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3. From Homogeneous to Heterogeneous




Framework for Glocal Control

Realization of Global Functions Real World
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LTI System with

Generalized Freguency Variable

A unified representation
for multi-agent dynamical systems
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Messages . A New Framework

@ LTI system with generalized freq. variable
a proper class of homogeneous multi-agent
dynamical systems

(@ Three types of stability tests, namely
graphical, algebraic, and numeric (LMI)
powerful tools for analysis

Q3: from Homogeneous
to Heterogeneous ?

Q4: from Flat Structure
to Hierarchical Structure ?




New Framework for System [heory

from Homogeneous to Heterogeneous
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OUTLINE : Part 3

3. From Homogeneous to Heterogeneous
- Robust Stability Analysis
- Nonlinear Stability Analysis




OUTLINE : Part 3

3. From Homogeneous to Heterogeneous
- Robust Stability Analysis

(Hara et al.: CDC2010)




From Homogeneous to Heterogeneous

H(s) = (I + A(s)) - h(s)

Nominal system:
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|A(S)]loo < 1/7 } ;




From Homogeneous to Heterogeneous

H(s) = (I + A(s)) - h(s)

Nominal system:
homogeneous

hi(s)
= (14 6;(s))h(s)

Independent
perturbations

&y ‘= {A(s) | A(s) = diag{s;(s)};
|A(S)]loo £1/7 } 10



Three Classes of Perturbations

Multiplicative Perturbation:
H(s) = (I 4+ A(s)) - h(s)

Three Classes:

Full perturbation:

Ay = {A(s) €Ap| |Alleo <1/7}
Heterogeneous:

Agy = {A(s) € Ay | A(s) : diagonal }
Homogeneous:

Ay = {A(s) € Ay [ A(s) =6(s)] }




Ar(s) 27
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Homogeneous Perturbations

Polyak, Tsypkin (1996)
Ar(s)

2T 0 ( 8) I/ TUT

- : diag{\;} ]—W

wp — Zp . diag{l)‘h’(s) }

Complementary Sensitivity function (h(s), Ai)



Robust Stability Condition for

Homogeneous Perturbations

H(s) = (1 4 6(s)) - h(s)I

! Small Gain Criterion
Theorem: The following three conditions are equivalent.

(i) The system is robustly stable for AM.

(ii) <~v, YVA€o(A)

=5l
(iii) ¢i)\ <v, YVA€o(A),

Ve ={1l/h(jw)| weR }. u




A . Normal (7 = U: Unitary Matrix)

A € R"X" is normal, i.e., ATA= AAT

[AT(s)]loo < 1/5

* Symmetric

% -
zZ7 U* —A(s) U w Skew .
J Symmetric
O—h(s)I & * Circulant
N = diag{)\;}
U A U*
ur yr

Sufficiency: small gain condition

Necessity: worst case A(s) = 6(s)I 15




Robust Stability Condition for

Full Perturbations

Hara, Tanaka, lwasaki (ACC2010)

Assumption
A € R"X" is normal, i.e., ATA= AAT

Theorem: The following three conditions are equivalent.

(i) The system is robustly stable for A.
(ii)

vV A€ o(A
|1—MJ <7 co(4)

A
(i) |5 < YA€),

Voed ={1/h(jw)| weR }




Heterogeneous Perturbations
A(s) = diag{d;(s)}
VD = diag{d;} > 0 s.t. DA(s)D™1 = A(s)

DAD~1 is normal __A7(s)le = 1/y
|

= I - “A(s)— U :

|




Robust Stability Condition for

Heterogeneous Perturbations

Assumption (Hara et al.: CDC2010)
3D - diagonal s.t. DAD~1 is normal Symmetric

Theorem: The following conditions are equivalent.

(i) The system is robustly stable for Ag,.

o |

v A A
1—>\hH <7 < o(4)

(iii) |m <, VAeo(A),
Voed:={1/h(jw)| weR }.
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An Application - Biological rhythms

Motivation e -

e Biological rhythms
— 24h-cycle, heart beat, sleep cycle etc.

— caused by periodic oscillations of protein
concentrations in Gene Regulatory Networks

« Medical and engineering applications

— Artificially engineered biological oscillators
(e.g.) Repressilator [Elowitz & Leibler, Nature, 2000]

protein D
protein C
Gene A . ‘ Gene D l Gene G
protein A Ia orotein G TGene |
) _ - ene

Gene
ﬂ protein F

19



Gene Regulatory Network Systems

 Biological rhythms: 24h-cycle, heart beat B N
periodic oscillations of protein concentration: &
in Gene Requlatory Networks

* Protein synthesis : transcription & translation
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Concentration

Convergence or Oscillations ?

Numerical simulations
— Changing chemical parameters
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What are the conditions for convergence
and the existence of oscillations ?

Nonlinear Analysis 21




Gene Regulatory Network Model

gene model (¢=1,---,N)

diry| _ |—a; O /Bz
dt|P; ¢ pz
az, b > O - Degradation rates Y

"(1/Time constants)
Q—lO-> -’O

fi(pi—1) S T

Cj;, ,83 > O Production rates

f;(pi—1) :Hill function

14 p? (Mono. increasing for activation)
filpia) =4~ 1

. g p’lij—l (Mono. decreasing for repression) -




Linearized Gene Network Model

Each gene’s

1

his):= (Tas + 1)(Tps + 1)
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Analytic Criteria

e Assumptions: CL)_|Q_| . —|C|> R = %
— All interactions are repressive ST
| Q= (Ta+T5)/2

Theorem [Horiet al., 09]

2W(Q, N
The cyclic GRN has periodic oscillations, if Y o0 Jis(%))

and 12 ( 2W(Q,N) )1/”( vQ(1 + cos(F)) )
—2W(Q, N)+vQ(1 4 cos(F) —2W(N,Q)+vQ(1 + cos(%))

where W(Q.N) = \/COSQ(W/N) + @?sin2(x/N) — cos(w/N)
1 — cos(x/N)

 Four essential parameters (N, v, R, Q) which
determine the existence of periodic oscillations

 This coincides with [H. E. Samad etal.,05] N=3 ,Q =1
24



Analytic Criteria

« Assumptions: CL)—|Q—| . —|C|) 2 C’i
— All Interactions are repressive . T
I Th 5€ "
eorem [Hori et al., 09] Ca
The cyclic &F y Se eous _5 Os(i))
>-del2 ge" qalyS N '
ST _port RIKEE ==
_\'Nor gnes? Ith A
uS ts W s
"\ RobY nents

* Fou EXP al parameters (N, v, R, ()) which
determine the existence of periodic oscillations

 This coincides with [H. E. Samad etal.,05] N=3 ,Q =1
25



Robust Stability Condition

1
h(s) =
(Tas + 1)(Tys + 1)
: : <% VA€ o(A)
0 0 0 - &y 1 — AMlleo
ko 0O 0 --- O
A=R?|0 k3 0 --- O
0 0 -y 0 "
. : %
D : diagonal s.t.
)
DAD— ! is normal L
Q . V Ta'l; R e \/618 X
o (Ta+Tb)/2 \/Cbb
N ® : cigenvalue (N=3)
df 1 5
L= H — N X : cigenvalue (N=5)
k=1

More Robust as N,R%, O,L decrease. 26




Robust Stability Condition for

Heterogeneous Perturbations

Assumption (Hara et al.: CDC2010)
3D - diagonal s.t. DAD~1 is normal Symmetric

Theorem: The following conditions are equivalent.

(i) The system is robustly stable for Ag,.

o |

v A A
1—>\hH <7 cao(4)

(iii) |m <, VAeo(A),
Voed:={1/h(jw)| weR }.

Same results for MIMO general .
classes of perturbations 27




Coprime Factor Perturbations (1/2)

G(s) = { 1;1 } (I —h(s)A)™1 [ h(s)I 1 }
I A=U0*AU
G(s) = (gk CI) ] [ /I\ ] (I — h(s)A) 1
h(s)I T ] [g c])]

Mmm<w~@Hi (1-hN)"H [ h 1]

V€o(A)

o0

<7
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Coprime Factor Perturbations (2/2)
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Coprime Factor Perturbations (2/2)




Analytic Expressions by QE

h(s) =1/(s®>+2s+ 1)
| "\ =z+3y

(w? +z — 1)°

+ Qw —y)? > 1/4°
- Yw >0

| QE (=10

v + (2% 4+ 8z — 11)y*
+ (823 + 622 — 30z — 1)y?
(1623 — 2422 — 152 — 2)x > O

- 31



Analytic Expressions by QE
I
g

h(s) =1/(s®>+2s+ 1)

25

I X=2+y i
( Summary : Robust Stability Conditions B
Class of 4 & Class of 4 3

*Small gain (Hoo-norm) condition is
necessary & sufficient
= D-scaling technique is quite useful
"Some applications
bio-systems
+ (8x> 4 62 — 30z — 1)y~ °
(1623 — 2422 — 152 — 2)z > 0 ;_Ag_% 10

1 32




OUTLINE : Part 3

3. From Homogeneous to Heterogeneous

- Nonlinear Stability Analysis

(Hirsch, Hara: IFAC2008)

33




|l inear 2 Nonlinear

Homogeneous

- Heterogeneous
Robust Stability Analysis

oo > hi(s)

N[ y

—| diag {Z;} =

Linear = Nonlinear
Nonlinear Analysis

Zz-/\[z A<

Interconnection Matrix |ss




|l inear 2 Nonlinear

Homogeneous

- Heterogeneous
Robust Stability Analysis

Linear = Nonlinear
Nonlinear Analysis

> N

Interconnection Matrix |ss




(Q S, R) Dissipativity

Definition \
(
(Q, S, R)-dissipative : The system is dissipative
with respect to the quadratic supply rate
w(u,y) =y Qy + 2y’ Su + u! Ru,

With B e Rt 6 ¢ WP ()« RESD constant
\matrices and Q = Qt, R = R! symmetric. /

Dissipative : 723 positive definite function V(x)

called storage function, such that for all x € X

T
V(2(T)) — V(2(0)) < /O w(u(t), y(t)) dt

36



Stability for Dissipative Agents

(Hirsch, Hara: IFAC2008)
Agent Dynamics —SISO (Q, S, R)-dissipative

T; = fz(ajz) + gz(mz)uz Q = diag{Q;} < 0,
S = diag{s;},
y; = hi(x;) R = diag{R;} > 0.
Theorem (LMI) i V = Zg\le d; - Va}

If 3 a diagonal matrix D > 0 such that /
|

ATDRA+ DSA+ ATSTD 4+ DQ < 0

holds, then the networked system is asymptot-
Ically stable.

If R=0 and S > 0, then
A+ S—1Q/2 : diagonally stable 37



Stability Condition for GRNs

Cyclic Structure with Negative Feedback

oo o ..- -1
1 0 0O --- O _|< >_>_>< )
A=l01 0 --- 0 9 |
_O o .- 1 O_
A+ 5 1Q/2 : :
1 -1/ 0 - O _ > -1 0 --- O
= | o 1 —1/y3 == O diag{1/v}| 0 ~3 -1 .-+ O
TR P
Secant Criterion & Diagonally Stable

N .
Y1 YN < SGC(’]T/N) (Arcak & Sontag. Automatica, 2006)
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Stabilization
Theorem (ILMI)

If there exist a solution (X
resented by

. X preserves the network structure of A,
since Y is diagonal.

39



MADS with Cascaded

Dissipative Systems

A class of multi-agent dynamical systems
based on dissipative properties

Sys 1l Sys 2
u diag Z y
> ¥ dia 2 .
{Qi,5;, R;} 9 1%

A |

Interconnection Matrix 40




Two Cascaded Dissipative Systems

Sys 2

diag {Q;, S;, R} & A=

Stability Condition (LMI)

!

i IN_

_A2 O -

= RQNXQN

Q = diag{Q1, Q2},
S = diag{Sl,Sg},

R = diag{Rl, RQ}

D1@Q1
D151 4+ D2S2A5
0
DoR>A>

D1S1 + ATS, D5
DoQo
D1 R4
O

0
D1 Ry
o Rk
0

AL Ry D5]
0
0

<0

D1 >0, Dy >0 : diagonal

41




Gene Regulatory Network

Q = diag{Q1, @2}, T
S = diag{Sq, So}, R =0 EaN
{ Q10> >0
Stability Condition (LMI)
_ D1Q1 D151+ AT DySy <0
51D1 + SoDr A D>Q2

Stabilization Condition (LMI)

Y1Q1 Y181 + X185
S1Y1 + SoX5 Y>Qo

<0 A= XoY, !

42




Dissipative + Integrator

Sys 2 Theorem
1 i Suppose R =0 and @ < O.
S The MADS is stable, if

Ao is diagonally stable.

Proposition
Suppose A, is Diagonally normal, i.e.,

3D : positive diagonal s.t.
Asp = DA>D~ 1 is normal. Then,

Ao, Is stable & A, is diagonally stable .

43



Summary : Dissipative Networked Systems

 LMI stability & stabilizability conditions
" Stability and robust stability conditions
 D-scaling technique is also useful
*Dissipative - Non-dissipative

44



