℓ2,5 ℓ3,5 ℓ4,5 +∞ ℓ5,6 ℓ5,7 ℓ5,8

ℓ1,6 ℓ2,6 ℓ3,6 ℓ4,6 ℓ5,6 +∞ ℓ6,7 ℓ6,8

ℓ1,7 ℓ2,7 ℓ3,7 ℓ4,7 ℓ5,7 ℓ6,7 +∞ ℓ7,8

ℓ1,8 ℓ2,8 ℓ3,8 ℓ4,8 ℓ5,8 ℓ6,8 ℓ7,8 +∞

L = [ℓi ,j ] ∈ Rn×n

The lower-triangular entries are copied
from the upper-triangular part, i.e.,

ℓj ,i = ℓi ,j , i < j .

The diagonal entries are set to +∞
since the corresponding code symbols
are fixed to zero.

The decoding architecture does not
change.

There is a two-stage stopping
criterion:

is the hard decision matrix based on
APPs after each half iteration
symmetric? If yes, is the syndrome of
each row or column satisfied?
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Polar Codes and Their Modifications (Precoded Polar Codes)

XN = UNGN where GN is the length-N polar transform

⊕

•

⊕
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X3

X4

U1

U2

U3

U4

U1 = 0

U2 = V1

U3 = 0

U4 = V2

frozen

info

frozen

info

frozen/info sets

F = {1, 3}
A = {2, 4}

frozen/info bits
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U2 = V ′
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U3 = V ′
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U4 = V ′
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F = {1}
A = {2, 3, 4}

frozen/info bits

UF = (0, . . . , 0)
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V 2
V ′
1,2,3

Outer Encoder

U1 = 0

U2 = V1

U3 = V2

U4 = U2 ⊕ U3

frozen

info

info

d. frozen

frozen/info sets

F = {1, 4}
A = {2, 3}

frozen/info bits

Ui = fi
(
U i−1

)
, i ∈ F

UA = V K
1

UN
1 = V K

1 P

Polar codes: optimize F for successive cancellation (SC) decoding [Arı09]

Polar codes concatenated with a high-rate outer code (possibly CRC): improve
distance spectrum and use SC list (SCL) decoding [TV15]

Polar codes with dynamic frozen bits: modify frozen bit constraints to improve
distance spectrum [TM16] and use SCL decoding

E.g., polarization-adjusted convolutional (PAC) [Arı19], dynamic Reed–Muller
codes [CNP20], precoded polar codes [MV20, MVL+21, MLV23], etc.
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On the Selection of Precoded Polar Component Codes

Short precoded polar component codes...

...matching the distance profile (sometimes only dmin) of good codes, e.g., eBCH
codes, which leads potentially to good product code performance if the component
codes are decoded via optimum SISO decoding

...with as small error probability as possible under SC decoding, which leads to
efficient SISO decoding via modified SCL decoding

Toy example: we design a (16, 7) precoded polar code matching the distance
spectrum of (16, 7) eBCH code, which is much suitable for SCL decoding

There are plenty of short (up to 64 bits) precoded polar code designs, e.g.,

... V. Miloslavskaya and B. Vucetic [MV20] provided many examples0

... interpolations between RM and polar codes with random dynamic bits [CDE+25]

0Codes are available at https:
//sites.google.com/site/veradmiloslavskaya/specifications-of-error-correcting-codes.
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Toy Example: (16, 7)⊗ (16, 7) = (256, 49) Product Code
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5G Polar+CRC, L = 8
TUB – polar
TUB – prec.
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(32, 21)⊗ (32, 21) = (1024, 441) Code
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Coşkun (Anti-)Symmetric Precoded Polar Product Codes and Their Turbo Decoding April 10, 2026 14 / 17



Length-120 Codes
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Length-496 Codes
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Coşkun (Anti-)Symmetric Precoded Polar Product Codes and Their Turbo Decoding April 10, 2026 16 / 17



Conclusions and Outlook

Precoded polar codes are used to construct product and symmetric product codes
codes

outperforms 5G LDPC codes up to moderate lengths, e.g., 1k bits, under SCL
component code decoding

improved latency compared to a long (precoded) polar code

Can we cover with a single reliability sequence similar to 5G for all component
codes of a (anti-)symmetric or regular product codes up to a larger length?

Better SISO decoding than naive SCL? Already by [PYM24, PS25]

(If interesting,) the design space is not exhausted

ML-based solutions: ProductAE [MVJ23]

Irregular product codes [AEMS12] based on precoded polar codes?

Representation of a long (good) precoded polar code as irregular product of precoded
polar codes?
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Thanks for your attention
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Length-256 Codes
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(32, 17)⊗ (32, 17) = (1024, 289) Code
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BLER Comparison of (64,40) Codes
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