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Motivation

This talk pays tribute to Prof. Joachim Hagenauer by revisiting sequential decoding from a
modern list-decoding and polarization perspective.

The original idea of list decoding dates back to a 1957 paper by Peter Elias [1].

List decoding appears as a theoretical tool in Shannon–Gallager–Berlekamp [6].

Hagenauer–Kuhn [7] considered a sequential version of list decoding.

Today, list-sequential ideas reappear in modern form: successive-cancellation list (SCL) decoding
is the workhorse decoder for polar codes, often with CRC/parity precoding.

Aim of this talk: to explain, through polarization and a queueing/random-walk heuristic, why
small-list sequential decoding is unstable for homogeneous tree codes yet can remain remarkably
stable for polar codes.
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Outline

Part I. Classical sequential decoding

▶ tree codes, Fano metric, and computational bursts
▶ Jacobs–Berlekamp lower bound, sphere packing, Pareto tails
▶ cutoff rate as a computational barrier

Part II. Polarization and list stability

▶ synthetic channels, rate splitting, and exponent equalization
▶ why small lists can remain stable under polarization
▶ illustrative BEC examples

Part III. A random-walk / queueing heuristic

▶ information deficit as a random walk
▶ associated queue, overflow exponents, and critical lengths
▶ a heuristic explanation of the Part II phenomenon
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Prior work on list decoding in connection with polarization

This is only a very partial list; the literature is vast, and several related directions are omitted.

SCL decoding for polar codes: Tal–Vardy [15]

List size to achieve ML performance: Fazeli–Vardy–Yao [16]

Information-theoretic perspectives on SCL: Coşkun [17], Coşkun–Pfister [18]

Scaling laws for polar codes: Hassani–Urbanke [10], Mondelli–Hassani–Urbanke [11, 12]

Bounded-complexity sequential decoding of PAC codes: Moradi–Mahdavifar [19]
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Part I: Sequential Decoding



Binary-input symmetric memoryless (BMS) channels

Channel input alphabet: X = {0, 1}, output alphabet Y.

Memoryless law: p(yN |xN) =
∏N

i=1 p(yi |xi ).

Capacity (nats/use):

C = max
p(x)

I (X ;Y ), I (X ;Y ) = E
[
ln

p(Y |X )

p(Y )

]
.

We focus on binary-input symmetric memoryless (BMS) channels (such as BEC, BSC,
BI-AWGN), for which the uniform input p(x) = 1/2 achieves capacity.
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Gallager function E0(ρ): definition, properties, and a typical shape

Definition (DMC, p(x) given, ρ ≥ 0):

E0(ρ) := − ln
∑
y∈Y

( ∑
x∈{0,1}

p(x) p(y |x)
1

1+ρ

)1+ρ

Basic properties:

E0(0) = 0, and E0(ρ) ≥ 0 for ρ ≥ 0.

E0(ρ) is nondecreasing in ρ (strict for
nondegenerate channels).

E0(ρ) is concave on ρ ≥ 0.

See Gallager [8].
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E0(ρ)/ρ is nonincreasing

Chord slopes from the origin. For any
ρ > 0,

slope of chord (0, 0) → (ρ,E0(ρ)) =
E0(ρ)

ρ
.

Concavity ⇒ decreasing slopes. If
0 < ρ1 < ρ2, concavity of E0 with E0(0) = 0
implies

E0(ρ1)

ρ1
≥ E0(ρ2)

ρ2
,

so E0(ρ)/ρ is nonincreasing in ρ > 0.

(We will use this monotonicity repeatedly when

relating rates and tilts.)
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Tangent-intercept picture: E0(ρ)− ρE ′
0(ρ) ≥ 0

Tangent at ρ = ρ∗. The tangent line at ρ∗ is

ℓ(ρ) = E0(ρ
∗) + E ′

0(ρ
∗)(ρ− ρ∗).

Intercept at ρ = 0.

ℓ(0) = E0(ρ
∗)− ρ∗E ′

0(ρ
∗).

Concavity ⇒ tangent lies above the curve.
Since E0 is concave, E0(0) ≤ ℓ(0), hence

0 = E0(0) ≤ E0(ρ
∗)− ρ∗E ′

0(ρ
∗),
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Sphere-packing lower bound on list decoding error probability

List decoding, Elias [1]: Decoder maps the channel output onto a list of L messages. If the
transmitted source message is not on the list, a list decoding error occurs.

Sphere-packing lower bound, Shannon–Gallager–Berlekamp [6]: For a discrete memoryless
channel (DMC), the optimal list-of-L block error probability for a code of length N and M = eNR

codewords satisfies

Pe(N,M, L) ≳ exp
{
− N

(
Esp

[
R − ln L

N

])}
.

Sphere-packing exponent.

Esp(R) = sup
ρ≥0

(
E0(ρ)− ρR

)
.

Effective code rate under list decoding.

Reff = R − ln L

N
.
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Tree codes and sequential decoding

Tree code: each input bit chooses one of two outgoing
branches.

Branch labels (here: 2-bits) are the channel-input symbols
emitted on that step.

Blue: correct (transmitted) path. Red: an incorrect path (a
wrong subtree).

Sequential decoding (Wozencraft [2]):

▶ Depth-first search guided by a path metric for
prefixes.

▶ Hallmark: no look-ahead (local metric
comparisons).

▶ On average channel information resolves
uncertainty, but noise bursts can trigger large
search.
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Terminology: Incorrect subtrees of the correct path

Correct path

1st incorrect subtree

2nd incorrect subtree
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Fano metric: how it drives sequential search
For a binary-input DMC with uniform input p(x) = 1

2 , the per-symbol Fano metric [3] is

γ(xi , yi ) = ln
p(yi |xi )
p(yi )

− R, p(yi ) =
∑

x∈{0,1}

1
2 p(yi |x),

where R is the operating rate (nats/use).

Branch-by-branch accumulation (path metric). For a hypothesized prefix xn1 , define the cumulative
metric

Γ(xn1 ; y
n
1 ) :=

n∑
i=1

γ(xi , yi ).

How the next node is chosen (no look-ahead). A sequential decoder maintains a set (stack) of
candidate prefixes. At each step it:

selects the currently best candidate prefix according to Γ(·),

extends it by one branch (appending xn+1 ∈ {0, 1}),

updates the metric by adding γ(xn+1, yn+1),

and backtracks if extensions fail to keep the metric competitive.
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Fano metric examples on a BSC (typical vs. dip)

Typical run Correct-path dip (forced burst)

Heuristic drift picture. When R < C , the metric tends to accumulate upward along the correct path, while
incorrect paths typically drift downward; nevertheless, large downward fluctuations along the correct path can
trigger extensive backtracking and computation.
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Jacobs–Berlekamp: complexity versus list decoding
Consider a rate-R tree code, and let CN denote the computation until the correct node at depth N is
first hypothesized by a sequential decoder.

Assume:

Eventual correctness: the decoder eventually reaches the correct node at depth N.

No look-ahead: the order in which depth-N nodes are visited depends only on the first N channel
outputs.

Then the decoder induces an ordered list of depth-N codeword prefixes, and

{CN > L} ⊇ {the correct depth-N prefix is not among the top-L candidates}.

Key consequence

Thus Pr{CN > L} is lower-bounded by the list-of-L decoding error probability for a block code of length
N and rate R.

Jacobs–Berlekamp [4].
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Sphere-packing lower bound and Pareto tail
By the Jacobs–Berlekamp reduction,

Pr{CN > L} ≥ Pe(N, eNR , L) ≳ exp
(
− N Esp(Reff)

)
, Reff := R − ln L

N
.

Optimizing this lower bound over the depth N suggests a dominant tilt ρ > 0 and the parametric
relations

R =
E0(ρ)

ρ
, Ncrit(ρ) ≜

ρ ln L

E0(ρ)− ρE ′
0(ρ)

.

Substituting the critical depth gives a Pareto-type lower bound

Pr{CNcrit
> L} ≳ L−ρ.

Moment implication. More generally, for any s > 0, if R > E0(s)
s , then the sth moment of the

computation cannot remain uniformly bounded as N grows. In particular, for s = 1, the first-moment
threshold is R0 = E0(1), the classical cutoff rate.

For further discussion see Jacobs–Berlekamp [4], Forney [5]; for a related converse via guessing, see Arıkan [13].
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Critical length and interpretation

Critical error length.

Ncrit(ρ) =
ρ ln L

E0(ρ)− ρE ′
0(ρ)

.

Ncrit(ρ) is the characteristic depth scale of a dominant overflow-causing excursion in the first
incorrect subtree.

Equivalently, once the decoder has progressed about Ncrit(ρ) symbols beyond a divergence point,
the risk from that particular incorrect subtree decays rapidly.

Along a long homogeneous tree, however, new incorrect subtrees keep appearing, so overflow
events remain recurrent.
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BEC example: critical error length Ncrit(ρ, z)

E0(ρ, z) = ρ ln 2− ln
(
1 + (2ρ − 1)z

)
E ′
0(ρ, z) =

(1− z) ln 2

(1− z) + z 2ρ

Ncrit(ρ, z) =
ρ ln L

E0(ρ, z)− ρE ′
0(ρ, z)

In this example, Ncrit(ρ, z) grows sharply as ρ
decreases below 1 (equivalently, as R exceeds
R0).
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Part II: Polarization and List Overflow



Part II roadmap

Polar viewpoint. Apply the Part I bound inside the polarization hierarchy. After m polarization steps

we obtain 2m synthetic channels p
(m)
v . We will associate to each node v an exponent ρ

(m)
v via the same

root condition:
ρ(m)
v R(m)

v = E0

(
p(m)
v ; ρ(m)

v

)
,

with rates R
(m)
v chosen to meet the average-rate constraint.

Finite-horizon union bound at depth m. The global overflow proxy becomes∑
v

L−ρ(m)
v .

What we will show for a BEC example. Polarization makes the ρ
(m)
v ’s highly nonuniform, and this

drives
∑

v L
−ρ(m)

v down with m, even when L is fixed.
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Polarization: first split and rate allocation (BMS)
Goal. Apply the same overflow proxy, but now along the polarization hierarchy.

BMS channel. Binary input x ∈ {0, 1}, output y , transition p(y |x). Assume uniform input p(x) = 1
2 .

First polarization step (kernel G2). Let (u1, u2) ∈ {0, 1}2 and

x1 = u1 ⊕ u2, x2 = u2, (y1, y2) ∼ p(y1|x1) p(y2|x2).

Define the synthetic channels

p−(y1, y2 | u1) :=
1

2

∑
u2

p(y1|u1 ⊕ u2) p(y2|u2), p+(y1, y2, u1 | u2) :=
1

2
p(y1|u1 ⊕ u2) p(y2|u2).

Rate splitting. Replace the single rate R by two rates R−,R+ assigned to (p−, p+):

R− + R+ = 2R (nats/use).

Next. We choose (R−,R+) by optimizing the Pareto exponent.
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Lemma: polar split increases the Pareto exponent

Lemma

Under the equal-exponent (rate-matching) rule above, the first polar split satisfies

ρ(1) ≥ ρ(0),

with equality only in degenerate cases (perfect/pure-noise extremes, or ρ(0) = 0).

Proof sketch. From the rate-matching equation at level 1,

E0(ρ
(0))

ρ(0)
= R =

R− + R+

2
=

E−
0 (ρ(1)) + E+

0 (ρ(1))

2 ρ(1)
≥ 2E0(ρ

(1))

2 ρ(1)
=

E0(ρ
(1))

ρ(1)
,

where the inequality is due to Alsan–Telatar [14]: E−
0 (ρ) + E+

0 (ρ) ≥ 2E0(ρ), ρ ≥ 0.

Since E0(ρ) is concave for ρ ≥ 0 [8], E0(ρ
(0))/ρ(0) ≥ E0(ρ

(1))/ρ(1) implies ρ(1) ≥ ρ(0). □
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Iterating the split: 2m parallel problems and the stage proxy
Iterate the same idea down the polarization tree:

At depth m, there are 2m synthetic channels p
(m)
v . Choose a common exponent ρ(m) and assign

node-rates

R(m)
v :=

E0

(
p
(m)
v ; ρ(m)

)
ρ(m)

.

Choose ρ(m) so that the average rate matches the target:

1

2m

2m∑
v=1

R(m)
v = R.

Under the equal-exponent design ρ
(m)
v = ρ(m), the stage-m proxy is

P(m)
ov ≈

2m∑
v=1

L−ρ(m)

= 2m L−ρ(m)

.

If ρ(m) grows fast enough with m so that 2mL−ρ(m)

decreases, then polarization is predicted to
tame list overflow despite growing depth.
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BEC example: stage tilts and union proxy

Stage tilts: ρ(k) vs. depth k

Union-style proxy: Pk = 2kL−ρ(k)
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BEC example: root condition and critical length

Root condition: ρR = E0(ρ, z) Jacobs–Berlekamp: Ncrit(ρ, z)
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BEC: Ncrit across polarized subchannels

Large spread comes from near-perfect subchannels (zv ≈0) where E0 − ρE ′
0 is tiny ⇒ Ncrit huge.
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Empirical scaling of the stage exponent ρ(k) (BEC example)

Observation. In the BEC example (z = 0.4, R = 0.5 bits/use, L = 8), the exponents ρ(k) increase
rapidly with polarization depth k.

Simple fit (log-linear in k). A least-squares fit to the computed values {ρ(k)}10k=0 gives

ln ρ(k) ≈ a+ b k, a ≃ 0.206, b ≃ 0.219,

equivalently,
ρ(k) ≈ 1.23 (1.245)k ≈ 1.23 (2k)0.316.

(So ρ(k) behaves roughly like a power of the number of subchannels B = 2k .)

The union bound fit. The stage proxy behaves like

P(k) = 2k L−ρ(k)

= exp
(
k ln 2− ρ(k) ln L

)
,

so once ρ(k) grows superlinearly in k , the union bound can become rapidly meaningful.
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Experiment: coupled BEC metric walks

Fix one shared level-0 BEC(z) realization of length N (same erasure pattern for everything).

Choose one transmitted (correct) path and generate many random incorrect paths at level m = 0
(each path dies when it hits a non-erasure disagreement).

For m = 0, 1, 2, . . . , apply the polar pairing rule recursively to obtain 2m coupled synthetic BECs,
and split the rate by equalizing the Kingman exponents (same rule as in Part III).

What we plot (per synthetic channel): cumulative metric for the correct path (blue), one sample
incorrect path (red), and the number of incorrect paths still alive (dashed).
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Coupled metric walks (m=0)

N = 1024, z = 0.40, R = 0.50 bits/use, rate-splitting by exponent equalization.
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Coupled metric walks (m=1)

Same shared level-0 sample; two synthetic channels; rate split by exponent equalization.
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Coupled metric walks (m=2)

Same shared level-0 sample; four synthetic channels; rate split by exponent equalization.
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Takeaways from the coupled-walk experiment

Rate splitting matters: each synthetic channel is biased at its own Rv , so the correct-path drift
matches its assigned reliability.

Polarization stabilizes search: many synthetic channels quickly kill incorrect paths (alive-count
collapses early), while weak channels are assigned small rates.

Coupling makes it visible: the same level-0 sample, viewed deeper in the polarization tree,
exhibits fewer “dangerous” long deficit episodes.
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Part III: A Random Walk/Queueing Heuristic



A proxy for search complexity

Part I takeaway: sequential decoding is a tree search guided by a biased metric.

The failure/computation mechanism is pathwise: occasional local dips trigger large searches.

Now: model these dips first via a deficit random walk, then via a reflected queue (backlog).

This viewpoint is mentioned as a heuristic by Forney [5, Eq. (75)].

We use tilted versions of information density to connect the queueing heuristic to known exact
results.
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Tilted metric

For any ρ > 0, define the per-symbol tilted metric

γρ(x , y) := Iρ(x ; y)− R.

where

Iρ(x ; y) := ln
p(y |x)

1
1+ρ∑

x′ p(x ′) p(y |x ′)
1

1+ρ

, p(x) = 1
2 ,

is the tilted information density .

We will assume throughout that 0 < R < C and that ρ > 0 is chosen so that R = E0(ρ)/ρ.

Why use a tilted metric?

The tilted metric provides discrimination against a most problematic ”critical” class of incorrect-paths.
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Drift of the tilted metric: correct path

Claim. On the correct path, under the rate-matching choice R = E0(ρ)
ρ ,

E[γρ(X ,Y )] = E[Iρ(X ;Y )]− R ≥ 0,

(with strict > for nondegenerate channels), so the metric tends to drift upward.

Proof. On the correct path, with (X ,Y ) ∼ p(x)p(y |x) and p(x) = 1
2 , one verifies that

E
[
e−ρ Iρ(X ;Y )

]
= e−E0(ρ).

Applying Jensen to exp(·) gives

e−ρE[Iρ(X ;Y )] ≤ E
[
e−ρ Iρ(X ;Y )

]
= e−E0(ρ),

hence E[Iρ(X ;Y )] ≥ E0(ρ)/ρ = R.
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Drift of the tilted metric: incorrect path

Claim. On an incorrect (mismatched) path, if X̃ ∼ p(x) is independent of Y , then

E[γρ(X̃ ,Y )] < 0,

so the metric tends to drift downward.

Proof. Fix y . Let ax := p(y |x)
1

1+ρ > 0. Then

EX̃

[
Iρ(X̃ ; y)

]
=
∑
x

p(x) ln
ax∑

x′ p(x ′)ax′
≤ 0,

by Jensen since ln(·) is concave. Averaging over Y gives E[Iρ(X̃ ;Y )] ≤ 0, hence

E[γρ(X̃ ,Y )] = E[Iρ(X̃ ;Y )]− R ≤ −R < 0.
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Deficit random walk

Consider the correct path and define the per-step tilted information deficit at the ith channel use
along the correct path as

Di := R − Iρ(xi ; yi ), R in nats/use,

and define the associated deficit random walk

S0 = 0, Sn =
n∑

i=1

Di , n ≥ 1.

Interpretation

As defined, Sn typically drifts downward (negative mean). Rare upward excursions of Sn correspond to
sustained local information deficits. These excursions are the driver of large search / list overflow.
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Cramér/Wald bound for threshold crossings of Sn
Wald/Cramér–Lundberg threshold-crossing bound

For the deficit random walk Sn as defined above and any threshold b > 0, we have

Pr
{
sup
n≥0

Sn ≥ b
}

≤ e−ρb.

Proof. From the above definition and properties of the deficit random variable Di , we have

E
[
eρDi

]
= eρRE

[
e−ρIρ(X ;Y )

]
= eρR−E0(ρ) = 1,

The claim now follows from known results about random walks (see, e.g., Gallager [9, Eq. (7.42)].

Pareto distribution recovered
In particular, by taking b = ln L, we obtain

Pr
{
sup
n≥0

Sn ≥ ln L
}

≤ L−ρ,

which is the same as the Jacobs-Berlekamp Pareto distribution.
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From one subtree to many: why introduce a queue?
Random-walk picture (one incorrect subtree). Fix a divergence time k and look only inside the
corresponding incorrect subtree. Along any path in that subtree, the decoder accumulates a deficit

Sk,n :=
n∑

i=k+1

Di , n > k,

with i.i.d. increments Di driven by the channel.

Overflow proxy for this subtree. A list budget L corresponds to a log-threshold b = ln L. The event

sup
n≥k

Sk,n ≥ b

means: along this fixed subtree, the cumulative deficit becomes large enough to force extensive search /
overflow.

Limitation
A sequential decoder must survive all divergence times k = 0, 1, . . . ,N − 1, not just one fixed k . This is
why we need a device that accounts for all windows (k + 1, . . . , n) simultaneously.
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All divergence times ⇐⇒ a running maximum over windows
For a fixed depth n, the worst incorrect subtree is the one whose deficit over the window (k + 1, . . . , n)
is largest:

max
0≤k≤n

n∑
i=k+1

Di .

Define the associated queue / reflected walk

Qn := max
0≤k≤n

n∑
i=k+1

Di = Sn − min
0≤k≤n

Sk , Sn :=
n∑

i=1

Di .

Equivalently, Qn satisfies Lindley recursion

Q0 = 0, Qn = max{0,Qn−1 + Dn}, n ≥ 1.

Interpretation for list decoding

Qn is the worst cumulative deficit over all divergence times up to n. Heuristically, the effective list size
needed at depth n grows like exp(Qn). Thus a list budget L corresponds to the event Qn ≥ ln L.
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What the queue bound does (and does not) say
Assume a stable deficit process: E[D1] < 0, and there exists ρ > 0 such that

E[eρD1 ] = 1 (equivalently ρR = E0(ρ) in our tilted model).

Queue tail bound (pointwise / steady-state). Standard Cramér–Lundberg/Kingman theory gives an
exponential tail with exponent ρ:

Pr{Qn ≥ b} ≲ e−ρb for each fixed n,

(and similarly for the stationary queue Q∞, when it exists).

Important: finite-horizon vs infinite-horizon.

The event {∃ 1 ≤ n ≤ N : Qn ≥ b} is what matters for a length-N block. A safe bound is the
union bound

Pr
{

max
1≤n≤N

Qn ≥ b
}

≤
N∑

n=1

Pr{Qn ≥ b} ≲ N e−ρb = N L−ρ.

For homogeneous tree codes, this crude bound diverges with N at fixed L: fixed-width
list-sequential decoding cannot be uniformly reliable over arbitrarily long spans.
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Key takeaways from Part III

Deficit increments Di induce a random walk Sn (and the associated queue Qn).

A Cramér/Wald/Kingman exponent ρ is selected via

ρR = E0(ρ),

and yields the basic overflow proxy L−ρ for a single incorrect subtree (or for a fixed time n).

Over a finite horizon N, a sequential decoder must survive many possible divergence times. A safe
summary is therefore a union bound of the form

Pr{some overflow up to depth N} ≲ N L−ρ,

which grows with N at fixed L.

One-sentence takeaway

Polarization tames list-sequential search by making large information-deficit excursions far less likely
across the decoding hierarchy, so a fixed list size can remain stable at larger blocklengths.
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