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Text…&
 
 
 
Prof. Dr. Giuseppe Caire 

 
 

 
     

 
 
 
 
 
 
 
 
 
Nur für Teilnehmer ohne Hotelübernachtung bzw. aus Berlin, Potsdam und Golm. 
Bitte melden Sie sich mit dem Brief an der Registrierung vor Ort. 
 
Only for guests without hotel reservation or from Berlin, Potsdam, Golm. 
Please show this letter at our on-site registration. 
 

EINLASSBRIEF 
zum Empfang durch den Bundespräsidenten Joachim Gauck 
 
am Dienstag, 3. Juni 2014, 16:15 Uhr (Einlass 15:00 -16:00 Uhr) 
 
Schloss Bellevue (Park), Spreeweg 1, 10557 Berlin 
 
im Rahmen der Jahrestagung der Alexander von Humboldt-Stiftung.  
 
   
 
Begleitperson /  
accompanying person:    
 
Kind(er) / child(ren):   
 
 
 
 
 
 
Der Einlass in das Schloss Bellevue erfolgt mit dieser Einlasskarte und gültigen Ausweisdoku-
menten (Reisepass oder Personalausweis). Wenn Sie von Ihrer Familie begleitet werden, prü-
fen Sie bitte, dass alle Begleitpersonen und Kinder die notwendigen Dokumente und diesen 
Brief (jede Person braucht einen Brief) mit sich führen. Wir bitten um Ihr Verständnis, dass 
aus Sicherheitsgründen der Einlass ohne Vorlage der entsprechenden Dokumente nicht gewährt 
werden kann. 
 
To enter the Schloss Bellevue please bring along this admission ticket and additionally your 
passport. In case you are accompanied by your family, please make sure that all accompa-
nying persons and children have the necessary documents and this admission ticket (one 
ticket per person) with them as well. Please kindly understand that for safety reasons the ad-
mission to the reception is not possible without presentation of the respective documents. 

GiuseppeGiuseppeGiuseppeGiuseppe CaireCaireCaireCaire

July 30-31, 2015, Munich, Germany
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Outline

• Families of Nested Lattice Codes.

• Compute and Forward and with Unequal Powers and Rates

• Application to the MIMO MAC and MIMO compound MAC.

• Application to DAS: MAC-Relay (uplink) and BC-Relay (downlink)

• Application to Network-Coded CIC

• Application to Cascade of Alternating HD Relays

• Compute and Forward with Successive Decoding
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Lattices

• A Lattice is a Z-module embedded in Rn:

Λ = {λ = zM : z ∈ Zn}

where M ∈ Rn×n is a full-rank generator matrix.

• Λ is an additive group.

• For r ∈ Rn, we define the lattice quantization function:

QΛ(r) = argminλ∈Λ‖r− λ‖2

• The Voronoi region (fundamental cell) of Λ is:

VΛ = {r ∈ Rn : QΛ(r) = 0}

3
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Lattices

• Modulo-Λ reduction
[r] mod Λ = r−QΛ(r)

• Per-component second moment

σ2
Λ =

1

nVol(V)

∫

V
‖r‖2dr.
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Lattices and linear codes

• Consider a kF × n matrix G over Zp, where p is a prime.

• For ` = 1, . . . , L, and kC ≤ kC,` < kF,` ≤ kF , let GF,` and GC,` be the
submatrices formed by the first kF,` and kC,` rows of G, respectively.

• Let CF,` and CC,` denote the row spaces of GF,` and GC,`, respectively.

• Define the mappings φ : Zp → R and φ̄ : γp−1Z→ Zp such that

φ(w) = γp−1w, φ̄(κ) =
[
γ−1pκ

]
mod p

• Following a scaled version of Construction A, we create the lattices

ΛC,` =
{
λ ∈ γp−1Zn : φ̄(λ) ∈ CC,`

}

ΛF,` =
{
λ ∈ γp−1Zn : φ̄(λ) ∈ CF,`

}

5
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Lattices and linear codes

• By construction, for all ` = 1, . . . , L, we have

ΛC ⊆ ΛC,` ⊂ ΛF,` ⊆ ΛF

• The `-th nested lattice code of the family is given by

L` = ΛF,` ∩ VΛC,`

and has rate (bit per symbol)

R` =
kF,` − kC,`

n
log p
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Coding performance

• Choose power levels P` : ` = 1, . . . , L and let Pmax = max`P` and Vn be the
volume of an n-dimensional ball of radius 1.

• Choose noise tolerances σ2
eff,` : ` = 1, . . . , L.

• Set p to be the largest prime between 1
2n

3/2 and n3/2, which is guaranteed to
exist for n > 3 by Bertrand’s Postulate, and let

γ = 2
√
nPmax

kC,` =
n

2 log p

(
log

(
Pmax

P` − µ

)
+ log

(
4

V
2/n
n

)
+ δC

)

kF,` =
n

2 log p

(
log

(
γ2

2πeσ2
eff,`

)
− δF

)

where µ, δC, δF > 0.

7
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Coding performance

Theorem 1:

Choose P` > 0 and effective noise tolerances 0 < σ2
eff,` < P` : ` = 1, . . . , L. For

any ε > 0 and n large enough, there are constants δC, δF > 0 such that for the
choices of kC,`, kF,` there exists a matrix G ∈ ZkF×n

p , such that, for all
` = 1, . . . , L,

(a) the submatrices GC,`,GF,` are full rank.

(b) the coarse lattices ΛC,` have second moments close to the power constraint

P` − ε < σ2(ΛC,`) ≤ P` .
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GiuseppeGiuseppeGiuseppeGiuseppe CaireCaireCaireCaire(c) the fine lattices ΛF,` tolerate the prescribed level of effective noise.
Specifically, consider any linear mixture of Gaussian and Voronoi-shaped
noise of the form zeff = β0z0 +

∑L
`=1 β`z` where β0, β1, . . . , βL ∈ R,

z0 ∼ N (0, I), z` ∼ Unif(VC,`), and the noise components z0, . . . , zL are
independent of each other and λ. Then, for any fine lattice point λ ∈ ΛF,`

and any coarse lattice ΛC,m ⊂ ΛF,`,

P
([
QΛF,`

(λ + zeff)
]

mod ΛC,m 6= [λ] mod ΛC,m

)
< ε

if β2
0 +

∑L
`=1 β

2
`P` ≤ σ2

eff,`.

(d) the nested lattice codebooks L` = ΛF,` ∩ VC,` have appropriate rates

1

n
log
∣∣L`

∣∣ =
kF,` − kC,`

n
log p >

1

2
log

(
P`

σ2
eff,`

)
− ε .
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“Signal levels” interpretation

w̃ G

data vector w

padding zeros

“don’t care” symbols
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Nazer and Gastpar Compute and Forward (CoF)

• L-user Gaussian MAC:

y =

L∑

`=1

h`x` + z = hTX + z

• Each user ` makes use of the same nested lattice code L = ΛF ∩ VΛC
and

transmits with dithering.

• Goal: use lattice decoding to decode an integer linear combination

s =

L∑

`=1

a`t` = aTT
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GiuseppeGiuseppeGiuseppeGiuseppe CaireCaireCaireCaire• Lattice linearity yields that

u =

L⊕

`=1

q`w`

with q = [a] mod p.

• Computation rate: maximum rate kF−kC
n log p (in bit/read dimension) for which

the desired linear combination can be decoded with vanishing probability of
error.

• The receiver computes

y′ =
[
αy − aTD

]
mod Λ

=
[
aTT + (αh− a)

T
X + αz

]
mod Λ
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GiuseppeGiuseppeGiuseppeGiuseppe CaireCaireCaireCaire

• Applying lattice decoding, we get the achievable computation rate

Rcomp(P, σ2
eff) =

1

2
log+

(
P

σ2
eff

)

• Effective noise
zeff = (αh− a)

T
X + αz

with
σ2

eff = ‖αh− a‖2P + |α|2
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GiuseppeGiuseppeGiuseppeGiuseppe CaireCaireCaireCaire

• Minimizing with respect to α, we find

σ2
eff = aH

(
P−1I + hhH

)−1
a

which can be minimized by using Lattice reduction (LLL, Minkowsky, Phost
“sphere” decoding) with respect to a ∈ ZK[j].
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MIMO receiver

5
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1 h1

w2 E2
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2 h2

wL EL
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Z
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û1

û2
...

ûL

um =

L⊕

ℓ=1

qm,ℓw̃ℓ

w̃ℓ ∈ !wℓ"

Fig. 1. Block diagram for the compute-and-forward problem with a single receiver. Each transmitter has a message wℓ whose elements
are taken from Zp. This message is embedded into Zk

p (by zero-padding), mapped into a codeword xℓ ∈ Rn, and sent over the channel.
The receiver observes a noisy linear combination of these codewords, Y =

∑
ℓ hℓx

T
ℓ + Z and attempts to recover the linear combinations

u1,u2, . . . ,uL of the coset representatives of the original messages.

where hℓ ∈ RNr is the channel vector between the ℓth transmitter and the receiver and Z ∈ RNr×n is elementwise
i.i.d. N (0, 1). It will often be convenient to group the channel vectors into a channel matrix

H !
[
h1 h2 · · · hL

]
, (3)

and concisely write the channel output as
Y = HX + Z (4)

where X !
[
x1 · · · xL

]T is the matrix of channel inputs. We will assume throughout that the channel matrix H is
known to the receiver and unknown to the transmitters. However, the transmitters may assume that the maximum
singular value λmax(H) of the channel matrix is upper bounded by a constant.3

C. High-Level Overview

We now provide a high-level, informal overview of our compute-and-forward framework, which will help build
intuition for the formal problem statement to follow. We begin by summarizing the original compute-and-forward
framework from [1] and its MIMO generalization from [3]. We then discuss how to incorporate unequal power
constraints and recovering multiple linear combinations into an expanded framework.
Compute-and-Forward with Equal Powers: The ℓth transmitter’s message is a length-kℓ vector wℓ whose elements
are from Zp where p is prime. Each message is zero-padded to a common length

w̄ℓ =

[
wℓ

0k−kℓ

]
(5)

where k = maxℓ kℓ, and mapped to a length-n real-valued codeword xℓ that satisfies the symmetric power constraint
E
[
∥xℓ∥2

]
≤ nP . The rate Rℓ associated with a transmitter is the number of bits in its message normalized by the

length of the codeword, Rℓ = (kℓ/n) log p. Given coefficients q1, q2, . . . , qL ∈ Zp, the receiver’s goal is to recover
a linear combination u of the (zero-padded) messages,

u =

L⊕

ℓ=1

qℓw̄ℓ. (6)

As argued in [1], the main idea underlying compute-and-forward is to establish a connection between linear
combinations of the messages and integer-linear combinations of the codewords, in order to exploit the noisy linear

3This assumption will be used to make a connection between the solvability of the linear combinations over Zp and the rank of the integer
matrix A over R. If we further assume that the channel matrix is generated randomly and the receiver is able to tolerate some probability of
outage, then this condition can by replaced by the milder condition that P

(
λmax(H) ≥ γ

)
→ 0 as γ → ∞. See [1, Remark 10] for further

details.
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GiuseppeGiuseppeGiuseppeGiuseppe CaireCaireCaireCaire

MIMO receiver

• The channel model becomes

Y = HX + Z

• Apply the equalization vector b ∈ RNr, and obtain

bHY =

L∑

`=1

a`t` +

L∑

`=1

(
bHh` − a`

)
x` + bHZ

︸ ︷︷ ︸
effective noise

• The achievable computation rate is

Rcomp(H,a) =
1

2
log+

(
P

aH
(
P−1I + HHH

)−1
a

)
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Multiple equations and unequal power and rates

• We can generalize the above construction by considering a family of nested
lattice codes with different powers P` and different rates R` as described
above.

• In this case, we aim at recovering an integer combination of the message
cosets (arbitrary “don’t care symbols”, and zero padding symbols).

um =

L⊕

`=1

qm,`w̃`

where qm,` ∈ Zp and w̃` is an element of a certain coset [[w`]] with respect
to the message w`.

• Furthermore, we can obtain up to L such linear combinations, according to
an integer-valued matrix A ∈ ZL×L.
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Message cosets

7

noise tolerance σ2
eff,ℓ, respectively. Define kC = minℓ kC,ℓ and kF = maxℓ kF,ℓ. The total number of available signal

levels is k = kF −kC. Each message is embedded into Zk
p using kC,ℓ −kC leading zeros and kF −kF,ℓ trailing zeros,

⎡
⎣
0kC,ℓ−kC

wℓ

0kF−kF,ℓ

⎤
⎦ , (10)

and mapped to a length-n real-valued codeword xℓ that satisfies the power constraint E
[
∥xℓ∥2

]
≤ nPℓ. The rate

Rℓ associated with this transmitter is the number of message bits normalized by the codeword length, Rℓ =
((kF,ℓ − kC,ℓ)/n) log p.

w1

⎧
⎪⎨
⎪⎩

!w1"

∗
w2

{

!w2"

w3

⎧
⎪⎨
⎪⎩

!w3"

∗
∗

Fig. 2. Illustration of message cosets for L = 3 transmitters. The parameters are kF,1 = 7, kF,2 = 5, kF,3 = 8, kC,1 = 3, kC,2 =
2, and kC,3 = 4. Therefore, kF = 8, kC = 2, and k = 6. We use the symbol ∗ to stand for a “don’t care” entry that can take any value in
Zp, lightly shaded (blue) circles to denote information symbols (i.e., elements of wℓ) that can take values in Zp, and black circles to denote
zeros. Based on the parameters, the coset !w1" associated with the first transmitter has 1 “don’t care” entry, then 4 information symbols,
and then 2 zeros. Similarly, the coset !w2" associated with the second transmitter has 3 information symbols followed by 3 zeros. Finally,
the coset !w3" associated with the third transmitter has 2 “don’t care” entries followed by 4 information symbols. The receiver’s goal is to
recover a linear combination of vectors drawn from these cosets.

As mentioned above, the receiver may wish to decode more than one linear combination. We compactly represent
the receiver’s demands through L desired linear combinations u1,u2, . . . ,uL of the form

um =

L⊕

ℓ=1

qm,ℓw̃ℓ (11)

where qm,ℓ ∈ Zp and w̃ℓ is an element of a certain coset !wℓ" with respect to the message wℓ.5 Specifically, the
coset consists of all vectors in Zk

p for which the first kC,ℓ − kC elements can take any values in Zp (and can be
viewed as “don’t care” entries), the next kF,ℓ − kC,ℓ elements contain the message wℓ, and the remaining kF − kF,ℓ

entries are equal to zero.
It is convenient to group the desired coefficients into a matrix Q = {qm,ℓ}. If the receiver wants fewer than L

linear combinations, then it can set the entries of the unneeded rows of Q to zero. We have illustrated an example
message structure in Figure 2. Note that this framework includes the original problem statement as a special case
by setting kC,1 = kC,2 = . . . = kC,L.

We have relaxed the decoding requirements by allowing the receiver to decode linear combinations of vectors
drawn from the same cosets as the message vectors. However, this does not affect the algebraic conditions for
recovering messages from their linear combinations. Specifically, if the coefficient matrix Q enables the receiver
to recover w̃ℓ, it can also immediately recover wℓ. For example, if Q is full rank, the receiver can recover all L
transmitted messages.

Our coding scheme will employ nested lattice codes in order to link linear combinations of the messages to integer-
linear combinations of the codewords, just as in the symmetric case. We will select kC,ℓ using the transmitter’s
power constraint Pℓ and kF,ℓ using the effective noise tolerance σ2

eff,ℓ so that the ℓth transmitter’s rate Rℓ converges
to 1

2 log+(Pℓ/σ
2
eff,ℓ) asymptotically in the blocklength n. The channel output can be written as an integer-linear

combination of the codewords plus effective noise as in (7). We consider L such integer-linear combinations, each
with coefficients am,1, am,2, . . . , am,L ∈ Z for m = 1, 2, . . . , L. These coefficients are collected into an integer
coefficient matrix A ∈ ZL×L, which is associated with the coefficient matrix Q = [A] mod p where the modulo
operation is taken elementwise.

5To be precise, the linear combinations are affine varieties (i.e., translates of a vector subspace). However, we will simply refer to these
as linear combinations throughout the paper.
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Computation rate region

• Rcomp(H,A) is the closure of the subset of RL
+ of all rate points (R1, . . . , RL)

for which there exist codes with vanishing probability of error of all L linear
combinations.

• To this regard, we have:

1. Achievable Rcomp(H,A) with parallel computation.

2. Achievable Rcomp(H,A) with successive computation.

3. Multiple-access sum capacity within L bits: the sum of the L largest parallel
computation rates is larger or equal to the MAC sum capacity minus L bits.

4. Exact multiple-access sum capacity: for any unimodular A the sum of the
L successive computation rates is equal to the MAC sum capacity.
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Application to the MAC
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Fig. 4. Plot of the Gaussian multiple-access capacity region as well as the dominant rate pairs for parallel computation, sum-capacity optimal
rate pairs for successive computation, and SIC corner points for the channel matrix H = [1 3

2
] and powers P1 = 7 and P2 = 4.

via SIC decoding, parallel computation for multiple access from Theorem 4, and successive computation for
multiple access from Theorem 5 in Figure 4. Specifically, SIC decoding yields the rates pairs (0.3828, 1.6610)
and (1.5000, 0.5437). Successive computation can attain both of these rate pairs as well as (1.0850, 0.9588)
and (1.3624, 0.6813). Finally, there are two dominant rate pairs for parallel computation: (1.3624, 0.5903) and
(0.9940, 0.9588). Note that all successive computation rate pairs are sum-capacity optimal and that the parallel
computation rate pairs are much closer to the sum-capacity than the (worst-case) bound of 2 bits.10 ♦

Remark 8: In independent and concurrent work, Zhu and Gastpar have developed a compute-and-forward approach
to multiple-access [62]. Their main idea is to use the same fine lattice at each transmitter along with different coarse
lattices. The second moments of the coarse lattices are set according to the desired rates, and each transmitter scales
its lattice codeword to meet its power constraint. (Note that their approach does not establish a correspondence
to a finite field.) Overall, they establish that a significant fraction of the multiple-access sum-capacity boundary
is achievable via this approach. We note that the underlying compute-and-forward result for unequal powers [62,
Theorem 1] is a special case of Theorem 1. ♦

D. Multiple Receivers

So far, we have limited our discussion and results to single-receiver scenarios. Although this has allowed us to
introduce our main ideas in a compact fashion, the compute-and-forward framework is the most useful in scenarios
where there are multiple receivers that observe interfering codewords. We now expand our problem statement to
permit K receivers, potentially with different demands. As we will see, the parallel and successive computation
rate regions can be expressed in terms as intersections of the corresponding rate regions for each receiver.

As in Section II-B, for i = 1, . . . ,K, the ith receiver is equipped with N
[i]
r antennas and observes a noisy linear

10MATLAB code to generate this plot for any (two-user) choice of H and P is available on the first author’s website.
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Application to the compound MAC
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where conv refers to the convex hull operation. In contrast to the multiple-access channel, SIC decoding does not,
in general, attain the sum-capacity even if aided by time-sharing. This is due to the fact that the corner points of
the two multiple-access capacity regions do not coincide nor do the time-sharing ratios required to reach any other
sum-capacity points.
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Fig. 6. Step-by-step illustration for determining the capacity region, successive computation rate region, and SIC rate region for a compound
multiple-access channel with two transmitters with powers P1 = 4 and P2 = 3, respectively, and two receivers with channel matrices
H[1] = [3.3 2.1] and H[2] = [2.4 4.2], respectively. The top left depicts the rate constraints that must be satisfied for the first receiver to
successfully decode both messages and the bottom left depicts the corresponding rate constraints for the second receiver. The top right shows
the intersection of these rate constraints and the bottom right shows the achievable rate regions for the compound multiple-access channel
that comes from convexification of the intersected regions, which corresponds operationally to time-sharing. Note that no convexification is
needed for the capacity region RMAC(H[1]) ∩ RMAC(H[2]) since it is the intersection of two convex rate regions.

Successive computation does not reach the sum capacity for similar reasons. Namely, the sum-capacity rate
pairs that can be directly attained with successive computation (see Theorem 5) will differ across receivers as will
the required time-sharing ratios for other sum-capacity points. Using the achievable computation rate region from
Theorem 7 combined with time-sharing and setting A[1] = A[2] = I, we get that

Rsucc
CMAC

(
H[1],H[2]

)
= conv

(
R(succ)

comp
(
H[1], I

)
∩ R(succ)

comp
(
H[2], I

))
(86)

is achievable for the compound multiple-access channel.
In Figure 6, we have illustrated how these rate regions are calculated for a compound multiple-access channel

with H[1] = [3.3 2.1], H[2] = [2.4 4.2], P1 = 4, and P2 = 3. The corner points of the multiple-access capacity
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Application of DAS
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DAS Uplink (MAC-Relay channel)
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DAS Downlink (BC-Relay channel)

• We propose a new scheme called Reverse Compute and Forward (RCoF).

• Exchange the role of ATs and UTs.

• Have each UT decode a finite-field linear combination of the messages.

• Precode the messages in the finite-field domain, without power penalty at the
transmitter (we do ZF in the finite-field domain).

• Natural competitors: compressed DPC, compressed ZF (precoding over C
and then quantization).
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Reverse Compute and Forward
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RCoF over CoF: no need for a common lattice code

• The CP forms the messages w̃` ∈ ZkF
p by appending kF − kF,` zeros to

each `-th information message of kF,` symbols, so that all messages have
the same length.

• The CP produces the precoded messages




µ̃
1...

µ̃
L


 = Q̃−1




w̃1...
w̃L


 .

• The CP forwards the precoded message µ̃
`

to AT ` for all ` = 1, . . . , L, via
the digital backhaul link.
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• AT ` locally produces the lattice codeword ν` = f(µ̃
`
) ∈ LF (the densest

lattice code), and transmits the corresponding channel input x̃` by dithering
and mod ΛC.

• Because of lattice/field linearity we can write




ν̃1...
ν̃L


 = B




t̃1...
t̃L


 mod ΛC

for some integer matrix B.
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Numerical experiments

• Bernoulli-Gaussian channel coefficients (Rayleigh fading with blocking
probability ρ = 0.5).

• R0 = 6 bit/channel use (e.g., for a wireless channel with 20 MHz bandwidth
this yields 120 Mb/s).

• Uplink with AT selection: for L > K we select a subset of K ATs in order to
maximize the computation rate.

• Downlink with UT selection: for K > L we serve a subset of L UTs in order
to maximize the sum rate.
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DAS uplink with K = 5, L = 25
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DAS downlink with K = 25, L = 5
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Network-Coded Cognitive IC

Data Router

Cognitive Transmitter Primary Transmitter
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An achievable rate region

• Transmitter 2 produces the lattice codeword v2 = f(w1 ⊕w2) and produces
the channel input

x′2 = βx2 = β ([v2 + d2] mod Λ)

• Transmitter 1 produces the precoded message mw1 where m = (q1)−1(−q2),
where b = [b1, b2] ∈ Z[j]2 denotes the integer vector used at receiver 2 for
the CoF mapping, and qk = [bk]q.

• Transmitter 1 uses DPC for the known interference signal h12x
′
2 and forms:

x1 = [v1 − α1(h12/h11)x′2 + d1] mod Λ,

where v1 = f(mw1).
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• Because of linearity, the precoding and the encoding over the finite-field
commute. Therefore, we can write

v1 = g(m)t1 mod Λ

v2 = t1 + t2 mod Λ

where t1 = f(w1) and t2 = f(w2).

• From standard DPC, Receiver 1 is successful if

R1 ≤ log(1 + |h11|2SNR).
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2 applies CoF with integer coefficients b and scaling factor α2 = b1/h21,
yielding

ŷ
2

= [α2y2
− b1d1 − b2d2] mod Λ

=

[
bT

[
v1

v2

]
+ (b1βh̃22/h21 − b2)u2 + (b1/h21)z2

]
mod Λ

=
[(

bT

[
g(m) 0

1 1

]
mod pZ[j]

)[
t1

t2

]
+ zeff(h̃(β),b)

]
mod Λ

(a)
= [([b2] mod pZ[j])t2 + zeff(h̃(β),b)] mod Λ

where u2 is uniformly distributed on VΛ and is independent of v1, v2, and z2

by the independence and uniformity of dithering and by the Crypto Lemma,
λ = QΛ(v1 − α1,MMSEβ(h12/h11)x2 + d1), where (a) follows from the fact that,
by construction, b1g(m) + b2 mod pZ[j] = 0.
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• The effective noise is given by

zeff(h̃(β),b) = (b1βh̃22/h21 − b2)u2 + (b1/h21)z2

• Receiver 2 decodes t2 by applying lattice decoding to ŷ
2
. This yields the

achievable rate

R2 ≤ Rcomp(SNR, σ2
eff(β))

for any b ∈ Z2[j] with b1, b2 6= 0 mod pZ[j] and any β ∈ R+ satisfying the
input power constraint, where

σ2
eff(β) =

∣∣∣∣∣b1
βh̃22

h21
− b2

∣∣∣∣∣

2

SNR +

∣∣∣∣
b1
h21

∣∣∣∣
2

.
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Example: independent Rayleigh fading
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Symmetric GDoFs
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Full-Duplex is getting real

• Dinesh Bharadia, Emily Mcmilin and Sachin Katti, ”Full Duplex Radios” ACM
SIGCOMM 2013

• M. Duarte and A. Sabharwal, ”Full-Duplex Wireless Communications Using
Off-The-Shelf Radios: Feasibility and First Results” Asilomar 2010

Recent Full-duplex News"
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Fig. 1. RF model of a full-duplex system.

antennas used in [2]. Hence, compared to the work in [1–3],
we have considered self-interference scenarios that are more
constrained in terms of the resources that are available for
self-interference cancellation but still correspond to realistic
scenarios.

Work in [4, 5] shows characterization of self-interference
cancellation mechanisms for scenarios similar to the ones we
have considered. However, although work in [4, 5] reports the
amount of self-interference cancellation that can be achieved
by their proposed system, they do not report if the resulting
full-duplex system can achieve better performance than a half-
duplex system. We provide comparison of achievable rates of
full-duplex and half-duplex systems for all the self-interference
cancellation mechanisms that we have considered. A similar
comparison is provided in [6] but the authors have analyzed
full-duplex systems with center frequencies and transmission
powers different from the ones we have considered. The full-
duplex system presented in [6] has center frequencies of around
600 MHz while the full-duplex systems we analyze have a
center frequency of 2.4GHz. Center frequencies of 2.4 GHz
are used by WiFi and Bluetooth systems and result in full-
duplex systems with higher self-interference because higher
transmission powers are required as pointed out in [6].

II. MECHANISMS FOR SELF INTERFERENCE
CANCELLATION

The RF model of the full-duplex system considered is shown
in Fig. 1. We use x1 to denote the signal transmitted from Node
1 (N1), haB to denote the wireless channel from antenna a to
antenna B, and hab to denote the wireless channel from antenna
a to antenna b. Similarly we use x2 to denote the signal trans-
mitted from Node 2 (N2), hAb to denote the wireless channel
from antenna A to antenna b, and hAB to denote the wireless
channel from antenna A to antenna B. For our experiments
signals x1 and x2 are narrowband with a bandwidth of 625 kHz
(we are currently working on extending our results to systems
with wider bandwidths). We label d as the distance between
interfering antennas (same node antennas) and D as the distance
between nodes. For our experiments we have considered d = 20
cm and d = 40 cm of separation between same node antennas
and and a fixed distance D = 6.5 m between nodes. The three
self-interference cancellation mechanisms that we analyze are
explained below

1) Antenna Separation and Digital Cancellation (ASDC):
If only antenna separation is used for self-interference can-
cellation then the self-interfering signal at N1 is equal to
habx1 and the self-interfering signal at N2 is equal to hABx2.

N1 and N2 can estimate hab and hAB respectively and use
these estimates in the digital domain to further cancel the
interference by subtracting �habx1 at N1 and �hABx2 at N2 from
the received signal. We use �hab to denote the noisy estimate
of hab and �hAB to denote the noisy estimate of hAB . After
applying Antenna Separation and Digital Cancellation (ASDC),
the interfering signal at N1 is equal to (hab � �hab)x1 and the
interfering signal at N2 is equal to (hAB � �hAB)x2. Perfect
cancellation is not possible due to error in the estimation of
hab and hAB . The power of the interfering signal at N1 and
N2 after ASDC is given by PN1

ASDC = E[|(ha,b ��ha,b)x1|2] and
PN2

ASDC = E[|(hA,B � �hA,B)x2|2] respectively.
Because ASDC cancels the interference in the digital domain

two problems may arise. First, for small antenna separation
the magnitude of the interfering signal can be large enough
to saturate the receiver front end. Second, even if there is no
receiver front end saturation, we have that at the input of the
analog to digital converter the magnitude of the interfering
signal is larger than the magnitude of the signal of interest
and this results in quantization noise. This quantization noise
will not be reduced by the digital self-interference cancellation.
Using self-interference cancellation in the analog domain can
help mitigate the two problems mentioned above, hence, we
have also considered two self-interference cancellation mecha-
nisms that use analog cancellation. These two mechanisms are
explained below

2) Antenna Separation and Analog Cancellation (ASAC):
The analog self-interference canceller for N1 consists in send-
ing the canceller signal c1 through an additional transmitter
radio that converts the signal to RF and adding the output of the
radio to the received signal. We use hz to denote the magnitude
and phase applied by N1’s transmitter RF chain to signal c1.
One can easily see that in order to cancel the self-interference
at N1 the canceller signal must be equal to c1 = �(hab/hz)x1.
However, since there is additive noise and other distortions
in the system, N1 cannot have a perfect estimate of chan-
nels hab and hz . Consequently, the analog canceller cannot
completely cancel the self-interference. We use �hz to denote
the noisy estimate of hz . The interfering signal at N1 after
Antenna Separation and Analog Cancellation (ASAC) is equal
to (hab � hz

�hab/�hz)x1. The power of the interfering signal at
N1 after ASAC is given by PN1

ASAC = E[|(hab�hz
�hab/�hz)x1|2].

Following a similar analysis as above we obtain that the
self-interfering signal at N2 after ASAC is equal to (hAB �
hZ
�hAB/�hZ)x2 where we use hZ to denote the magnitude and

phase applied by N2’s transmitter RF chain to signal c2. This
signal is given by c2 = �(�hAB/�hZ)x2 and �hZ denotes the
noisy estimate of hZ . The power of the interfering signal at N2
after ASAC is given by PN2

ASAC = E[|(hAB �hZ
�hAB/�hZ)x2|2].

3) Antenna Separation, Analog and Digital Cancellation
(ASADC): The ASAC mechanism cannot completely cancel
the self-interference due to noise in the estimate of the signals
required for cancellation. Hence, we consider the use of digital
cancellation after ASAC to achieve larger cancellation of the
self-interfering signal. We define hN1

ASAC = hab � hz
�hab/�hz

l l

splitter⇡
phase
shifter

Rice (Duarte et. al, 2010)"
Rice, AT&T (Duarte  et. al, 2012)" Stanford 1 (Choi et. al, 2010)"

Stanford II (Jain et. al, 2011)" Princeton, NEC (Aryafar et. al, 2012)"
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Why not distributed?

• Many of the current full-duplex schemes “hide” two or even 3 RF chains in
the same box.

• Distance, phase cancellation, or echo-cancellation in the RF domain are
used to avoid saturation of the Rx front-end while Tx is active.

• We can obtain the same “full duplex” effect by using separated half-duplex
relays.

• T. J. Oechtering and A. Sezgin, ”A new cooperative transmission scheme
using the space-time delay code,” ITG Workshop on Smart Antenna 2004.

• B. Rankov and A. Wittneben, ”Spectral Efficient Signaling for Half-Duplex
Relay Channels,” Asilomar 2005.

• S. S. C. Rezaei, S. O. Gharan, and A. K. Khandani, ”Cooperative Strategies
for the Half-Duplex Gaussian Parallel Relay Channel: Simultaneous Relaying
versus Successive Relaying,” Allerton 2008.
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Virtual full-duplex relaying
1



Fig. 1. Two-hop source-relay-destination network with full-duplex relay.



Fig. 2. Virtual full-duplex relay implemented by two half-duplex relays where � denotes the inter-relay interference.

A virtual full-duplex relay can be implemented by using two half-duplex relays, as depicted in Fig. 2.

At each time slot, one of relays (in reception mode) receives a new data from source and the other relay (in

transmission mode) forwards the message obtained in the previous time slot to destination successively.

By doing so, the source can send a new message to destination at every time slot as if full-duplex relay

is used. The main performance bottleneck of this scheme is the inter-relay interference corresponding

to self-interference in full-duplex relays. The full-duplex relay model in Fig. 2 has been studied in

information theoretic literature [15], [16] as the name of diamond network. In case of non-interfering

relay (i.e., � = 0), DF strategy is the optimal, achieving the cut-set bound C(SNR)
�
= log(1 + SNR)

[15]. The non-interfering model can include some practical scenarios such that relays are located far

from each other or fixed infrastructure relays are deployed with high-direction antennas [10]–[13]. Also,

in case of interfering relay (i.e.,� > 0), Dirty-Paper Coding (DPC) is the optimal, achieving the cut-set

bound, by assuming that source has full-knowledge on channel state information between relays [16].

Since source has non-causal information on relay’s transmit signal and inter-relay interference channel

�, it can completely remove the “known” interference at intended receiver, using DPC. However, DPC
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CoF with forward substitution

time slot 1 time slot 2 time slot 3 time slot 4
XS xS(w1) xS(w2) xS(w3) xS(w4)

YR1
u2 = q1w2 ⊕ q2u1 u4 = q1w4 ⊕ q2u3

XR1
xR(u2)

YR2
u1 = w1 u3 = q1w3 ⊕ q2u2

XR2
xR(u1) xR(u3)

YD ŵ1 = u1 ŵ2 = q−1
1 u2 	 q−1

1 q2u1 ŵ3 = q−1
1 u3 	 q−1

1 q2u2

• Each receiving relay decodes an integer combination of the source codeword
and of the transmitting relay codeword.

• The integer combinations are forwarded to the destination, which can decode
them by forward substitution (no large decoding latency as in backward
decoding).
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Extension to multi-hop relaying

• A possible motivation: wireless backhaul in mm-wave small cell networks.

• Line-of-sight point to point links to connect small cell base stations deployed
without the need of putting down cable/fiber.

43



TU Berlin | Sekr. HFT 6 | Einsteinufer 25 | 10587 Berlin 

 
 
 
 
www.mk.tu-berlin.de 

Faculty of  
Electrical Engineering and 
Computer Systems 
Department of Telecommunication 
Systems 
 
 
Information and Communication 
Theory 
 
 
Prof. Dr. Giuseppe Caire 
 
Einsteinufer 25 
10587 Berlin 
 
Telefon +49 (0)30 314-29668 
Telefax +49 (0)30 314-28320 
caire@tu-berlin.de 
 
 
Sekretariat HFT6 
Patrycja Chudzik 
 
Telefon +49 (0)30 314-28459 
Telefax +49 (0)30 314-28320 
sekretariat@mk.tu-berlin.de 

 

Firma xy 
Herrn Mustermann 
Beispielstraße 11 
12345 Musterstadt 

Berlin, 1. Month 2014 

 
 
Subject: 
 
 
Text…&
 
 
 
Prof. Dr. Giuseppe Caire 

 
 

 
     

 
 
 
 
 
 
 
 
 
Nur für Teilnehmer ohne Hotelübernachtung bzw. aus Berlin, Potsdam und Golm. 
Bitte melden Sie sich mit dem Brief an der Registrierung vor Ort. 
 
Only for guests without hotel reservation or from Berlin, Potsdam, Golm. 
Please show this letter at our on-site registration. 
 

EINLASSBRIEF 
zum Empfang durch den Bundespräsidenten Joachim Gauck 
 
am Dienstag, 3. Juni 2014, 16:15 Uhr (Einlass 15:00 -16:00 Uhr) 
 
Schloss Bellevue (Park), Spreeweg 1, 10557 Berlin 
 
im Rahmen der Jahrestagung der Alexander von Humboldt-Stiftung.  
 
   
 
Begleitperson /  
accompanying person:    
 
Kind(er) / child(ren):   
 
 
 
 
 
 
Der Einlass in das Schloss Bellevue erfolgt mit dieser Einlasskarte und gültigen Ausweisdoku-
menten (Reisepass oder Personalausweis). Wenn Sie von Ihrer Familie begleitet werden, prü-
fen Sie bitte, dass alle Begleitpersonen und Kinder die notwendigen Dokumente und diesen 
Brief (jede Person braucht einen Brief) mit sich führen. Wir bitten um Ihr Verständnis, dass 
aus Sicherheitsgründen der Einlass ohne Vorlage der entsprechenden Dokumente nicht gewährt 
werden kann. 
 
To enter the Schloss Bellevue please bring along this admission ticket and additionally your 
passport. In case you are accompanied by your family, please make sure that all accompa-
nying persons and children have the necessary documents and this admission ticket (one 
ticket per person) with them as well. Please kindly understand that for safety reasons the ad-
mission to the reception is not possible without presentation of the respective documents. 

GiuseppeGiuseppeGiuseppeGiuseppe CaireCaireCaireCaire

Results for SNR = 20 dB and γ2 ∼ Unif(0.9, 1.1)
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Results for SNR = 20 dB and γ2 ∼ Unif(0.5, 1.0)
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Remarks: K-hops CoF with forward substitution

DS

• The goal is to obtain at the destination a lower-triangular full rank system of
(noiseless) equations over the message finite field.

• Since the destination begins to receive a signal after K time slots, we have

u
(K)
t = 0 for t ≤ K.
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GiuseppeGiuseppeGiuseppeGiuseppe CaireCaireCaireCaire• We also have that u(K)
K+1 = w1 since the first signal is not interfered.

• In case of K = 1, we can easily compute the following relation:

u
(1)
t+1 =

t∑

`=1

qt−`w`

• At time slot t + 1, the above equation has only one unknown wt since the
destination has been already decoded {w` : ` = 1, . . . , t − 1} during the
previous time slots. Thus, it can recover the desired message wt such as

wt = u
(1)
t+1 −

t−1∑

`=1

qt−`w` = u
(1)
t+1 − qu

(1)
t .
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mission to the reception is not possible without presentation of the respective documents. 

GiuseppeGiuseppeGiuseppeGiuseppe CaireCaireCaireCaire• For the case K ≥ 2, we can derive the following relation:

u
(K)
t+1 − qu

(K)
t = u

(K−1)
t

• For example, when K = 3, we have:

A = u
(3)
t+3 − qu

(3)
t+2 = u

(2)
t+2

B = (u
(3)
t+2 − qu

(3)
t+1) = u

(2)
t+1.

such that

A− qB = u
(3)
t+3 − 2qu

(3)
t+2 + q2u

(3)
t+1 = u

(1)
t+1 =

t∑

`=1

qt−`w`.
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GiuseppeGiuseppeGiuseppeGiuseppe CaireCaireCaireCaire

• At time slot t + 3, the destination can decode wt using previously decoded
messages {w` : ` = 1, . . . , t− 1} and observations {u` : ` = 1, . . . , t + 3} so
that

wt = u
(3)
t+3 − 2qu

(3)
t+2 + q2u

(3)
t+1 −

t−1∑

`=1

qt−`w`.

from which (after some algebra) we obtain the sliding-window decoding:

wt = u
(3)
t+3 − 3qu

(3)
t+2 + 3q2u

(3)
t+1 − q3u

(3)
t .
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GiuseppeGiuseppeGiuseppeGiuseppe CaireCaireCaireCaire

• By induction, we can prove:

Lemma:

For the (K + 1)-hop network with CoF, the following relation holds:

K∑

`=1

(−q)`−1

(
K − 1
`− 1

)
u

(K)
t−`+K+1 =

t∑

`=1

qt−`w`.

Hence, the destination can decode the desired message wt at time slot t+K
by ways of

wt =

K+1∑

`=1

(−q)`−1

(
K

`− 1

)
u

(K)
t−`+K+1.
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GiuseppeGiuseppeGiuseppeGiuseppe CaireCaireCaireCaire

Results 5
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Fig. 4. Performance comparison of various coding schemes in terms of achievable ergodic rates averaging over � ⇠
Uniform(0.8, 1.2).

Proof: Letting A = SNR2

1+2SNR , we have:

RQMF � RAF

= log(1 + A) � log

✓
1 +

A(1 + SNR)

1 + (1 + |�|2)SNR

◆

= log

✓
(1 + A)(1 + (1 + |�|2)SNR)

1 + (1 + |�|2)SNR + A(1 + SNR)

◆

= log

✓
1 +

|�|2ASNR

1 + (1 + |�|2)SNR + A(1 + SNR)

◆

 log(1 + |�|2).

This completes the proof.
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GiuseppeGiuseppeGiuseppeGiuseppe CaireCaireCaireCaire

Conclusions

• CoF, RCoF, QCoF, QRCoF, PCoF with channel integer alignment (CIA) ... too
many acronyms!.

• General idea: quench the noise at the intermediate nodes, generate a
deterministic linear finite field channel over which we can precode without
power penalty.

• Non-integer penalty: sometimes it can be eliminated by “channel integer
alignment”.

• Minimum common rate (same lattice code) can be alleviated (e.g., by RCoF,
unequal power, unequal rate ...).

• For each of these schemes, a low-complexity implementation based on
scalar quantization and q-ary linear coding is possible (at the cost of the
shaping gain for large q).
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GiuseppeGiuseppeGiuseppeGiuseppe CaireCaireCaireCaire

Thank You
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