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Big Picture First

» Previous work:

» Polar coding for aperiodic processes with memory
» Generally, no polarization for periodic processes

» Specifically, counterexample for period 4

» This work: for periodic or aperiodic processes

» Period is odd — polarization

» Fix initial state of Markov chain = polarization

» Fix initial phase of Markov chain = polarization
» Applications:

» Balanced codewords

» Constant weight codewords

» Codewords in a weight range
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Setting: Finite Irreducible Markov (FIM) Processes

> Process:
(Xb Y, SJ)JN:1

> Finite number of states: S; € S, where |S| < o
> Hidden state: S; is unknown to encoder and decoder

> Probability distribution:
P(x;.¥}. sjlsj-1)
» Stationary: same for all j
» Markov:
P(x;,¥j: Sjlsji—1) = P(X;, ¥}, Sj[{Xe: Ye: Se}e<))

> State sequence: apesied(C irreducible Markov chain
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Periodic Processes do not Polarize [Sasoglu Tal:2019]
Counterexample:

X ~ Ber(1/2) X ~ Ber(1/2)

No polarization: for all 3} < i < &,

, 1
H j =1 —_ < i =
‘ (U,|U1 ) 2‘ = €N, nggoEN 0

N—oo

» 1
IH(U,'|UI1_1,SQ) — 2’ S EN, lim EN = 0
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Periodic Processes do not Polarize [Sasoglu Tal:2019]
Counterexample:

S=1
X ~ Ber(1/2)

6

Moreover, for N > 8 and all 3 < i< &,

H(UUTT,So) = 1/2
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Periodic Processes do not Polarize [Sasoglu Tal:2019]
Counterexample:

S=1
X ~ Ber(1/2)

Moreover, for N > 8 and all 3 < i< &,
H(UUTT,So) = 1/2
However,
. 0, s 1,3
H(U,"Ul1_1,50:50): ) OE{ ) }
1, So € {0, 2}
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Stationary Irreducible Periodic Markov Processes

O -

_p_1

» Markov state: P(s;j|sj—1) = P(sj|Sj-1,Sj-2,.--)
» Periodic:

> States partitioned to p phases

» Phase of sis ¢(s) = ¢

> P(Sjy1=15|S;=5)>0onlyif ¢(s') = ¢(s) + 1 (mod p)
» Irreducible = unique positive stationary distribution 7
> Stationary — existence of:

1
= lim =H(XY|YN
Hx|y NI—>mooN (X7[Y7)
1
Hx = lim —H(XY)
N—oo N
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H, Z, and K Conditioned on an Event

For
» binary random variable U
» general random variables W, Q
> event A

we have

HW|Q,A) ZPWQ|A W, q) logs Pw)g.a(W[q)
w.q

Z(U|Q,A) = ZZ\/PUQM 0,9)Pyga(1,9)

K(U[Q,A) Z‘PUQ\A (0.9) — Pygu(1.9)|
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Main Theorem: Fix Phases of Initial, Final States
— Periodic Processes Polarize

> Let (Xj,Y;,S;); be a FIM process, where (S;); has period p
» For N = 2", denote by UY the polar transform of Xx¥
> Fix0<p<p
> Set Vo C S s.t. ¢(So) =¢ for all sg € Vg
> Set Wy C S s.t. ¢(sy) =¢+Nmodp forall sy e Wy
» Denote Ay = {Sp € Wg and Sy < Wy}
Then, for 0 < g < 1/2,
lim % {i:Z(U,qu—1,Y4V,AN) < 2-”"}’ —1— Hyy,

n—o0

1y, . .
lim {/;K(U,~|U’1 T Ay) < 2 N’BH = Hy

n—oo
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Example: Balanced Codewords

Ve

-
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Example: Balanced Codewords

s > e T«

p=4, N=16, ¢=0, Vog=WVy={e}
0011
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Example: Balanced Codewords

Ve

p=4, N=16, ¢=0, Vog=WVy={e}
0011 1100
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Example: Balanced Codewords

s e V< (b:o

p=4, N=16, ¢=0, Vog=WVy={e}
0011 1100 0110
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Example: Balanced Codewords

s e V< (23:0

p=4, N=16, ¢=0, Vog=WVy={e}
0011 1100 0110 1001
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Proof Outline
Power of 2

» Factor \
d-

p =
and denote

S(A)={seS:¢(s)=A (modd)}
» “Simpler” case: under event
D(A) ={So € S(A)}

» Establish slow polarization
» Establish fast polarization
» General case:
> Recall: Ay 2 {So € Wy and Sy <€ Wy}
» Show that Ay C D(A) for some A
> Use “simpler” case to establish result
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Interlude: What Went Wrong in the Counterexample?

Why in counterexample, H(U;|U ", So) = 1/2?
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Interlude: What Went Wrong in the Counterexample?

Why in counterexample, H(U;|U ", So) = 1/2?
> Recall:

0, 506{1,3}

H(UI U, So = s0) =
WU 50 = <0) {1, so € {0,2}

> If Sg € {1,3},then Sy € {1,3}
> If So € {2,4}, then Sy € {2,4}
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Why in counterexample, H(U;|U ", So) = 1/2?
> Recall:

. 0 1,3
1, sp € {0, 2}

> If Sg € {1,3},then Sy € {1,3}
> If So € {2,4}, then Sy € {2,4}
» Hence, in the polar transform, we are either pairing
» H=1withH=1=H =H" =1
> H=0withH=0=H =Ht =0
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Interlude: What Went Wrong in the Counterexample?

Why in counterexample, H(U;|U ", So) = 1/2?
> Recall:

i 0 1,3
1, sp € {0, 2}

> If Sg € {1,3},then Sy € {1,3}
> If So € {2,4}, then Sy € {2,4}

» Hence, in the polar transform, we are either pairing
> H=1withH=1=H =H" =1
> H=0withH=0=H =H" =0

» Problem: we never pair H > 1/2 with H < 1/2
» — Expected entropy is stuck at 1/2
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Interlude: What Went Wrong in the Counterexample?

Why in counterexample, H(U;|U ", So) = 1/2?
> Recall:

i 0 1,3
1, sp € {0, 2}

> If Sg € {1,3},then Sy € {1,3}
> If So € {2,4}, then Sy € {2,4}

» Hence, in the polar transform, we are either pairing
> H=1withH=1=H =H" =1
> H=0withH=0=H =H" =0

» Problem: we never pairH > 1/2 withH < 1/2
> — EXpeCted entropy iS StUCk at 1/2 th|s for Iater
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Slow Polarization: Convergence to H,(A) and H.(A)

Foragiven0 <A <d,N=2",and 1 <j <N, denote

Hn(A) = H(U;|Q1, So. S, D(A))
Hn(A) = H(U;|Qi, D(A))

where Q; = (U, YY)
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Slow Polarization: Convergence to H..(A) and A, (A)

Foragiven0 <A <d,N=2",and 1 <j <N, denote

Fln(A) = H(Ui|Qi,SO,SN,D(A))

Hn(A) = H(Ui|Q;, D(A))
where Q; = (U, YY)
Lemma
Fix 0 < A < d. Then,
n 0o Ly,a.5. »~
(Hn(A))pZ1 —— Hx(A) € [0, 1]
Lq,a.s.

(Hn(A))go:1 E— Hoo(A) € [07 1]
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Slow Polarization: Convergence to H..(A) and A, (A)

Foragiven0 <A <d,N=2",and 1 <j <N, denote

Fln(A) = H(Ui|Qi,SO,SN,D(A))

Hn(A) = H(Ui|Q;, D(A))
where Q; = (U, YY)
Lemma
Fix 0 < A < d. Then,
Lq,a.s.

(An(8))521 == (D) € [0,1]

Lq,a.s.

(Hn(A))?)o:1 E— Hoo(A) € [07 1]

Proof sketch: H,(A) is a bounded sub-martingale;
Hn(A) is a bounded super-martingale
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Slow Polarization: H,(A) € {0, 1} ‘p=d-q.

,,,,,,,,

Define
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Slow Polarization: H,.(A) € {0, 1} p=d-

,,,,,,,,

Define

Recalling A,(A) = H(Uj|Q;, So, Sn, D(A)),

=d- > 7(so,sn) H(Uj|Qi, So = 0. Sy = sw)
(So.sn)ESH(A) ’Y(So Sn)

12/20



Slow Polarization: H,.(A) € {0, 1} p=d-q

Define

Recalling A,(A) = H(Uj|Q;, So, Sn, D(A)),

) =d- > 7(So,5Sn) H(Uj|Q;, So = So. Sy = sn)

-~

(S0,5K)ESE(A) 7(50,5n)

By the pigeon hole principle, we can have neither
v(S0,5n) < An(A)  V(so,sn) € S3(A)

nor

A~

’)/(So,SN) > Hn(A) V(SQ,SN) S S,%,(A)
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Slow Polarization: A,(A) — {0, 1} b=d.q|
Define T
SH(D) = {(S0,5n,San) - $(S0) = A (mod d),
¢(sn) — #(so) =N (mod p),
P(san) — #(sy) =N (mod p)}

"[SasogluTal:2019, Lemma 11], [Sasoglu:2017, Lemma 2.2]
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Slow Polarization: H,(A) — {0, 1} ‘p=d-q.
Define
Su(D) = {(S0,Sn,San) : #(S0) = A (mod d),
¢(sn) — #(so) =N (mod p),
P(san) — ¢(sv) =N (mod p)}

Let N > d. For polarization to {0, 1} it suffices to show' that if
e < /:In(A) <1—¢
there exists (So, Sy, San) € Sp(A) with probability > 4 > 0 s.t.

¥(S0,5n) < Hn(A) and  y(sw,Saw) > An(A)
or

¥(S0,5n) > Hn(A) and  y(sw,Saw) < An(A)

"[SasogluTal:2019, Lemma 11], [Sasoglu:2017, Lemma 2.2]
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Slow Polarization: A, (A) — {0, 1} p=d-q.

,,,,,,,,

Assume the contrary: for all (so, Sy, San) € S3(A), either

’Y(SOaSN) < ’:In(A) and ’Y(SN,SZN) < I:In(A) (1)
or

~

v(S0,5n) > Hn(A) and  ~(sy, San) > Hn(A) (2)
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~
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» Recall g odd, d power of 2
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¢=A (modd) and ¢=-2 (mod Q)

14/20



Slow Polarization: A, (A) — {0, 1} p=d-q
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Slow Polarization: A, (A) — {0, 1} p=d-

Assume the contrary: for all (so, Sy, San) € S3(A), either
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or

~
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» Recall g odd, d power of 2
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Slow Polarization: A, (A) — {0, 1} p=d-q

Assume the contrary: (So, Sn, San) € S3(A), either
¥(S0,5n) < Hn(A) and  y(sw,Saw) < An(A) (1)
or
~v(S0,5n) > Hn(A) and  ~(Sn,San) > Hn(A) (2)

v

Recall g odd, d power of 2
» Chinese Remainder Theorem — exists 0 < ¢ < p, s.t.

¢=A (modd) and ¢=-2 (mod Q)

v

Fix (SQ,SN,SZN) S S,?I(A) with (25(50) =
» Assume w.l.o.g. (1) holds — (S0, Sn) < An(A)
By (1), for any (So,Sn, 7o) € S3(A) = v(Sn, 00) < Ha(A)

v
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Slow Polarization: A, (A) — {0, 1} p=d.

Assume the contrary: (So, Sn, San) € S3(A), either
¥(S0,5n) < Hn(A) and  y(sw,Saw) < An(A) (1)
or
~v(S0,5n) > Hn(A) and  ~(Sn,San) > Hn(A) (2)

v

vvyyy

Recall g odd, d power of 2
Chinese Remainder Theorem = exists 0 < ¢ < p, s.t.

¢=A (modd) and ¢=-2 (mod Q)

Fix (So, Sn, San) € Sy(A) with ¢(so) = ¢

Assume w.l.0.g. (1) holds — (S0, 5n) < FAn(A)
By (1), for any (So,Sn, 70) € S3(A) = (s, 00) < Ha(A)
By (1), for any (sw, 70,01) € S3(A) = (a0, a1) < An(A)
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Slow Polarization: H,,(A) — {0,1} p=d-q|
Recap: T
> Fixed (So, Sy, San) € Sp(A) with ¢(so) = ¢, and
p=A (modd) and ¢=-2 (modq)
» Assumed w.l.0.g. v(So,Sn) < Hn(A)
> Showed for any (sn, 70, 01) € S3(A), ¥(d0,a1) < Ap(A)
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Slow Polarization: H,,(A) — {0,1} p=

Recap: )

> Fixed (So, Sy, San) € Sp(A) with ¢(so) = ¢, and

p=A (modd) and ¢=-2 (modq)

» Assumed w.l.0.g. v(So,Sn) < Hn(A)

> Showed for any (sn, 70, 01) € S3(A), ¥(d0,a1) < Ap(A)
Next,

» Define ¢'(s) = ¢(s) (mod q)

» Choose n s.t. Euler’s totient of g divides n —

¥(s0, sn) < Fn(A sn, 00) < An(A ,01) <Hn(B)

=0 ¢ =1
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Slow Polarization: H,,(A) — {0,1} p=

Recap: )

> Fixed (So, Sy, San) € Sp(A) with ¢(so) = ¢, and

p=A (modd) and ¢=-2 (modq)

» Assumed w.l.0.g. v(So,Sn) < Hn(A)

> Showed for any (sn, 70, 01) € S3(A), ¥(d0,a1) < Ap(A)
Next,

» Define ¢'(s) = ¢(s) (mod q)

» Choose n s.t. Euler’s totient of g divides n —

Y(s0,Sn) <Hn(B)  ~(sw,00) <Hn(A ca1)<Ha(B) (01, 05) <FAn(A

@@QQ

=0 ¢ =1 =2
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Slow Polarization: H,,(A) — {0,1} p=d-q|
Recap: T
> Fixed (So, Sy, San) € Sp(A) with ¢(so) = ¢, and
p=A (modd) and ¢=-2 (modq)
» Assumed w.l.0.g. v(So,Sn) < Hn(A)
> Showed for any (sn, 70, 01) € S3(A), ¥(d0,a1) < Ap(A)
Next,
» Define ¢'(s) = ¢(s) (mod q)
» Choose n s.t. Euler’s totient of g divides n —

¥(s0, sn) < Fn(A sn» 00) < An(A ,a1) <Hn(A)  ~y(aq,05) <Hp(A
=1 ¢ =2

Induction = V(s,5') € S3(A), 7(s5,5) < I:In(A) — Contradiction!
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Slow Polarization: Tying Things Together

Proposition: ForO < A <d,0<e< 1,and N = 2™

/—— Ha(A)

lim % H: H(UUS, YN D(A)) < e}‘

n—oo

1 .
= lim {i:H(u,-|u';1,Y4V,so,sN,D(A)) <e}‘

n—oo

1
S lim DO S SuD) S
n—oo N HH(A)

]
=1 — lim NH(XMY’V,D(A))

n—o0

1
=1 — lim —HXN|yYN
ImN ( 1’ 1)
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Slow Polarization: Tying Things Together

Proposition: ForO < A <d,0<e< 1,and N = 2™

/—— Ha(A)

1 .
im {i U v D(2)) > 1 ¢}

n—oo

1 .
Jim H/ CH(UUS, YN So, Sh, D(A)) > 1 — EH

1

= lim —H(XY|YY,So,Sn,D(A)) \ .
naooql HH(A)

b VL UN N

= lim SHXY|YY,D(8))

1
= lim —H(XYYY)
o N
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Fast Polarization for “Simpler” Case — Given D(A)

Proposition: Fix0 < 8 < 1/2and 0 < A < d. Then, for N = 2",

lim % {i 1 Z(Ui|Qi, D(A)) < 2*Nﬁ}‘ =1 —Hxy

n—oo

{i - K(UilQi, So, Sw, D(A)) < Z_NBH = Hxy

. 1
lim —‘
n—oo N

Reminder: This is not yet our Main Theorem; we still need to
go from D(A) to Ay = {Sp € Wy and Sy € Wy}
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Proof Sketch

A 1
= <A<d
M(A) d-min{rs:s € S(A)}’ O=As
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Proof Sketch

1
2 < <
M(A) d-min{rs:s € S(A)}’ O<Axd

Markov + irreducibility + stationarity + periodicity —
Mixing Lemma:

> FixXO<A<dand N=2">d
> LetA,BC XN x YN
Then,
IP((X’V, YMyea and (X3, v2) eB’D(A))
< m(a) - P (XY, v¥) € Alp(a)))

P ((XN+17 Vi) € B‘D(A)>
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Proof Sketch

A 1
M(A) d-min{rs:s € S(A)}’ O<Axd

Mixing Lemma —
Lemma: Fix0 < A <dand N= 2" > d. Then,

Z,(A)<2-M(A)-Z,(A) and Z(A) < M(A)-(Z,(A))?

A

K- (A) < d-M(A)-(Kp(A)? and KF(A) < 2-Kn(A)

This yields the proposition
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From D(A) to Ay

Recall:

2(U|Q,A) =2 Z \/Puon(0.9)Pu a(1,9)

K(U|Q,A) Z |Pu,0ia(0,9) — Py ga(1,9)|
q

Lemma: Let
» U be a binary random variable
» Q general random variable
> Aq Ay, ..., Ay mutually exclusive events

Denote
C=A{UAU---UA,

Then,
2(UlQ,C) = Y P(A/|C) Z(U]Q, A))
K(UIQ,C) <> P(4IC)K(UIQ,A)
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From D(A) to Ay
Recall 1: fast polarization for D(A)

.1y, _
nlLrT;oN ‘{I : Z(U,’|Q,’,D(A)) <2 Nﬁ}‘ =1- H)(‘y
.1y, _
nlggoﬁ H’ : K(Ui|Qi; So, Sn, D(A)) < 2 NB}’ = Hxpy
Recall 2: forC=A{ UAU---UA,,
2(UQ.C) > Y P(A)|C)Z(UQ. A)
K(UIQ,C) <> P(4[C)K(UIQ,4)
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From D(A) to Ay Won=Wo x Uy
Recall 1: fast polarization for 0(A) T

Jim © {7 2101 D(8)) < 277} = 1~y

1. _
nlggoﬁ H’ : K(Ui|Qi; So, Sn, D(A)) < 2 NB}’ = Hxy
Recall 2: forC=A1 UA, U---UA,
Z(UlQ,€) = 3 P(A/C) Z(UIQ. 4)
K(UIQ,C) < ) P (AIC)K(UIQ,A)

For Z, take For K, take
C = {(So.Sw) € SH(A)} =D(A) €= {(So.Sn) € Vou} = An
Al = {(SO’SN) € “UO,N} = An Aso,sN = {(SO,SN) = (So,SN)}

Az = {(So,Sn) € SH(A) \ Yon} A\ C D(A)
(s0,Sn) € Von
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