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codes for quantum channels binary codes

stabilizer codes linear codes
Pauli channels: (p;, py.p/ py) BSCs: p
Hashing Bound:

R <1 - H(p;, px> P2 Py)

independent
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A striking feature of quantum error correcting codes is that they can sometimes be used to
correct more errors than they can uniquely identify. Such degenerate codes have long been known,
but have remained poorly understood. We provide a heuristic for designing degenerate quantum
codes for high noise rates, which is applied to generate codes that can be used to communicate over
almost any Pauli channel at rates that are impossible for a nondegenerate code. The gap between
nondegenerate and degenerate code performance is quite large, in contrast to the tiny magnitude
of the only previous demonstration of this effect. We also identify a channel for which none of our
codes outperform the best nondegenerate code and show that it is nevertheless quite unlike any
channel for which nondegenerate codes are known to be optimal.

It was Shannon [1] who discovered, by a random coding
argument, the beautiful fact that the capacity of a noisy
channel N is equal to the maximal mutual information
between an input variable, X, and its image under the
action of the channel:

C = maxx [ (X;N(X)). (1)

It is remarkable that this maximization is over a single
input to the channel; it does not require consideration of
inputs correlated over many channel uses.

One would hope that, as in the classical case, there is
some measure of quantum correlations that can be max-
imized over inputs to a quantum channel to give the ca-
pacity. Unfortunately, this appears not to be the case.
The natural generalization of Eq. (1) is to replace the
random variable X with a quantum state p and the mu-
tual information with the coherent information I°¢ giving

Q1 = max, I°(NV, p), (2)
where
I°(N, p) = I¢ (I&N (|9 P ) 7)) - (3)

Here |pap) is a purification of p. Its use reflects the
fact that unlike in the classical case, there can be no
remaining copy of the channel input with which to com-
pare correlations—instead we must consider the quantum
state as a whole. The coherent information is defined by
I°(paB) = S(pB)—S(pap) with S(p)=— Tr(plog p).

While we can achieve ()1 using a random code on the
typical subspace of the maximizing p, it has long been
known that this rate is not always optimal [2, 3]. They
exhibit codes with rates larger than (), for very noisy
depolarizing channels which have )1 small or even zero.

The correct quantum capacity formula is not ()1, but
instead is given by [4, 5, 6]

Q = lim lmaxpn I° (N®n, Pn) ) (4)

n—o00 N

where taking the limit n — co means that we must con-
sider the behavior of the channel on inputs entangled
across many uses. This multi-letter formula is an ex-
pression of our ignorance about the structure of capacity
achieving codes for a quantum channel.

The difference between these single- and multi-letter
formulas is intimately related to the existence of degen-
erate quantum codes. Strictly speaking, degeneracy is
not a property of a quantum code alone, but a property
of a code together with a family of errors it is designed
to correct. More formally, one usually says that a code
C degenerately corrects a set of errors £ if in addition
to correcting &, there are multiple errors in £ that are
mapped to the same error syndrome. In the context of
probabilistic noise, which we will be concerned with ex-
clusively, we say that a code C degenerately corrects the
noise due to a channel NV if it can be decoded with a high
fidelity and furthermore multiple errors in the set of typ-
ical errors of A" are mapped to the same error syndrome.
For the most part, we will be concerned with grossly de-
generate codes, which have the further property that the
number of typical errors mapped to each syndrome is
exponential in the code’s block-length.

For the depolarizing channel considered in [2, 3], as
well as the Pauli channels considered below, ()1 is exactly
the maximum rate achievable with a nondegenerate code.
That @ > ) is then established by the construction of a
massively degenerate code. While this was accomplished
in the work of [2, 3], the difference found was over a mi-
nuscule range of noise parameters and extremely small
in magnitude. As a result, one may have thought that
Eq. (2) is “essentially correct”, with some minor modifi-
cations in the very noisy regime. In the decade since the
appearance of these two works, there has been almost
no progress on understanding the difference between the
single- and multi-letter expressions above, a failure which
has to some extent been tempered by the hope that the
smallness of the effect would make it amenable to a per-
turbative analysis. We will show that this cannot be the
case and in fact that the smallness of the effect found in

Pauli Channel: (p;, py, p/ py)
Hashing Bound: R < 1 — H(p;, px. P2 Dy)
repetition code of rate r

(Pp Px> P2 Py) = (D1 Pxs Py Py)

?

R < 1—h(py) — h(py)
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Abstract—The quantum hashing bound guarantees that rates
up to 1 — H(pr,px,py,pz) are achievable for memoryless Pauli
channels, but it is not generally tight. A known way to improve
achievable rates for certain asymmetric Pauli channels is to apply
a small inner stabilizer code to a few channel uses, decode, and
treat the resulting logical noise as an induced Pauli channel;
reapplying the hashing argument to this induced channel can beat
the baseline hashing bound. We generalize this induced-channel
viewpoint to arbitrary stabilizer codes used purely as channel
transforms. Given any [n, k] stabilizer generator set, we construct
a full symplectic tableau, compute the induced joint distribution
of logical Pauli errors and syndromes under the physical Pauli
channel, and obtain an achievable rate via a hashing bound with
decoder side information. We perform a structured search over
small transforms and report instances that improve the baseline
hashing bound for a family of Pauli channels with skewed and
independent errors studied in prior work.

Index Terms—quantum capacity, Pauli channels, hashing
bound, stabilizer codes, induced channels, channel transforms.

I. INTRODUCTION

The quantum capacity of Pauli channels is not known in
general [1]. A well known achievable lower bound is the
hashing bound: for a memoryless single-qubit Pauli channel
with error distribution p = (ps, px, py, Pz ), random stabilizer
coding achieves rates approaching

Rhash =1- H(p)7 (1)

where H(-) is the Shannon entropy in bits [2], [3]. The
hashing bound is generally not tight, and exploiting degen-
eracy/structure can yield higher achievable rates [4]-[6].

A key idea, used in [4], is that applying and decoding a
small stabilizer code across a few channel uses transforms the
physical channel into an effective logical Pauli channel with
side information (the measured syndrome). If the transform
reduces the conditional entropy of the residual logical error
(taking the rate-loss due to coding into account), then apply-
ing the hashing argument to the induced channel yields an
improved rate.

a) What we are (and are not) doing: Throughout, the
small code is not proposed as a practical finite-blocklength
error-correcting code for reliable transmission. It is used only
as an inner channel transform inside a standard asymptotic
random-coding argument: the stated rates come from placing
a large outer stabilizer code on top of the induced channel.

b) Why improvements matter: Our central motivation is
to better understand capacity expressions. Even though the
numerical improvements we report are modest, identifying the
right information quantities and how they evolve under channel
transforms can reveal the structure that capacity-achieving
constructions should have. As an analogy, in classical coding,
taking mutual-information recursions at face value ultimately
led to explicit capacity-achieving constructions such as polar
codes [7].

c) Contributions: We provide: (i) a general induced-
channel computation pipeline for arbitrary [n,k] stabilizer
transforms, (ii) a structured and efficient search strategy over
small transforms, and (iii) numerical evidence that going
beyond repetition codes improves achievable rates for skewed
independent Pauli channels, including a simple high-rate code
that yields gains in a complementary noise regime.

II. PAULI CHANNEL MODEL
A. General memoryless Pauli channels
A single-qubit Pauli channel is a CPTP map of the form
(p= > peEpE, Y pp=1 @
E€{I,X,Y,Z} E

where X, Y, Z are the Pauli operators and [ is the identity.
The n-fold memoryless extension applies 1.1.d. Pauli noise:

“"(p) = Z ( pEi> E"pE™. 3)
=1

Ene{l,X,Y,Z}"

All induced-channel computations in Section III are written
for the general distribution p = (pr,px,py,pz). The in-
dependence structure in (3) is only used in converting p
into probabilities of n-qubit error patterns. (For other Pauli
error models, e.g., with memory, the same induced-channel
computation still applies by replacing the product distribution
in (3) with the appropriate Pphys(E™).

B. Skewed independent family used in experiments

Following prior work [4], we consider for our experiments
a biased family obtained by independent X/Z components.
Let Ux ~ Bern(gx) and Uz ~ Bern(qz) be independent
variables and consider the noise operator XUx ZUZ_ Then

pr=1—-¢x)(1—qz),
px =qx(1—qz), pz=1-4qx)qz, py =axqz. (4

same idea but with general codes
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Gottesman Standard Form

2n

noise

parity-check matrix

independent Pauli channels: py,=p,=p
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S=N+PW

syndrome T T T Bernoulli noise ~ p

Bernoulli noise ~ p

Classical: BSC: R=k/n <1 — h(p)
k+nh(p) <n
Here: S| =|N|=n—-k |W|=n+k

(n+ k)h(p) + (n — k)h(p) < (n — k)
kin < 1 —2h(p)
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The Good News

S=N+PW
L=QW
T

"logicals" |L| =k

if P=RQO S=N+ROW=N+RL

k -+ (n = Kh(p) < (n — k)
kin < L~ p)
2~ h(p)
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The Bad News

S=N+PW
L=QW
output additive | systematic (logical) hidden / degenerate
Zp XB | Zc Xc A% XA
") m-n|®)  ®) | m-n "
S(r) | I 0 |Cy Cx AL +C;Cl, (CzCL +CxC})
S (m—r)| 0 In_, 0 Cy 0 Ax
Lz (k) | 0 0 | I 0 Cl Ct
Lx (k) | O 0 0 I 0 C/
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S=N+AU+ DDV

assume we want to learn U and AV

D=A:S=N+AU+AXA'V
=N+AU+ZAV)



Whack-a-mole |

-

Trying to isolate one term suppresses it locally,
but another term emerges somewhere else.

e

in standard
Gottesman fo
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A selected submatrix reappears as a transpose elsewhere.

Probe (u, Sv) = an unavoidable partner (v, S'u)
target block
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Making Things More Complicated



S=N+AU+ DDV
assume we want to learn U and AV

D=AE):S=N+AU+X,,ATV + 2, ETV) + E(Z;,ATV + £,,ETV)
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EC,A'V+Z,E'V)

use matrices that are better channel than source codes
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use matrices that are better channel than source codes
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LDGM Codes

degree d

1 ]
1| ~ B(p)




LDGM Codes

1 -1 —=2p)
HE'VY< Y h
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degree d
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LDGM Codes
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extended EXIT value h

LDGM Codes

Extended EXIT curve for regl]JIar LDGM(6, 3) on the BEC Reqgular LDGM(6, 3): residual entropy with simulations
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0.5 1 = theory: 3(6:3)(¢)
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¢ simulation points
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residual entropy per transmitted bit

0.1

0.0 = T u l
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area threshold, Maxwell construction, spatially coupled, MAP performance



LDGM Codes

S=N+AU+ DDV
assume we want to learn U and AV

D=AE):S=N+AU+Z ATV+ 2, ETV) + EZ,ATV + 2,,ETV)
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o (1 = h(py)R( — a — ¢)
(I =h(py) +R(1 —a— @)

1 — a — ¢ is the key quantity

(6,3) code: py=p,=0.11;a ~0.96;¢p ~0.015;1 —a—¢ > 0



Next Steps



What needs to be done?

optimize
many possible schemes

matching upper bound?

correlated Pauli channels
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