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OUTLINE

2. A Unified Framework for Networked
Dynamical Systems with Stability Analysis




OUTLINE : Part 2

2. A Unified Framework for Networked
Dynamical Systems with Stability Analysis
- LTI System with Generalized Frequency
Variables:
System representation & stability tests
- Co-operative Stabilization
- D-stability Analysis




Framework for Glocal Control
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LTI System with

Generalized Freguency Variable

A unified representation
for multi-agent dynamical systems
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Stability Region for L I ISwWGFV

(Hara et al. IEEE CDC, 2007)

<+ Define: Domains €24 1= ¢(Cy), Q :=C\Qy

All eigenvalues

belong to... |

Re

/ Pp(jw)

Q2A: How to characterize the region ?
Q2B: How to check the condition ?




Stability [ests for L I ISWGFV

(Tanaka et al., ASCC, 2009)

Graphical

Algebraic

Numeric
(LMI)

Nyquist — type

Hurwitz — type

Lyapunov —type

Fax & Murray (2004)
Hara et al. (2007)

Tanaka, Hara,
lwasaki (2009)

Tanaka, Hara,
lwasaki (2009)

h(s) and o(A)

h(s) and o(A)

h(s) and A

Characteristic
Polynomial

p(A,s) :=d(s) — A n(s)

Hurwitz test for
complex
coefficients

Generalized
Lyapunov Ineq.

A € o(A) (complex) -




Key for Stability Conditions

-

h(s)l _>%_> h(s)[
T 71
_ n(s)
his) = d(s)/TATl = diag{)\i}
Zg; Closed-loop
Characteristic Polynomial
A p(As) :=d(s) — An(s)

A € 0(A) (complex)



Numerical Example - 4th order
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Algorithm

Given Data: all coefficients of numerator

Algorithm h2Phi(h(s)) - and denominator of h(S)

hos?~ L4 ...+ %
Input : A(s) = 1 ety
s +ays’ 4+ +a,
Output : £ and @,

1. pop 1,900 2 A ¢ 3 for k +— 1 until » do
for i < 1 until 2v — 1 do for k < 2 until 2v do ALY — Ar((A+ N)/2, (A= A)/2))
if i < v then M  Q@k=1)x(2k=1) 4 for k + 1 until v do
P —a; —bix, g — =by for i <+ 1 until k& do (i + the maximum of the degree of A in A}c(/\jf\) —1
else if ¢ is odd then Dy OFrxtx
pi 0, q; <0 for m « 1 until k£ — (i — 1)/2 do for m + 0 until £, — 1 do
M{(i, bk —m+ 1) ¢ pak—i—o(m-1) for | < 0 until £, — 1 do
for m < luntil k — (i —1)/2—1 do ®p(m+ 1,14 1)
M(i,2k —m)  —qap—i—1-2(m-1) ¢ the coefficient of A™ X' in Al (A, A)
else 5 rerurn (; and @;.

for m « 1 until k£ — (i — 2)/2 do
M(i, k—m+ 1) — P2k—i—2(m-1)

for m < 1l until k — (i —2)/2—1 do ReSUIt
M (i, 2k —m) < pag—i—1-9(m-1) _
MEFLE2,2k=1 a2, k=1 qu (k -_— 1, 27 ¢ ’ V)
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Ar(z,y) < |M| 10



Given Data: all coefficients of numerator
Algorithm h2Phi(h(»)) - and denominator of h(s)

blsu—l+_..+bV
Input : h(‘i‘) = p -{-(1131)_1 +---+a,
Output : € and &,

1.poe1,g0 0 2 A1 ¢ m;m 1 until » do
for i + 1 until 20 — 1 do for k < 2 until 2v do 66 Ar((A+2)/2, (A= X)/2))
if i < v then M ¢ OF=1)x(2k ] O il v do

P —a; — b, qp — —by \mum of the degree of A in A}c(/\,f\) —1

else

e\x\ 9\6

Y
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Stability Conditions

(Tanaka et al., ASCC, 2009)

Given h(s) = n(s)/d(s), A |H(s) is stable
c(A) CA:={ A€ C|d(s)— An(s) is Hurwitz stable }

Key
lemma : - @
Algebraic condition e
o(A) C ﬂ S Criterion [Frank,1946]
k=1
Y ={ A€ C| (A Prl(N) >0}
(k=1,2,...,v)
E Generalized Lyapunov inequality i fl
Cy ey e(A):=| . |, Le(A) = | .
LMI feasibility problem e i

X = Xg > () s.t. Lk(A)T((I)k ®Xk)Lk(A) >0
foreach £ =1,2,... v




Numerical Example . 2n9 order (1/2)
2s+1

Given h(s) = TR A e R
c(A) CA:={NeC|(s°+s5+1)—A(25+ 1) is Hurwitz stable }
_

LExtended Routh-Hurwitz Criterion (Frank, 1948)
a(A)CZ:z{)\EC|A1>0andA2>O} .
Stability region

SOERE |




Numerical Example : 2"9 order 2/2)
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 Generalized Lyapunov inequality
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An example : Cope. Stab. Soley Stab.

i i)
h(s) = 100(s + 2)§_832 ~ 500000° + 10)
{ (s —1)%(s +1)(s + 100)

Follower | Control Law
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OUTLINE : Part 2

2. A Unified Framework for Networked
Dynamical Systems with Stability Analysis

- Co-operative Stabilization

(Hara et al.: CDC-CCC2009)
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AN Application: Inverted Pendulum

Cooperatively stabilizable ?

mg

O OL 2

Not stabilizable !

Remarks : No physical interactions
memory-less feedback .




(i) o(A) C Q€ Im

Cooperatively stabilizable : Re

Q‘fl_ IS non-empty.

i O
»

Solely stabilizable

QEI_ interacts the real axis.

N : odd : Coop. Stab. = Solely Stab.
N : even : Coop Stab. (N=2) = any N=2m
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Ha(s) = (X271 — 4) s stable. ; h(s) = ™)

n(s) d(s)
I p(A,s) :=d(s) — X n(s)
(ijg(A)C A = {AeC | p(Aks)

iIs Hurwitz stable.}

Solely Stabilizable : o
Stabilizable by a real gain output feedback

Cooperatively Stablizable - &
Stabilizable by a complex gain output feedback | 1o




Theorem: Coop. Stabliz. = Soley Stabiliz.

nd _ B cs + d
2"9 order systems: | ho(s) = 24 as 10
Higher order systems:
(Ho(s) 2 (h(s) = | k#0) D

d(s)
Mi() & {h(s) = 255 [ £ # 0, d(0) # 0}
S2 12
Ha(s) 2 {h(s) = =0 | j 20, a(an) - o

d(s)
d(s) =s"+a, 15" 14+ - 4+ a1s+ ao
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Example . Inverted Pendulum

—mis

Py(s) = c Hqi(s

9(s) D(s) 1(s)
0

D(s) = a3s> + ass® + ays + ag ,
mg

a3z = %(4M—I—m)m£2, /&
ap 1= (M-I-m)ﬂp—l-gutmﬁz, @ M

—(M + mYmgl + pppt O Ol s
—purmgt .

al .

apg -

21



Inverted Pendulum : PD control (1/2)

Py -0 kg
- % )
(% Y T's N\
] Pa: T " ka:
(TS + 1)(%852 5003 = )

h(s) =

s(s=2)(s+1)(s+ 5)

We can prove by a symbolic
computation (QE) that the
system can not be stabilized
alone no matter how we
choose 7>0 .
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Inverted Pendulum - PD control (2/2)
(55 + D(155” — 5555 + 1)

10 500 10

T=l2s b = = T D (s 7 5)

. 507 . e i 1.5 —-12
20l | A = 1.5 =1 ].2] A = [ 12 1.5
:30_ : L :
Y
003 r | | peﬁduluml
10 - ) 0.02 9 pendulum?2 |
Fl-q — “| ----- ..... T T T _ 0.01 -
-5 -4 -3 -2 a2 3 45 8 o
-101.7V @ iRe g o1
_29'_ o ‘E ~0.02
Stablllty -307: . ~0.03
Region '.-"—40‘ : —0-04, 20 0O 80 100
} . ; . : ime[s
© =507 - S
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Robust Stability Analysis for

LTl Systems with GFV

Fundamental Questions in Control —
From Stability Analysis to

e D-Stability Analysis 7
Stability Margins ]

e Hobust Stability Analysis ?
N

[Homogeneous - Heterogeneous J




OUTLINE Part 2

2. A Unified Framework for Networked

Dynamical Systems with Stability Analysis

- D-stability Analysis

(Hara, Tanaka: CDC2010)
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Why D-Stability Analysis 7

_ G+ -+ i) |,
[h(s) s(s—=2)(s+1)(s+5) J |

. 40-

Im
: -0.2
-.‘30' g
2"0_‘” 04
101 E -0.6 |
o etk | 0 5 10 15 20
S —— e : Time
2 e ]’ -rw,z 3 4 . 30
101,40
207 %0
730+ 10
~40 - E
We can not assign

all the closed-loop
poles as you want.

-30

1

Closed-ldop Poles



Unitied Approach to
D-Stability Analysis

| Unified Stability Analysis for
Disks and Half Planes

Derive the stability conditions

@ Intersection

D-stability Condition

oo L F
g




A Numerical Example

h(s) = 25+ 1 [Eigenvalues of A |,.

s2+s5+1
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Stability Regions 7




Motivating Example
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Messages . A New Framework

@ LTI system with generalized freq. variable
a proper class of homogeneous multi-agent
dynamical systems

@ Three types of stability tests, namely
graphical, algebraic, and numeric (LMI)
powerful tools for analysis

Q3: from Homogeneous
to Heterogeneous ?

Q4: from Flat Structure
to Hierarchical Structure ?

30



New Framework for System [heory

-h(s)I —~diag{ h;(s)}

<
Q
wiivw
=
S

A B -
C D

Layer 3

n3
Layer 2
n2

<KHD Layer 1
LRSS ni

® : Agent Subgystem

;

AN
Larger Scale

31




