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Overview

Goals and Issues

 Objective: Approaching Shannon capacity on (SU) MIMO channels

* [sn’t this already solved?

B. M. Hochwald and S. ten Brink, "Achieving near-capacity on a multiple-antenna channel,"
in /EEE Transactions on Communications, vol. 51, no. 3, pp. 389-399, March 2003

S. ten Brink, G. Kramer and A. Ashikhmin, "Design of low-density parity-check codes for
modulation and detection,"
in /EEE Transactions on Communications, vol. 52, no. 4, pp. 670-678, April 2004

* Issues:
1. Complexity of high-performing MIMO detectors.

« Circumvented by using linear detection in AMP-like processing framework.

2. Architecture associated with iterative joint decoding and detection (significant change in practice).
* This issue remains in this work.

Source sample text



V/O-AMP:

* Originally developed for compressed sensing: ? = Ax +n , Ai.i.d. Gaussian

Donoho, D. L., Maleki, A. and Montanari, A. (2009). Message-passing algorithms for compressed sensing.
Proc. Natl. Acad. Sci. U.S.A., 106, 18914-18919.

« Later generalized to right unitarily invariant distributions: A ~ AU, U (Haar distributed)

S. Rangan, P. Schniter and A. K. Fletcher, "Vector Approximate Message Passing,"
in /JEEE Transactions on Information Theory, vol. 65, no. 10, pp. 6664-6684, Oct. 2019
J. Ma and L. Ping, "Orthogonal AMP," in /EEE Access, vol. 5, pp. 2020-2033, 2017

 Applied (in literature) to MIMO detection: y = Hx + n

 Practical obstacle is that it only works well when H is impractically large.

C. Jeon, R. Ghods, A. Maleki and C. Studer, "Optimality of large MIMO detection via approximate message passing,"
2015 IEEE International Symposium on Information Theory (IS/T), Hong Kong, China, 2015

« Performance Analysis and Extensions to Coded Versions.

 Replica predictions, rigorous proofs, mutual information + MSSE analysis, I-mmse relation, etc.

G. Reeves and H. D. Pfister, "The Replica-Symmetric Prediction for Random Linear Estimation With Gaussian Matrices Is Exact,"
in /JEEE Transactions on Information Theory, vol. 65, no. 4, pp. 2252-2283, April 2019

J. Barbier, N. Macris, M. Dia and F. Krzakala, "Mutual Information and Optimality of Approximate Message-Passing in Random Linear Estimation,"
in /JEEE Transactions on Information Theory, vol. 66, no. 7, pp. 4270-4303, July 2020

L. Liu, C. Liang, J. Ma and L. Ping, "Capacity Optimality of AMP in Coded Systems,"
in /JEEE Transactions on Information Theory, vol. 67, no. 7, pp. 4429-4445, July 2021



MIMO Detection

Mixing as a Problem

« Separation of demodulation and decoding in SISO BICM hinges on the efficiency of bit-wise
demodulation of Gray-coded QAM.

* Bit-wise LLRs preserve most of the symbol information.

* Not always holding for MIMO systems, on top of complexity issues arising from mixing.
» We modulate coordinates as in SISO case.

« AMP approach to detection - convert separate Gaussian channels.
 Extracts information from constraint of symbol constellation.

501 = — 2
so—s MIMO | , [ S >
' system j—>p- 5 '

] y=Hso+n CI> ]

S0 M=t = >

(a) MIMO system with IO-LAMA as the data detector.



Capacity and Coded Mimo

& »
»

Po E-'-_p* G = snr p

Fig. 3. Graphic illustration of OAMP in the un-coded LUIS. (p*,v*) is
the fixed point of the transfer functions in (13). H = (0, 00), ¢S3%(p) =

1/(1+p), po = [yse(1)]7t =1, v = VS_El(PO) and nsg (0) = snr.

« Cannot generally achieve (constrained) capacity with AMP based detection - must iterate

* -MMSE relation to connect estimation to capacity



Mimo Channel for (V/O)AMP

Mixing of Gaussian channels

cy=Hx+n

« H =UDV' : singular value decomposition

- We can redefine y « U1y so H = DV*: co-ordinatewise operation + mixing
ey =D7+7, Z=V%

* Mixing: x = Vz, is the problem! (otherwise it would be a fading channel).

* Large size limit ‘exploited’ by AMP: Haar dist. V = Z is marginally Gaussian.



Asymptotics Elements
Key to (V/O) AMP

» Large system limit . ‘convergence’ of coordinate-wise operations.
1. Singular values of channel (sensing) matrix;
2. Prior coordinate-wise distribution (e.g. binary variables)

 Effect of Random Unitary transformation of ‘error’ components is to marginally ‘Gaussianize’ them.
» A kind of local CLT.

.gL:Ué)R

 E (ézé%) = R : Assume spectrum of R is well behaved: lim 2 trace(R) = v2
R n—-oon

 E (é,ef) = URU : Diagonal elements converge a.s. to v

* For (V/O)AMP asymptotic analysis shows general correctness of ‘Gaussianness’ and State
Evolution. (Bolthausen conditioning, etc.)



Presentation Outline

A Mixed Layers Modulation Scheme

* Focus on Single User, multi-carrier, MIMO channels (e.g. 4x4) (real case in this presentation)

* Architecture

« Signal structure, parameters
* Transmission

 Overview of Receiver

* Application of V/O AMP, EP, EC etc. (Tutorial)
 Unitary transform used as statistical regularizer.

- DE/SE

- Large System asymptotic convergence.

« Simulation Results

* Open Issues



Architecture

Signals
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Architecture

Signal generation

LDPC

Equal size vectors of bits: +1

:&O*@‘:j So = bo(po + Uo)

|
RS |

s1 = b1(p1 +uy)

 Layercombining: s; = b{(p1 +uq)
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* p = (py, p1, o) are scalar (design) parameters

that admit shaping gain

Sy = byp,
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Modulation Layer Combining

¢

s=pb+u ‘:,0

Natural bit map so = by + b1 5 + b2

°: S:b(p—|—u) :Q Graybit Map So :b0(1+b1(%—|—bgi))

Bits are encoded in reflection symmetlries

General Gray signal form: Uy diag(bo)(pol + Uy diag(b1)(p11 + Us diag(bo)p2))1
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Orthogonal Transformation

Block diagonal scaled Hadamard matrices of size 2% followed by permutation.
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Architecture Variations

Options: QAM (PAM) termination option
LDPC

T e

!
*@‘:ﬁ So = bo(po + uyp) s1 =by1(2+ by)p,
|

i | | i
e i e ) \
Q/E?j,

* Higher order modulation components. R



Architecture Variations
Options: QAM (PAM) termination option

» Standard (V/O)AMP.
« PAS QAM also an option.

So — b0(4' + b1(2 + bz)
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Transmission

Multi-carrier

* Blockwise m x m MIMO transmission y = H x + n

« Convergence of singular value distribution is inherent.

Block-diagonal system

D - 011V - 01t
=>: = i o i [me(I ® Hyk)]
o - DIllO - V.
Combined with interleaver and Hadamards to add large scale mixing.

H - 0 H - 01 [D -- 01[V - O
A F R 1 T | E
0o --- H. 0o - HI o --- pllo - V.
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Decoding:
(V/O) AMP Foundations

Unitary Transforms
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Decoding Algorithm (high level)

(V/O) AMP inspired

* Incoming messages at combining nodes

1. Extrinsic LLRs from LDPC are priors for the modulation.
2. Gaussian model (from the right model of random variable u)
3. Gaussian observation (from the left, observation of random variable s)

» Calculation of Posterior means and variances for bits and associated signals

 Extrinsic LLRs returned to LDPC from combination processors.
» Gaussian approximation of signal posteriors (for later conversion to extrinsics).

« MMSE MIMO estimation (APP under Gaussian signal assumption)
 Vector extrinsic variance averaging preformed per Hadamard matrix.

17



(V/O) AMP foundations

Estimates
Unknown random variable fL J_C)R JZ')L — UJ_C>R
Estimate - mean m m
. . I - = 1t
Propagation of estimate L R mpe U my,
U Coordinate-wise updating

—> = —> -
Posterior correction my +C L | ——— me + CRr

‘Extrinsic’ correction mL - AEL

Extrinsic ~Orthogonality of errors [E <9_C>L — TT)”LL, J_C>L — (TTIL + AC_')L» =0

Source sample text 18



Message Passing: BP vs. (V/O)AMP

* BP:
priordistribution p(x)

>

<

extrinsic distribution « P(x)
p(x)

posteriordistribution P(x)

* In (V/O) AMP messages are ‘Gaussian’ densities, including priors p(x), and instead of

P(x)

approximating ——= with a Gaussian, we approximate P(x).

p(x)

« Equivalence with Expectation Propagation (moment preservation).

 Posterior mean is orthogonal to the prior error E (x —m,m) = 0

 Leads directly to the correct value of 4 =

Source sample text

varpy

Varpr _Varpos

such that E (x; — m,,x;, — (m; + Ac;)) = 0.
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(V/O) AMP foundations

Variances

— -
XL XR

— — 2

my, — me,T

mL_I_E)L’ Vz (e mR_I_ER’ v

TT’l)L + ;{C_')L, (V_Z — T_z)_l

2

l

1. Observation in noise: m = x +n; nis independent of x.

—>

2. Signal model : x = m + n; n is independent of m.

Source sample text 20

Two forms:



Coordinate Updates: MIMO channel case

 We have x;:=

* Posterior :

* Coordinate-wise extrinsic:

* Averaged extrinsic:

y=HXg+n, H=DV"(SVD);

2 4,2

Exs.= v, [Enn' =
l

VEXpr, and y=Dx, +7:

Covariance

o= a1+

(o =1)" = oy

(ztr (@ )1-=1)

-1

Mean Correction

Q- Dy,
(%DZ)_l = D3

1
1 1 2)
ktr(Q 0'2D

1 -
Q =Dy
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Coordinate Updates: Binary Variable Example

1
Background - graphs and BP Dy (x) — E (5(.')6 — 1) + 5(3( + 1))

_ 2
p;(x) x exp(— b Zapzx) ) _Gb

* Observation y =px +n

* “Belief” (posterior) P(x) « p; X)p,(x) < exp(— (y px)z

- Yields posterior bit LLR = 2£~

o

» And posterior mean and variance of x: m = tanh~;

-1
- . . 1 2
* Yields average extrinsic variance ( — p—)

E(1-m?2) 02

)(O(x—1)+46(x+1))

2= (1-m?)

22



Combining Updates

LLRs

A

v

= b(p + u)

Prior and Posterior Densities P (8’ u, b) _ ppr(s)pgr(b)pir(u)

s, u,b
Parup(8:u; b) o< d(s — b(p +u))pg (s)py (b)Y (u)
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Bit-wise Posterior Results

Correction form

ps = b(p+ py) — s + by,

AWGN BPSK

ngs = b(P+Mu) — ps + bny,

Signal model

ny = bus — (p+ py) + bng

Residual observation




Density/State Evolution

Closed form for extrinsic LLR density
e fr denotes the density of bL.
o Symmetry: f7(z) := e~ 2% f (x) is even.
o F(f)w):=[" e f(z)d.
2 2

e Closed form in frequency domain. (v = E(u;) = v; — 05.)

FIfE () = By, (FIGS (w, 2ot 4lotp) y))

o? o2
1 _P N2 v2
S R B RS & b
2
1 2p2(24w2+é)
e 2 o —|—u“u(4w +1)
\/GZ—I—Uﬁu (4w2+1)

Mixture of Gaussian densities more convenient for implementation.



State Evolution

Expectation of posterior variances

Let W (w) = 1+ L3 (dw? + 1),

e Expected posterior variance of s :

pos

B((1 - E*))(p+ ma)?) = [ dursech(mo) (7 + whi) Fe ()
e Expected posterior variance of u :

E((1 —E?*(b))u?) = /dw sech(mw) (1 — 4w (WQ( 7+ WQ?W)))prOS( )

pos

With Density and State evolution we can optimize joint design.
(Currently assumes full random orthogonal transform.)

27



Asymptotic Analysis - Design

* Replace Hadamard matrices with uniformly random matrices
* In the large system limit each block sees identical statistics.

» Therefore we can consider a single large uniformly random unitary transform.

« Extend (V/O)AMP analysis to multiple layers.

 Bolthausen conditioning etc.

» Used Density Evolution for LDPC characterization.
» Can use locality of LDPC iteration for proofs.

 Large system limit correctness of DE/SE system.

« Use asymptotic model for parameter and code optimization.

29



Simulation Results
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Some simulation results

* All results are for 4x4 MIMO with fixed channel matrix per transmission.

 Relative path gains (dB)
1. 0,-3,-4.7,-10 (10dB gap from strongest to weakest path)
2. 0,-10,-10,-20 (nearly rank 1).

* Robustness against variation has been investigated.

» E.g. 20 dB gap needs more shaping back-off.
 AWGN code optimization looks somewhat different.
« Fading should behave similar to singular value gap.

* Modulation bit depths 1,2,3,4 (QPSK - 256QAM equivalent)

« Observe good approach to Shannon limit.
« With design challenges.

31



Approach to capacity

Modulation depth 3

MIMO 4x4; Sing. Val. Gains: 0,-3,-4.7,-10 dB

100 ¢ T 1 i l 1 I ] 1 s IL I 3
F ne Layer —e—
Two Layer —e— - e Code rate 17/24
| Three Layer = + 4.25 bps/Hz
101 - i
‘ * n=49152
E - Threshold optimized
5 102F§5 . .
" - « Shaping gains:
O . p(3) = 1.0,0.84,0.42
F . p(2) = 1.0,0.75
103 [ | p(2)
104 | TSR TN AN TN SN S W

13.5 14 14.5 15 15:5 16 16.5 17 17.5 18 18.5 19 19.5 20
SNR dB
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Blocklength Scaling - Effect of shaping optimization

Modulation depth 3

MIMO 4x4; Sing. Val. Gains: 0,-3,-4.7,-10 dB

100 ; ! ; ! ] . I g . T ; !
| ' » Code rate 34/48
ol U\ SO +n=49152; 12488; 3072
: N : * Threshold optimized
% 102 ji . » Poor finite scaling
1073 s -
104 |
13.5 14 14.5 15 155 16 16.5 17 17.5 18 18.5 19 19.5 20

SNR dB
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Simulation Results
Modulation depth 3

MIMO 4x4; Sing. Val. Gains: 0,-3,-4.7,-10 dB

100E I T T T T T 1 T T T
' ' e Code rate 34/48
{57 Lo possgimmnssesguselommanigim 3 layer
- e n =49152: 12488: 3072
E

% 02| & | * Back off on threshold
= £ optimization

T S o aos e A TR — :

1074 ; J ; 1 | I ]

13.5 14 14.5 15 15.5 16 16.5 17 17.5 18 18.5 19 19.5 20

SNR dB
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Simulation Results
Modulation depth 3

MIMO 4x4; Sing. Val. Gains: 0,-3,-4.7,-10 dB

100: : R

- » Code rate 34/48
I L . +3;2; 1 layer
] 1 +n=49152; 12488; 3072
E f
% 2L 5 A . * Partial backoff
- | NN N
13.5 14 14.5 15 15.5 16 16.5 17 17.5 18 18.5 19 19.5 20

SNR dB
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Simulation: Nearly Degenerate 4x4 Mimo
Modulation depth 3

MIMO 4x4; Sing. Val. Gains: 0,-10,-10,-20 dB

100 ¢

5 L » Code rate 34/48
N T T NN T . * 3;2; 1 layer
| ? f ] * n=49152; 12488; 3072
E s
% o2l & T T S * Nearly degenerate
= - 5 ; ; channel
10-3 ? : . : ~
- | T
16.5 17 175 18 18.5 19 19.5 20 20.5 21 21.5 22 225 23

SNR dB
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Simulation: Hadamard size dependence
Modulation depth 1 bit

MIMO 4x4; Sing. Val. Gains: 0,-3,-4.7,-10 dB

10° ¢ i —— i
L : : 4 —eo— :
12 s » Code rate 1/2
SR IS ) S a4 e llayer
’ . f . +n=4608
E
& 2L & | * Dependence on
= £ ; Hadamard size
& :
10-3 ? v _ i
10 | i
0 0.5 2.5 3




Simulation: Hadamard Size Dependence
Modulation Depth 2 bits

MIMO 4x4; Sing. Val. Gains: 0,-3,-4.7,-10 dB

100 ¢ 1 t
» Code rate 3/4
107 2 layer
: ] * n =4608
E
“ o2l = |  Larger values needed
S £ inter-layer
<
wn
1073 ; -
10-4 l l
9 9.5 10 10.5 11 11.5 12

SNR dB
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Simulation: Hadamard Size Dependence
Modulation Depth 3 bits

MIMO 4x4; Sing. Val. Gains: 0,-3,-4.7,-10 dB

100 F T I S 1 i I T I ] I i I
i : : :\ : : : : : : : 16 ——
: \\ : 5 : : : 64—
: , ‘ 128 —=—
10-1 = fmenieg 256
I=
:l 9
5 102§ - .
F :
© :
© :
“ i
1073 o 2 .
10-4 I l | [ i ]
13.5 14 14.5 15 17.5 18 18.5

19 19.5 20

e Code rate 17/24
1 layer
e n=12488
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Final Remarks

« MU MIMO (?)

« HARQ (?)

« LDPC design.

* Blocklength scaling poorly understood.

 Capacity calculations (Replica) TBD.

« ‘Shaping’ optimization challenges.

» Coded PAS with QAM in standard (V/O)AMP framework may be a good solution.
(Need to try it.)
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