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QR decomposition as a standard computational tool

Readily available in numerical packages such as
Matlab, NumPy, etc. (why not QL, or RQ?) 

Exemplary Case

<latexit sha1_base64="vbahZfdeu0hILktw5JDYC3bmvcM="></latexit>

A = Q ·R
<latexit sha1_base64="a4rU9br6RJNtGCrKby4RpkWaMZg="></latexit>

QTQ = 1

<latexit sha1_base64="ktyCkIqCS8Rn+IhHCxHMqecsAo4="></latexit>

A 2 Rm⇥n

<latexit sha1_base64="MYfMLxOJoupffXFNKhSnH2M7t0E="></latexit>

R : upper triangular
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<latexit sha1_base64="YUh2Tg8wXll5573rxCnzT06EK10="></latexit>2
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Column-wise elimination process

Standard QR Decomposition

<latexit sha1_base64="MNp/MpYSN1nD4yk5M9GFZYCCWOo="></latexit>

A
<latexit sha1_base64="te4iVQcK4daY/KfPhnnfiOG57q8="></latexit>

R

<latexit sha1_base64="mpYSj21kaoTa8GcCHN8w6sVd/JU="></latexit>

Q = H1 ·H2 ·H3 ·H4

Note: Changed Matlab interface
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Elementary Step

<latexit sha1_base64="he+DjLTHOyqUvpHo9/xWG8Gx/x0="></latexit>

orthogonal transformation
<latexit sha1_base64="RYBzFfbSsWIgxrrTW1HFWtRNcZ8="></latexit>

y = H · x

<latexit sha1_base64="e4VKaeEtXLtKJ5Qusb5MhCah4aM="></latexit>
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<latexit sha1_base64="S1WZkSHdMzWGd9TbPo4Z7hvOqkc="></latexit>

H
<latexit sha1_base64="dh0cTVrlrbBdO5+l6DRrfVkbgvs="></latexit>

y =

2

6664

kxk
0
...
0

3
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<latexit sha1_base64="Qx3MLT5t9xs/6JJ8EA3JgihUvjI="></latexit>

kxk2 = x2
1 + xT

2 x2

<latexit sha1_base64="54z6z9AvbKCd7WO3/w++eeDx190="></latexit>

kxk2 = kyk2 = 1



On Reflections and Generalized Rotations 5

Standard Householder Construction

x

y

v = x+ y

u = x� y

Pux

�Pux

�Pux

y = (1� 2 · Pu)| {z }
H

x Pu = u(uTu)�1uT

Householder*Reflec.on*

<latexit sha1_base64="Ze7IB0bHQD6r2sRFwluOR8cgwlU="></latexit>

detH = �1

<latexit sha1_base64="tHu6qoqhk0d8fboJRQl4RMJCLf4="></latexit>

Reflection
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Computer Vision, Robotics, Machine Intelligence

We need Q to be a rotation!
Clifford Algebra L L
Exponential map of skew-symmetric matrices L L
2 reflections give a rotation L
Quick post-fixes possible (e.g. for SVD) L
Use rotations for eliminiation à Givens rotations J

But: Householder is twice as efficient as Givens! L

Quest for Rotations
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What do the textbooks say?

Gram- Schmidt – not recommended (Golub,vLoan) 
Householder QR – Reflections (Matlab, NumPy) 
Givens QR – Rotations

Question: 
Can we construct a Householder-like rotation?

QR Decomposition Methods
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Constructing a Householder Rotation
<latexit sha1_base64="e4VKaeEtXLtKJ5Qusb5MhCah4aM="></latexit>
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<latexit sha1_base64="nTy68c0nwvGSps4iHVfuf54lxdU="></latexit>

y =
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664
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<latexit sha1_base64="cfks/IhcMCxknyWnnhLMnWOwVe0="></latexit>

y = T · x
<latexit sha1_base64="n3+dv6g7b9xb5/dufj7xu5cSb6Y="></latexit>

TTT = 1
<latexit sha1_base64="/+RiMFSWNMOLT5OJ+fmIEdISJfw="></latexit>

detT = 1

<latexit sha1_base64="oBV8QXtCmJVa1K7Bc1GQZKpfhA0="></latexit>

T 2 Rn⇥n
Find

<latexit sha1_base64="NY0hkpR/UG9r6tspcBbgltVwzGk="></latexit>

T
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Start with a partially specified matrix

Orthogonality condition

Constructing a Householder Rotation

<latexit sha1_base64="dZ1hCtFEW3dLQCQddGk8i4wn3wM="></latexit>

T =


x1 xT

2

? K

�

<latexit sha1_base64="NLxQLjqFBETwZzpU7n8zziHRwuw="></latexit>

TTT =


x2
1 + ?T ? x1xT

2 + ?TK
x1x2 +KT ? KTK + x2xT
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From orthogonality condition …

… we can read off

Constructing a Householder Rotation

<latexit sha1_base64="NLxQLjqFBETwZzpU7n8zziHRwuw="></latexit>

TTT =


x2
1 + ?T ? x1xT

2 + ?TK
x1x2 +KT ? KTK + x2xT

2

�
=


1 0
0 1

�

<latexit sha1_base64="WBbsaB8GM8+T0uiejoqGDBHHBLs="></latexit>

? = ±x2

<latexit sha1_base64="B+i9pzf0qrLMDjOLhUlyGhcJW6U="></latexit>

KTK = 1� x2x
T
2
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Rank-one Perturbation of Identity with Parameter  

Constructing a Householder Rotation

<latexit sha1_base64="opXIi8NQr29kPLjT2y44xOP34zs="></latexit>

K = 1� kx2x
T
2

<latexit sha1_base64="YWfQmWSwY+LX3g3PtehpxWehDRI="></latexit>

k2(1� x2
1)� 2k + 1 = 0

<latexit sha1_base64="2rHUfAEhoeLZPbklHJQ+zwRCPKQ="></latexit>

k1 =
1

1� x1

<latexit sha1_base64="63uYVj2to04KHw11PKcJNnA5nC8="></latexit>

k2 =
1

1 + x1

<latexit sha1_base64="AgL6S3B6GLtZeQTbC7hPzs4agvM="></latexit>

(1� kx2x
T
2 ) · (1� kx2x

T
2 ) = 1� x2x

T
2

Plugged into Orthogonality (22-Block of )

Quadratic Equation for Parameter
<latexit sha1_base64="/iZND3uT7QhZcdaNzCZQrPD/nNM="></latexit>

=)

<latexit sha1_base64="tsPfj9nbONlZuJAFXde6A9YwLX0="></latexit>

k

<latexit sha1_base64="tsPfj9nbONlZuJAFXde6A9YwLX0="></latexit>

k

<latexit sha1_base64="u0Sv/+A/xy3akQSHoZl56O08LqM="></latexit>

TTT
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<latexit sha1_base64="UCzUTCoPZ5UpE05+eA9WqFZe3wM="></latexit>
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12

Constructing a Householder Rotation

<latexit sha1_base64="2rHUfAEhoeLZPbklHJQ+zwRCPKQ="></latexit>

k1 =
1

1� x1
<latexit sha1_base64="63uYVj2to04KHw11PKcJNnA5nC8="></latexit>

k2 =
1

1 + x1

<latexit sha1_base64="8/Ax2USs1tB/pQcHPLM+2BApJgM="></latexit>

T1 =


x1 xT

2

x2 K

�

<latexit sha1_base64="KQ2diFDgrvJzU5FI7jZ71qCMOog="></latexit>

T2 =


x1 xT

2

�x2 K

�

<latexit sha1_base64="/iZND3uT7QhZcdaNzCZQrPD/nNM="></latexit>

=)

<latexit sha1_base64="/iZND3uT7QhZcdaNzCZQrPD/nNM="></latexit>

=)

Resolve sign ambiguity
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Constructing a Householder Rotation

<latexit sha1_base64="8Fb2UJtpAYocT/CBkiUatViIaqs="></latexit>

T1 =

"
x1 xT

2

x2 1� x2x
T
2

1�x1

#

<latexit sha1_base64="2AOX82bTfIW94TIVKojCMDPQfaU="></latexit>

T2 =

"
x1 xT

2

�x2 1� x2x
T
2

1+x1

#

<latexit sha1_base64="oW5yKuVpEKPUuNARKzPmETcrg/E="></latexit>

=) detT1 = �1

<latexit sha1_base64="zR7sr+LGv7v/8T9li6FVTX03zoI="></latexit>

=) detT2 = 1

<latexit sha1_base64="tHu6qoqhk0d8fboJRQl4RMJCLf4="></latexit>

Reflection

<latexit sha1_base64="nLt6s0+rKah3+F8uZ63ZgIjwL20="></latexit>

Rotation

Two candidate matrices (check determinant)
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Rotation is constructed from elementary concepts of
Linear Algebra (linear map, orthogonality, …)

It is very similar to reflections and leads to the same 
computational complexity than reflection-based QRD

Rotation-based QRD is not covered in textbooks
and/or manuals

Householder Rotation


